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PREFACE 


The rapid development of contemporary technology requires ever more 
extensive mathematical preparation for engineers. This has resulted in a 
demand for a more complete exposition of the applications of the fundamen- 
tal mathematical disciplines for engineers, technicians, and students in 
technological institutions. 

The present book examines a number of physical and technical prob- 
lems which involve second-order partial differential equations. Consider- 
able attention is also given to the theory of such equations. In addition, the 
text includes several chapters and sections of a general nature (indicated 
by an asterisk). The material in these sections does not as yet have direct 
application; nonetheless, it is important for an understanding of contem- 
porary scientific literature on mathematical physics. 

Among the applications studied are the vibrations of strings, mem- 
branes, and shafts; electric oscillations in lines; the electrostatic prob- 
lem; the basic gravimetric problem; the emission of electromagnetic 
waves and their distribution along wave guides and in horns; the emission 
and dispersion of sound; gravity waves on the surface of a liquid; heat flow 
in a solid body, and so forth. Solutions are given to both very simple and 
more complicated problems, making it possible for the reader to master 
the methods considered in the book and also the physics of the phenomena 
in question. In almost every chapter, there are problems whose basic pur- 
pose is to develop the reader's technical skill. 

Approximate methods for solving problems in mathematical physics 
are not discussed, since their exposition would require a considerable in- 
crease in the size of the book. Also excluded are certain specialized prob- 
lems (for example, those associated with the physics of atomic reactors) 
that have arisen only in the last few years. 

The preparation of the book was carried out under the guidance and 
with the cooperation of Member-Correspondent of the Academy of Sciences 
of the USSR, Professor Nikolai Sergeevich Koshlyakov, whose untimely 
death occurred before publication of the book. A noted specialist in the field 
of analytic number theory and higher transcendental functions, Prof. 
Koshlyakov published a number of works in the field of mathematical phys- 
ics. In the course of his career, which included more than 30 years of 
scientific and pedagogical activity, as well as 15 years of research in ap- 
plied problems, Prof. Koshlyakov always devoted a great deal of attention 
to the mathematical education of engineers. An excellent lecturer and 
teacher, he enjoyed the constant respect and devotion of his listeners and 
students. His textbook Osnovnye Differentsial'nye Uravneniya Matemati- 
cheskoi Fiziki (Basic Differential Equations of Mathematical Physics), 
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several chapters of which are used in the present book, has seen four edi- 
tions (the latest in 1936). 

The authors of the Introduction and Parts I and III are N.S. Koshlyakov 
and M. M. Smirnov; the authors of parts II and IV are N. S. Koshlyakov and 
E. B. Gliner. 

We take this occasion to express our deep gratitude to I. M. Gel'fand, 
G.I. Zel'tser and G. P. Samosyuk for graciously reading the individual sec- 
tions of the book, to G. Yu. Dzhanelidze and S.I. Amosov for making a tho- 
rough review of the manuscript, and especially to Scientific Instructor G.P. 
Akilov. All of these made a number of valuable comments leading to an im- 
provement in the text and to the correction of a number of errors. 


Leningrad, September 5, 1951 E. B. Gliner 
M. M. Smirnov 
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INTRODUCTION 


1. The fundamental differential equations of mathematical physics 


Many problems in mechanics and physics involve the study of second- 
order partial differential equations. The following are some examples: 
(1) The study of various types of waves - elastic, acoustic, and electro- 
magnetic - and of other oscillational phenomena leads to the wave equation 


2 82u os NL 
aeo, q 
at ax’ az 
where c is the velocity of propagation M the wave in the given medium. 


(2) The processes of heat flow in a homogeneous isotropic body and other 
diffusion phenomena are described by the reu equation: 


2. 
= a2 (24,2 E SE (2) 


(3) Study of a steady thermal state in a homogeneous isotropic body leads to 
Poisson's equation: 


924 u 3u 
— +t =- f(x,y,z). 3 
ax2 ay2 az2 A 8) 
In the absence of internal heat sources, eq. (3) becomes Laplace's equation 
au au 3% o, a) 


axe dy2 az? 
The potentials of a gravitational or of a constant electric field in which 
there are no masses or electric charges also satisfy Laplace's equation. 

Equations (1) - (4) are often called the fundamental equations of mathe- 
matical physics. A detailed study of these equations makes possible the 
theoretical treatment of a large number of physical phenomena and the so- 
lution of many physical and technical problems. 

Each of eqs. (1) - (4) has an infinite number of particular solutions. In 
solving a specific physical problem, it is necessary to choose from among 
these solutions the one that satisfies certain additional conditions imposed 
by the physical situation. Thus, problems in mathematical physics veduce 
to finding solutions to partial differential equations that satisfy certain ad- 
ditional conditions. The most common of these additional conditions are the 
so-called boundary conditions (conditions that must be satisfied at the boun- 
dary of the medium in question) and initial conditions (which must be satis- 
fied at the particular instant of time at which consideration of a physical 
process begins). 

Let us note one very important point. A problem in mathematical phys- 
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ics is considered to be stated correctly if the problem has exactly one sta- 
ble solution satisfying all the conditions. By "stable", we mean that small 
changes in any of the given conditions of the problem must cause a corre- 
spondingly small change in the solution, The existence and uniqueness re- 
quirement means that among the given conditions there are none that are 
incompatible and that these conditions are sufficient to determine a unique 
solution, The stability requirement is necessary for the following reason, 
In the given conditions for a specific problem, especially if they are ob- 
tained from experiment, there is always some error, and it is necessary 
that a small error in the given conditions causes only a small inaccuracy in 
the solution. This requirement expresses the physical determinacy of the 
stated problem. 

Determining whether a problem in mathematical physics is stated cor- 
rectly is a very important and at the same time extremely difficult question 
in the theory of partial differential equations. We shall not make a complete 
study of this question in the present book. 

The following three sections are devoted to the classification of sec- 
ond-order equations of the form 


S 32u a E 
u u 
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and, in the case of two independent variables, to their reduction to canoni- 
cal form. 


2. The reduction of second-order equations to canonical form 


Let us examine a second-order equation with two independent variables 

that is linear with respect to the second-order derivatives: 
02 32u 32u Qu au 
ASt B way tC uy z +F (9ga) = 0> (5) 

where A, B, and C are functions of x and y that have continuous derivatives 
up to the second order. 

Let us replace x and y by the new independent variables € and 7. Sup- 
pose that 


E =i), n-7o3(5») (6) 
are twice continuously differentiable functions and that the Jacobian 
91 91 


(01,02) - ax ay 


= #0 7 
80») |393 902 m 


throughout the region in question. 

The derivatives with respect to the old variables are expressed in 
terms of the derivatives with respect to the new variables according to the 
formulae 
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PETE 3E 0n ax ax * AG tE ax2 on axe’ " 
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ay - 362 oy dE on oy ay * SIC ary ay2 an ay 
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When we substitute the values s the derivatives in (8) into eq. (5) we obtain 
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B(,m =A Ox ax * +B Gs ay * ay ax. +e oy ay’ (10) 
A _ an\2 on 2m 97 2 
C(£,n) -AGS + 2B z ay * c(a) 
By a direct substitution, we can easily verify that 
2 
B2 - AC = (B2- 3E an _ 3E 0n 
B? - AC = (B2 - AO) (55 57 9» 32 (11) 


In the transformation (6), the two functions o4(x, y) and q»2(x, y) are at 
our disposal. Let us show that it is possible to choose them so that only one 
of the following conditions will be satisfied: 


)4-20,0€-0, 2)A=0,B=0, 3)A=C, B=O. 


Then, obviously, the transformed equation (9) will take the simplest form. 
Let us examine the first-order differential equation 


dy) 2 80 20 , (90 2 

A(SE) + 2B 58 25 +(e =0. (12) 
We must examine separately the cases B2 - AC>0, B2 - AC< 0, and 

Pi AC = 0 throughout the entire region. The case in which the expression 
- AC changes sign in the region will be examined later. 

CASE I: B? - AC greater than zero. Inthis case, eq. (5) is said to be 
of the hyperbolic type. We may assume that either A + 0 or C + 0. We shall 
examine separately the case when A = C = 0. Without loss of generality, we 
may assume that A * 0 everywhere. Then, eg. (12) may be written in the 
form 
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A9 ,(g, B2- AC) 2e) [a 58 + (B - /B2-AG 3 =0. 


ox ay 
This equation can be separated into two equations: 
A. (B+ B2-AC) 52-0, (12a) 
A 26 . (B - /82- AC) 6 =0. (12b) 
Consequently, the solutions of each of eqs. (12a) and (12b) will be solutions 
of eq. (12). 


To integrate eqs. (12a) and (12b), we set up corresponding systems of 
differential equations 1 


dx dy dx dy 


A B+/B2-AC’ A B-.JB2-AC’ 


T A dy - (B «./B2 -AC) dx =0, 
A dy - (B - /B2- AC) dx - 0. e» 
We note that eqs. (13) may be written in the form of a single equation 
A dy2 - 2B dx dy + Cdx? =0. (13a) 
Suppose that 
1% y) = constant, a(x, y) = constant (14) 


are solutions of eq. (13). Then, as we know, their left members will be so- 
lutions of eqs. (12a) and (12b) and hence of eq. (12). 

The curves representing (14) are called the characteristic curves or 
simply the characteristics of eq. (5), and eq. (12) is called the equation of 
the characteristics. 

For an equation of the hyperbolic type (B2 - AC > 0), the solutions (14) 
will be real and distinct. Here, we have two distinct families of real char- 
acteristics. 

In eq. (6), let us set 


£ =x, y) , n = »(x, y) 3 


where o1(x, y) and »2(x,y) are solutions of eq. (12). Then, on the basis of 
(10, A = C =0 in eq. (9). The coefficient B is everywhere different from 
zero in the region in question - a consequence of (7) and (11). Dividing eq. 
(9) by the coefficient 2B * 0, we reduce it to the form 


32u ðu ðu 
8t 9n =Fy LEES . (15) 


This is the canonical form of an equation of the hyperbolic type. 
If A =C - 0, eq. (5) is of the hyperbolic type and is already in canoni- 
cal form. 
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If eq. (5) is linear with respect to the first-order derivatives and to the 
function 4 itself, the transformed equation will also be linear: 


32u ou ðu _ 
36 ag * MEN) gg + 06m 5, c6, v = flé,n) - (16) 
Setting 
£-utv, NFH-V, 
we reduce eq. (15) to the form 
au a g (uvu, t, 
Que ave = HYV, Jy’ . 
This is the second canonical form of an equation of the hyperbolic type. 
CASE II: Suppose that B? - AC = 0 throughout the region in question. In 
this case, eq. (5) is of the parabolic type. We shall assume that throughout 
the region the coefficients in eq. (5) do not vanish simultaneously. The con- 
dition that B2 - AC =0 implies that at every point of this region one of the 
coefficients A and C is different from zero. Without loss of generality, we 


may assume that A is everywhere different from zero. Then, eqs. (12a) and 
(12b) are identical and take the form 


90 5900. 
Aan t Bay = 0: (17) 
It is easy to see that every solution of eq. (17), where B2 - AC = 0, also 
satisfies the equation 


9e, c 90. 
Be tC ay =9- (18) 
We note that for an equation of the parabolic type the solutions (14) co- 
incide, and we have only one family of real characteristics o1(x, y) = const. 
Let us set 


= g1% y) , 


where o1(x, y) is a solution of eq. (17). For o»(x, y), let us take any function 
such that the Jacobian 9(o],02)/9(x, y) * 0. Since A is different from zero 
and, consequently, 901/0y is different from zero, we may take o» =x. Then, 
on the basis of (10), A is identically equal to zero in eq. (9) and the coeffi- 
cient of 224/8€ a7 is of the following form: 

= 901 991 9v2 991 991 90 

5 = (A 3x +B ay ) ax "Pay t€ 8y/ ay 
According to (17) and (18), B is identically equal to zero in the region in 
question. The coefficient C 1n eq. (9) is transformed to the form 


dyz NP 
uc 

ox ay) ? 

and hence C # 0, because otherwise, on the basis of eq. (17), the Jaco- 


bian 2(o1,02)/0(x, y) would vanish. Dividing eq. (9) by C + 0, we reduce itto 
the form 


€ -1 (a 
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3u au ðu 

LE (6.14.56 an) - (19) 
This is the canonical form of an equation of the parabolic type. 

If eq. (5) is linear, eq. (19) will also be linear: 


oy * a4(6, DE at + bi(6, m ot zt cilé,n) u = f1(5,0) . (20) 
CASE III. Suppose that B2 - AC < 0 throughout the region in question. 
Eq. (5) is then said to be of the elliptic type *. It is easy to see that in this 
case the solutions (14) will be complex-conjugate and we shall not have real 
characteristics. 
Let us set 


E+in=01(%,9), &£-1m =p% y), 


where 1 and wo are complex-conjugate functions satisfying eq. (12). 
Making the substitution o1(x, y) = E «in in eq. (12), we obtain 


ag? 3E IE (3E, 3M _ ap anan_ any? 
A GE) + 2B ax ay * c( ay ala - 2B ax 0y — (55 


ak on ak an  0&£ 0m ag an| _ 
ax ax + BSS ay 35 3K * C3y By 70. 


+ 2i la 
Setting the real and imaginary parts of this identity equal to zero, we obtain 


0t? üt OE £2. (0m? an on an\2 
A) + TETEE "AG + £28 52 52 « c(52 , 


A 95 an ag 0n 3E an a on | 
A 3x x + BCS yt ay ax) * C ay ay O° 


Hence, it follows on the basis of (10) that 
A-C, B=0 
and, after division by Á * 0, eq. (9) takes the form 
Ju 3u du Ju 
sd t ana Premi) 2 


This is the canonical form of an equation of ihe elliptic type. 
If eq. (5) is linear, eq. » will also be linear: 


OF BP (n) P e bolen) P + colt smu = fo). — Q2) 
UM an2 435; aE 28 an ^ "2 2 
Example. Let us consider the equation 
2274. 2274 o x>0, y>0 23 
ui ay? (x»0, y» 0). (23) 


* In the reduction of equations of the elliptic type to canonical form, we shall confine 
ourselves to analytic coefficients A, B, and C. Thus, we shall be able to find the 
solution to eqs. (122) and (12b) in the form of an analytic function. 
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This equation is of the hyperbolic type because 
B2 - AC = x2y2> 0. 


We set up the equation of the characteristics (13a) according to the 
general theory: 


x2 dy2 - y2 dy? = 0 
or 
x dy +ydx=0, x dy -ydx=0. 
Integrating these equations, we obtain 
xy=C1, y/x-C3. 


Consequently, we need to introduce new variables ¢ and n, defined by the 
formulae 


E=xy, n=y/x. 
Then, from (8), we obtain 
2 2 
32u MIL y2 32u 2 au Y au 
ax2 ag2 x2 96 dn x4 dn2 “x3 an 
au | 2 aru du 1 3u 
+2 + . 
23 ^ at? ae an x2 ane 


Substituting the values of the second derivatives in eq. (23), we reduce it to 
the canonical form: 


sm ea =O «(E> 0,7 > 0). 


3. The reduction of mixed-type second-order equations to canonical form 


Let us again consider the equation 


a2u 32u 32u du au 
Ax + 2B ray + OTST F rie 5)" 0. (24) 

If we consider eq. (24) not in the neighbourhood of a point but in the en- 
tire region D, the classification of second-order equations into three types 
that was made in section 2 is not exhaustive, since the expression B2 - AC 
may not, in the general case, retain its sign throughout the entire region. 
Therefore, the characteristics may be partially real and partially imagin- 
ary. 

Thus, if B2 - AC changes sign in the region D, eq. (24) 1s said to be an 
equation of mixed type. The curve y, determined by the equation B2- AC=0, 
is said to be the parabolic curve of eq. (19), and the parts into which the 
region D is divided by the curve are said to be the elliptic and hyperbolic 
parts of the region, depending upon whether B2 - AC is less than or greater 
than zero (respectively) in that part. 
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Just as in section 2, we introduce, instead of x and y, the new inde- 
pendent variables & and 7: 


£-&x,», msn». (25) 
Then, eq. (24), in the new independent variables & and n, becomes 
4 82u 32u 82u ðu Ou 
A(é,n) ac? * 2B(E,n) = 8t on + Clen) —5 25? 2* F (t (Emi SE an )= 0, (26) 
where 
2 
A _ (28) 96 96 9E 
A(é,n) -AGS + 2B Se 35 + CSS > 
- 4 2& 9n ag 0n | 3E 8m 2E an 
Ben) =A ax Ox ^ + BGS ay * ay Ox. *C3y ay? (27) 


Clé,n) -aD + 2B 50 oT « o(32)" 


We may choose the two functions É(x,y) and n(x,y) so that the following 
conditions are satisfied: 


dE an ag an ag an ag an — 
A 3x ax * (as 29 * yax *C353y ^0» (28) 
any? an an (any? 
AC) + + 2B ay ay +55) +0. (29) 


Since AC - B2 = 0 on the parabolic curve y, we may put it in the form 
AC - B? = Hx, y) M(x,9) , (30) 


where M(x, y) is different from zero throughout the region D and H(x, y) =0 
is the equation of the curve y; here, 9H/0x and aH/ay do not vanish simul- 
taneously. 

Let us examine two cases. 

CASE I. The direction of the characteristic of eq. (24) on points of the 
parabolic curve y does not coincide with the direction of the tangent to that 
curve; that is, along y, 


3H an aH aH (0H 2 
Let us set 
n = H(x, y). (32) 


For the function £ = (x, y), we take a solution of the equation 


3H „3H 0€ aH OH) aE 
(^3; +B 5s 3x* (Bag * Cs ay 79° 


(33) 


For such a choice of the functions & = £(x, y) and n = H(x, y), conditions (28) 
and (29) are satisfied. 

Let us show that the Jacobian of these functions is not equal to zero 
in some neighbourhood of the curve y. For if we set 
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ag ook ag aH 
xP (2E LEJE ay -- (ase + Bay , (34) 
where p(x, y) * 0 along y, then 
a(é,n) _ 96 an _ 3E ən 


a(x, y) Ox oy ay ax 


=p [es car òH (a aH 0H 28 


ox ay/ ay ox 8y/ ax 
3H 2 aH aH | (aH 


along y. 

Because of the continuity of the functions A, B, C, and H, the Jacobian 
will be different from zero in some neighbourhood of the curve y. There- 
fore, in that neighbourhood, we may take 


ri = §(x, y) D ul = n(x, y) = H(x, y) 
in eqs. (25). _ 
It then follows from (27) and (33) that B = 0 in the left member of eq. 


(26). The coefficient C is different from zero in a neighbourhood of the 
curve y. Dividing eq. (26) by it, we obtain 


A au 22, _ ðu ðu 
Fi (5, yy aes aa)? 
PETEN p dE N 
or, taking into consideration (27), (30), (32), and (34), we finally obtain 


32u 3u ðu au 
n I gF lILET 
n K1(£,n) * on? = Fy (nm ES , (35) 


where Kj(6,7) is different from zero in some neighbourhood of the curve y. 
CASE II. The parabolic curve y is the characteristic or the envelope of 
the family of characteristics of eq. (24); that is, at all points of the curve y, 


2 


QU an cQ) o. oo 


Let us assume that A > 0 and C > 0 along y; then, since B2 - AC = 0, 
eq. (36) can be written in the form 


oH oH _ 
VA zy +e C5, 70» (37) 


where € = sgn B. If B = 0, then either A = 0 or C = 0 along y, and from (37), 


we have either Hy = 0 or Hy = 0. 
For the function n = n(x, Y), we take a solution of the equation 


ð à 
nix 9) 3. - mi y) 51-0, (38) 


where the functions n(x, y) and m(x, y) satisfy the condition 
Am? + 2Bmn + Cn® #0 (39) 
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in some neighbourhood of y. For example, if either A or C is different from 
zero in the region D, we may take n =x for m - 1 and n - 0 or n = y for 
m - 0 and z - 1. 

For the function £ - £(x, y), we take a solution of the equation 


(48. Bx E + (Bt. cH "Rh 0, (40) 


where n(x, y) is a solution of eq. m 

With this choice of the functions £(X, y) and n(x,y), eqs. (28) and (29) 
are satisfied. 

We note that it is always possible to choose a solution of eq. (40) such 
that £(x, y) = 0 at the point of intersection of the curves n(x, y) = 0 and y. 

Just as in Case I, it is easy to show that the Jacobian 8(£,7)/0(x, y) is 
different from zero along the curve y. Then, because of the continuity of 
the functions A, B, C, m, and z, this Jacobian will also be different from 
zero in some neighbourhood of the curve y. 

Let us now set H(x, y) = A(é,n); then, we obtain 


oH _aHax aH ay _ Any - Hyny 
8€ Tax 0E dy DE Exny - £ynx ' 


(41) 

om ðH ax | oH oy _ Axky - Aybx 

ax an dy an Ey ~- Eynx 
Along y, 2/2€ will be different from zero because the curve n = constant 
is nowhere tangential to the curve y. From eq. (37), it follows that along y, 


OH -aevC, E OWA [o(x,y) # 0] , 


(42) 


on | ag 96) . 
9n — &£yny - Tan, UA o rele ay) 70 


since along y eq. (40) is reduced to the form 
at ag 
VA ax + e/C ay = 
which follows from the condition that B2 - AC =0. 
From the fact that H(é,n) = 0, we have 
a&/an = -Hy/He , 


and from (42), it follows that Ẹ = constant along y. But & = 0 at the point of 
intersection with the curve y and, consequently, & = 0 along y. Therefore, 
A(0,n) = 0 and we may write 


H(&,n) = EHEC, nEn) = EN(6,n) , (43) 
where 
0«6(£,)«1 and WN E,n) #0. 
In the transform ed equation (26), B = 0 and C + 0 in the neighbourhood 
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of the curve y, which follows from (28) and (29). Dividing eq. (26) by the 
coefficient C * 0, we obtain 


A atu au _ lesnu au du) 
Coi ane PACEME 3E’ an 
but 
aby? op 3E ET: ty? 
a ACs), + 2B SS + Cl 2(Ac - B2) 
97-0 
C (2 my +2B an an «c(8 
ax ax 8y * oy 
= 92H" (x, y) M(x, y) = £"p2N' M = EKo(E,n) , 
and we finally have 
32u NL ðu du 
n cu ou 
[3 K»(£ ,n) a an 9 = Falk m4 55, an)? (44) 
where Ko(é,n) is different from zero in a neighbourhood of the curve y. 
Example. Let us examine the equation 
2 2, a2 a a 
Lx) 974 _ atu 2, Ou LP 
(1- x4) 2 2xy PED (1*4) yà - 2x3. 2y 3y 0. (45) 


This equation is of mixed type since 
AC - BÈ 2 32 - y2 - 1 = H(x, y). 
In the region 1 - x2 + y2 > 0, the equation belongs to the hyperbolic type and 
in the region 1 - x24 y2« 0, it belongs to the elliptic type. The curve 


- y2 = 11s the parabolic curve. 
Since 


aH oH EE 
3H t ax -x2 Qy2 — 4y2(1 4 2 
A(z Hy, + 2B 5y 3y t c(25) 4x?(1 - x2) + 8x242 - 4y2(1 +2) 


= 492-332 - 2-1) = 


along the curve y, we have Case II. According to the general theory, we 
take for the functions £(x, y) and n(x, y) solutions of eqs. (38) and (40). 

For example, we take n - 1 +x and m=-y. Then, eq. (38) takes the 
form: 


(1+2) 3. ayin =0. 


Its partial solution is then 


EE 
1l+x° 


Substituting n(x, y) into eq. (40), we obtain 


85 2,96 _ 
(1 +x) zt (tery )35 =0. 
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This equation has the partial soluHon 
- y2 -1 
ET x)? 
Thus, we need to introduce the new variables € and n according to the 
formulae 


(x, y) = 


Then, from formulae (8), we have 


Qu _1+x+y% au _ y ðu au _ y bu | 1 du 
ox  2(1«x)] 3 (1«:3)209' 99 — 2(0428t€ 14K an’ 


974. (1-x4 52)? au  y(L+x+y2) 82u 
8x2 — A(14x)8 982 (1+5 əəən 
+ y2 92,  1+x+3y2 du | 2y ðu 
(14x)4 an2  2(14x)5 aE (1«x)3 an’ 
32u y? au y ðu 1 3u 1 ðu 
= dal 3 * 22 23r! 
ay? A(t+x)4 ag2 (14293 26 9$. (1«x)2 an? 2014 x)? 28 
82u 2L exy2) au 1«x25? 3 2u 
ax ay A(1«:)9 32  2(1«x)4 85 an 
293 Du y 94 — 1 ĝu 
(1+) 292. (14x)3 986 (1+x)2 an 


Substituting the expression (46) into eq. (45), we reduce it to canonical 
form: 


(46) 


4. The classification of second-order equations with many independent 
variables 


Consider the second-order linear equation 


n 
824 
> A; Y p? Bt bt Fe 0, (47) 
i, j=1 ij ax; ax; 0xj i-1 tax, 

where the Ajj, the Bj, C, and F are real functions of the independent varia- 
bles x1, X2,... , Xm 

Instead of %1,%9,...,%,, let us introduce new independent variables 
£1,£2,63,. PET 

Suppose that the 
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Eg = EX 1, %9,--- Xn) (k =1,2,...,7) (48) 


are twice continuously differentiable functions and that the Jacobian of the 
transformation is different from zero throughout the region in question. 
Then, 


n 
Qu _ 5 ou 96h 49 
Xj pay 96 R95 7 (48) 
2 n 2, 3,3 4 32E 
9^u — Àu k*5l du k (50) 


Ox; ax; B k,l=1 agp 96; ax; ax; * k-1 96, ax; $xj t 
Substituting the values of the derivatives in (49) and (50) into eq. (47), we 


obtain 
n n 
82u 
> AL L—— +> B +Cu+F=0, 51 
pie #1 5e, 88) et hg; (51) 
where 
S (BER Ey Š ap © a 
— k Rk 
Arı = (24 Ai ax; Be, ax j? B= 2, P Bi ax; 


Let us consider some particular point M(x9, x9 gees , x2). Suppose that 
at this point, 


8€ p/OX; = Api . (52) 
The transformation formulae 
n 
Axl = P Aij Opi alj (53) 


coincide with the formulae for the transformation of the coefficients of the 
quadratic form 


n 
D Aij Pj Pj (54) 
if we make the change of variables 
5 
Pj - j 55 
i= f hi Th (55) 
reducing it to the form 
z 2 QUU dk 4l- (56) 


Consequently, the coefficients Ajj in eq. (47) are transformed at the 
given point (4, 3b... . 20) in exactly the same way as are the coefficients 
of the quadratic form (54) by the linear transformation (55). The coeffi- 
cients Ajj of the form (54) are assumed to be constant and equal to the "m 
ues of the coefficients A; if*p-- , X4) in eq. (47) at the point (4, x8, 

In algebra, it is proved that a non-singular transformation (65) ex 2m 
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that reduces the quadratic form (54) with real coefficients Ajj to the form 


p sq? (mem, (57) 


such that the number of terms with positive and negative signs in the form 
(57) is determined exclusively by the form (54) and does not depend on the 
choice gt the transformation (55). This is the law of invariance of quadratic 
forms 

Let us now suppose that we have found a transformation (55) that re- 
duces the form (54) to the form (57). Then, the transformation (48) satis- 
fying the condition (52) reduces eq. (47) to the form (51): 


n 
— 2 - 
Api TAS sÈ By Ss One F =O, 
bizi 08 98, pz "96, 
where 
Aplis 0) 261 ifk=l<m ; 


AgG0,...,39) - 0  itkslandkzl» m. 
This Dy of eq. (47) is called its canonical form at the point 


( 

4 "hum for every point (3,39,...,39), it is possible to find a non- 
singular transformation (48) of the independent variables that reduces eq. 
(47) to canonical form at that point. 

We call eq. (47) at the point (x9, x9 "TE x9) an equation of elliptic type 
if, in eq. (51), all n coefficients App( »:. ,29) are different from zero 
and have the same sign. It is of hyperbo ic type if  - 1 of the coefficients 
Appl, <8,» x5) have the same sign and the other coefficient has the op- 
posite sign. It is of ultvahyperbolic o if there is more than one positive 
coefficient among the A nod, x X9,.. +5 39) and more than one negative coeffi- 
cient and m = n. It is of parabolic type in the broad sense if at least one of 
the coefficients Z5,(3], 29,...,x)) is equal to zero. It is of parabolic type 
in the narrow sense (or simply it is of pavabolic type) if exactly one of the 
coefficients is equal to zero and all other coefficients have the same sign. 

Eq. (47) is said to be of the elliptic (hyperbolic, and so on) type in the 
region D if it is of the elliptic (hyperbolic, and so on) type at every point of 
the region D. 

We note that it is generally impossible to obtain a canonical form of 
eq. (47) by means of the same transformation of the independent variables 
for the entire region in which the differential equation is of the type in 
question. For if we attempted, by means of transformation (48), to reduce 
eq. (47) to canonical form throughout a certain region, it would be neces- 
sary to impose on the n functions £j(x1,.. . , xy) the 2r(2-1) conditions 


n 
- 06g 06] 
Ák- È Ags zn =0 (keID. 
l ijl 2 Ox; xj 
If » exceeds 3, this system is not soluble in the general case, because 
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the number of equations exceeds the number of functions £;(xj,...,x,) to be 
determined. For 4 =3, a solution does exist for the system, but, in con- 
trast with the case of n = 2, it is not possible in the general case to impose 
further conditions on the coefficients of the derivatives 32u/é,2. 

We note also that if the coefficients Ajj in eq. (47) are constants, the 
equation may be reduced to canonical form simultaneously at all points of 
the region by means of a single linear transformation of the independent 
variables. 


Problems 


1. Reduce the following equations to canonical form: 


a) au o sin x 32u - cost 2 - co au o 
3x2 ax ay ay2 8y ^» 
2374 22u 
» FÉ.» aye 0 («>0, y>0), 
2 22v au 9 d2u _ 
c) x axa * ZO ayay * ay > (x > 0) 
Answers: 
82u -0 p= g . 
a) aé an? =x+y-cosx, N=x-y+cosx. 
a u 1 au 1 au _ 3 03 
P) "ERE ET RS Er E £zyó6, mex. 
82 
c) 2570, E=}, n=). 


an 
2. Show that the equation 


2 2 32, 
IEEE T EDES 


can be reduced to the form 


av 1 0?» 
ox? a ar? 


Method of solution: Define a new function v = (h - x)u. 


a 
3. Reduce to canonical form: 


64 sin4 (2x +c) amu +464 sint(ax+c)u = amu . 
0x? 2 


Answer; 
a2u/aé an - 0 , 
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where 


E =t- eot (2x40) , n = t+ cot (2x+c), u= bsin (2x«c)v. 


4. Show that the equation 


32u 3u ðu 
l-x) —ER-—5,----0 O<x<l 
0-2 axe 852 Ox ) 
can be reduced to the form 
aw 1 w 


SQ ,ż = 
36 27 4 (g +n)? 
Method of solution: Set 


€=/l-x+4y, me-/i-x-iy, u-— 


5. Reduce to canonica) form: 


Answer: 
82w - 1 w 
962m 4 sin2(£ -) ’ 
where 
E =+), n=Hy-w), w =arc cos% 


- we 
i /sin (E - m) 


PART I 


DIFFERENTIAL EQUATIONS 
OF THE HYPERBOLIC TYPE 


Chapter I 


METHODS OF FINDING THE GENERAL SOLUTION 
TO EQUATIONS OF THE HYPERBOLIC TYPE 


1. General remarks. Examples 


For an ordinary differential equation 
y) = f(x, yyy... n7 D) 
the solution 
y =9(%,Cyz,...,Cy) , 


containing 7 arbitrary constants, is called the general solution in the do- 
main D of the variables x,y,y',... 50-1), if, for a suitable choice of con- 
stants C1,C5,...,C4, it is possible to solve an arbitrary Cauchy problem 
in D. 

For partial differential equations, the matter becomes more compli- 
cated. However, even here, we may seek the "general solution", now con- 
taining arbitrary functions, the number of which, generally, is equal to the 
order of the differential equation. For a second-order hyperbolic equation 
with two independent variables, we shall call a solution containing two ar- 
bitrary functions the general solution if, for a suitable choice of arbitrary 
functions, it is possible to solve the Cauchy problem with arbitrary initial 
conditions on a non-characteristic curve; that is, to find the solution to the 
second-order equation satisfying on the given curve the initial conditions 

ul 1579,» oe 1 = D 
where 0/95 indicates differentiation with respect to the normal to the 
curve /. 

Knowing the general solution makes it possible, in certain cases, to 
obtain solutions in closed form for some problems in mathematical physics. 

Example 1. Let us consider the wave equation 


Pu 1a " 
axe al 912 7 


and find its general solution. 
To do this, we reduce eq. (1) to canonical form. First we set up the 
equation for its characteristics: 


dx? - a2 at2 - 9. 


Bince this equation has the two solutions 
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x - at = constant , x + at = constant , 
in accordance with the general theory, we set 
E=x-at, m-xceat. (2) 


The second derivatives that appear in eq. (1) are expressed in terms of 
the derivatives with respect to & and 7 by means of the equations 


824 _ 32u 92, 32u 
= +2 + ; 
0x2 a2 969m an? 


2 2 2 2 
fu 2974 ga OU 2979. 
912 ae2 3 an an? 
Substituting these expressions in eq. (1) and performing the obvious trans- 
formations, we obtain 


82u 
3E an 0. (3) 
We rewrite eq. (3) in the form 
a ðu 
at (Gn) => 
so that 
ðu 
an = (n) 2 


where @(n) is an arbitrary function of n. Integrating this equation with re- 
spect to 7, treating £ as a constant, we find that 


u = f a(n) dn + ol) , 
where o(£) is an arbitrary function of 5. If we now set 
Jam dn = v(m) , 
we obtain 
u = ol) + v(m) , 


and, returning to the original variables x and /, we find the general solution 
of the wave equation (1) 


u=ol(x-at) + y(x+ad) , (4) 


where ¢ and are arbitrary twice continuously differentiable functions. 
This general solution of the wave equation (1) is called d'Alembert's 
solution. 
Let us examine the Cauchy problem for eq. (1), that is, the problem of 
finding the solution to eq. (1) satisfying the following initial conditions 


APPLE , at 7 = F(x) ’ (5) 


where f(x) and F(x) are given functions. 
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In the general solution (4), we determine the functions ¢ and y in such a 
manner that the initial conditions (5) are satisfied: 


eG) «2/0, -o + 0") = 2 FO). (6) 
Integrating the second equation, we obtain 
1 x 
L| r()dr--o()*4() «C, (7) 
0 


where C is an arbitrary constant. 
From eqs. (6) and (7), we determine the functions (x) and y(x): 


; 1 (* : 
olx) = z f(x) - za! F(z) dz+2C, 
vx) = 470) + L [^ re) de - 1c 
x)= af ta) (z) dz - $C . 


Substituting the expressions that we have obtained into eq. (4), we find 


that 


xat 
f-o) sferat, LSO pa, (8) 


x-at 


u(x, t) = 


It is easy toverify by direct differentiation that the expression obtained 
for u(x, t) is, in fact, a solution to the wave equation (1) satisfying the initial 
conditions (5). For this, it is sufficient to assume that the function f(x) has 
a first and a second derivative and that the function F(x) has at least a first 
derivative. 

The method of deriving eq. (8) shows the uniqueness of the solution to 
the Cauchy problem for eq. (1) with the initial conditions (5). It is easy to 
show that the solution to the problem expressed by (1) and (5) is a con- 
tinuous function of the initial conditions. Specifically, for every « > 0 and 
any arbitrary finite time interval í, we can find an n > 0 such that if we re- 
place f(x) and F(x) by f(x) and Fy(x) in such a way that 


| flx)-fx)| «n, | F(x) - Fy(x)| <n, 


the difference between the new and the original solution will be less in ab- 
solute value than e. This follows directly from eq. (8). 
Example 2. Find the solution to the equation 


2 32u 2 eu _ 
x^—,-*—5,-0 9 
33277 343 9? (9) 
gatisfying the initial conditions 

uda fs sy uo FOD- (10) 


As was shown above (see the Introduction), eq. (9) can, by means of a 
Change of variables 
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£-5xy, noy, (11) 
be reduced to the canonical form 
ou iio, (12) 
Setting 
w =3u/ðN , (13) 
we reduce eq. (12) to the linear equation 
w - 2 w-0, 
the general solution of which is of the form 
w= JE poln) . (14) 


Substituting (14) into (13), we obtain the equation 
ðu 
an EN voln) , 


which can be integrated in quadrature: 
u - /£ f vofn) dn + e(&) = VE vn) + o£) , 


where o and j are arbitrary functions. 
Returning to the initial variables x and y, we obtain the general solu- 
tion to eq. (9): 


u - xy) + xy vly/x) . (18) 


Let us now show how we can choose the functions » and 9 so as to ob- 
tain the solution satisfying the conditions (10). 

First of all, we note that the general solution (15) and the conditions 
(10) imply the two equations 


ole) « x (1/3 = fle) , (16) 
apla) + dx (1/2) +e V (1/2) = FQ). (17) 


Differentiating (16), we obtain 
, 1 (i 1 (ly. 
et) «s (2) - eG) =f. (18) 
Eliminating the functions o'(x) and »(1/x) from eqs. (17) and (18), we obtain 
3 
U'(1/x) = - 338 f'(x) + $/x F(x) , 


and hence, 


Xx 
APES EP EB Ec, 0 
o [*] 


where C is a constant of integration. 
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Substituting eq. (19) into (16), we obtain 
equ EL Pelee yx (" Fe) a c. 
elx) = f(x) -75 f Z t3 f Js CNX (20) 


Using eqs. (15), (19), and (20), we easily obtain the following expres- 
sion for the desired solution to eq. (9): 


x/y X/Y 
ulay) = foo) + 22 | Lie) de _ vy | . F(z) dz 
xy 


M 2 xy zd 


or, integrating the first integral by parts, we finally obtain 


u(x, y) = ifad) + Harl) af fae - aV xy 


i" ? F(z) dz 
xy z 
Example 3. Consider the equation 


32u 2 a2u au 
—5 = X—mst-— n=0,1,2,...). 21 
9012 2n«1 2x? ax e 


In place of x, we introduce the new variable 
y = 2(2n+1)x , (22) 


so that 
102. . 3u 2n+12u 
4a2 jy! a3 ay 
We denote by 4, the function satisfying eq. (23) for given n. Then, for the 
function 4o, we obtain 


(23) 


1024, uy 13u 
4 a2 > ay2 “2 ay’ 
Instead of y, we introduce the variable  =./y and obtain the wave equation: 
auo  0?2u, 


a og? 


, 


the general solution to which is 
uo = fi(E - 0 + folE+4 , 
where fj and fg are arbitrary functions. Thus, 
= fiy- + folvy+d . (24) 


We now show that if the function uy is known, the function 44,1 can be 
obtained by a simple differentiation. For when we differentiate eq. (23) with 
respect to y, we obtain for wn ey the equation 


1 32 . 26 2 12 
EE 2) ^ OD. +1) + m 
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which coincides with eq. (23) for the function z,,1. Thus, 

Unyy = 0ug/9y . 
Applying this formula z times to the function xo and returning to the origi- 
nal variable x, we obtain the desired general solution to eq. (21): 


u(x, Ù = = LAIADE - 0) + fot Ini y 0] . (25) 


2. The Eulev-Darboux equation 


1. In investigating boundary value problems for mixed-type equations, 
we often encounter the Euler-Darboux equation 


2 
Ela, p) = 2” B ou a Ou 


= axy x-yaxtx-yay?? (26) 


where & and £ are constants. We introduce the new function v(x, y) and set 
u(x, y) = (x- 1-78 v(x, y). (27) 
Then eq. (26) is reduced to the form 


82v .1-«3v,1-80v. 
ax 3y x-y0x x-»y0y 


0. (28) 


We denote by Z(a, 8) an arbitrary solution to the equation E (œ, B) = 0. 
Then, on the basis of eq. (27), we obtain 


Z(a, B) = (x-y)t-@-B z1-8,1-o) . (29) 
Let us find the particular solutions to eq. (26). Let us set 
t=y/x, u=xg(t), (30) 


where à is some constant. 
Substituting eq. (30) in eq. (26), and making some simple transforma- 
tions, we obtain the Gauss equation 


(1-1) o") +[1-A-a-(1-A+A)é] o'(£) + ABl = 0. (31) 


It is known 1) that eq. (31) has two linearly independent solutions ina 
neighbourhood of the point / = 0: 


o1(2) = F(-X, B, 1-4 -à5 i) r palt) = prra F@,a+B+, 1+a+; 0) 3 
where fa, b, c; i) is the hypergeometric series 


F(a,b,c;i) =1+ a t+ ae D Um Da. 
a(a+1)... (a+n-1) b(b«1) ... (b+n-1) m 
* nic(c+1)... (c«n-1) te 


Then, on the basis of eq. (30), eq. (26) has particular solutions of the form 
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- - -A-a:2. 
ux, y) 2 3 F (,8,1 À o;?) , 
(32) 
ug(x, y) = x * ye F (a, 83,12 :;2) . 


We note that if À is a positive integer, the first solution is a homogeneous 
polynomial of degree A. 

2. Let us find the general solution to eq. (26) when & and 8 are positive 
integers. To do this, we rewrite eq. (26) in the form 


32u du ðu . 
(x - ») ax ay ~ Bayt X35 - 0. (33) 


Differentiating eq. (33) once with respect to x, we obtain 
32u au 


alu 
UP EE at A aay 


=0, 


or 


(x- » goa (22) - B GE) + +a) 5 (58) -0, 


from which it is clear that du/dx satisfies the equation 
E(1 +a, f) = 


Consequently, 


92, 6) = Z(1«0,8) . 


Analogously, differentiating eq. (33) with respect to y, we obtain 


9Z(o, B) 


8y = Z(a,1+8) 


and, in general, 
qmin-2 Z(a, B) 


Z(u*m-1,8*n-1) = (34) 
, ax "i ayt-l 
From formula (34), for a = 8 - 1, we have 
m+n-2 
Z(m,n) = 2 20,1) (35) 


aym-1 ayt-1 


where Z(1, 1) is a solution of the equation 


E(1,1) = 


82 1 (84.8 ) 0, 
axady x-y\ðx ay 
the genera] solution of which is 


2(1,1) -900 30, 


where (x) and V(x) are arbitrary functions. Consequently, the general so- 
lution to the equation 
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2 
_ 0"u n ðu m ow _ 
E(m,n-3,35" x-yüx X-y3y (36) 
is given by the formula 
amn-2 .— (b(x)- U(x 
utes y) =—2 3l €) - X ! (37) 
axt ax” x-y 


3. Let us suppose now that « and 8 are negative integers. On the basis 
of eq. (29), eq. (34) can be rewritten in the form 


gm+n-2 
axm-1 8yn-1 


If we now replace a, 8, m - 1, anán-1by1-58, l-o, n, and m, respec- 
tively, we obtain 


(x-y) 3-m-n-a-8 Z(2-B-n,2-a- m) = 


Z( -B,1 EU 
(x - 8-177 


Z(u- m,B-n) = (x - y't*n-1-a-8 amm | Z(a, 8) E 


8x! ay (x - y)1-a-8 
Setting a= 8 = 0, we obtain 
Z(-m -n) = (x - yen anam d(x) 7 U(x) (38) 
, ant aym (| x-y J’ 


This is the general solution to the equation 


32u n ðu m ou 


ax dy t x-y3x x- yay °° (39) 


E(-m, -n) = 
4. Let us find the general solution to eq. (26) when q and f are not in- 
tegers. Let us seek particular solutions to eq. (26) in the form 
u = X(x) Y(y) . (40) 
Substituting this into eq. (26), we obtain 
(x - y) X'(x) Y'() - 8 X'G) YO) +a X(x) Y'O) - 0, 


or 


X(x) YO) 
x+ =y+ . 
x) P r6) 

The left side of this equation is a function of x only and the right side 
is a function of y only; thus, equality of the two is possible only if neither 
the left nor the right side is, in fact, dependent on x or y (that is, if both 
sides represent one and the same constant). We denote this constant by a: 

x+ X(x) = + Y =a 
a X'(x) -y 8 Y'(y) — ? 
from which we obtain the two equations 


X'(x) _ _ a ¥'(y) 
X(x)  x-a' Yy) -a` 


Particular solutions of these equations are 
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X(x) -(x-a)y* ,  Y()2G-a)8. 
On the basis of eq. (40), eq. (26) has particular solutions of the form 
(x-a)* (y-a)-B . 
By direct substitution we find that the function 


y 
ugy) =f e(&) (E-2)- -E8 a£ , 


x 


where o(é) is an arbitrary function, is also a solution to eq. (26). 
Taking eq. (29) into account, we see that eq. (26) has particular solu- 
tions of the form 


(x - y) 17878 (x - a8-1 (y - aa-l 


and, analogously, the function 


y 
uxo, y) = =x) eB f ye) (E-9871 -e)a at , 


x 


where y(Ẹ) is an arbitrary function, is a solution to eq. (26). 
Consequently, the general solution to eq. (26) is 


y y 
u(x, 9) = F e) (E- x) (y - E) “Bae «(o -atA | g(t) (6 - 98-10 - 971a . 


x x 
Setting 
E = x(1- t) +yt, 


we finally obtain 


1 
u(x, y) = (y - x)1-a78 f e[x« (y -x)t] E21 -4P dt 
0 
1 


«| e[xeto-3 &71-0o7lar, an 
0 


where o and y are arbitrary functions, 0 <a, 8« 1, and a-«f * 1. 
In the case & «8 = 1, the general solution to eq. (26) is given by the 
formula 
1 
u(x, y) = f e[x «(y - xi] %0- p dt 
0 


1 
+] epeso-] n90-9811» [1-06 -3)] d. — (42) 
0 


We note that the general solution to eq. (26) can be obtained for other 
values of a and B if we use the formulae (29), (34), (41), and (42). 
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5. As an example illustrating the use of the general solution (41), let 
us consider the following problem: Find the solution to the Euler-Darboux 
equation 


32u B u a u . . 
aray Haye TEV By 70 «(OS AHAS 1 w> 0, 8>0), 


satisfying the conditions 


a 6 - x48 (# - a) F(x) . (43) 


Setting y =x in the general solution (41) and taking (43) into account, we 
obtain 


ft) = w(x) ) 671 get ar =- TOTO ue, 
from which 
46) = aE f) s (44) 
where 


T(s) = f e^* xS-l dy. 
Q 


Differentiating (41) with respect to y and with respect to x, we obtain 


1 
in = (1-a - 8)(y- x)-&-8 | e[x «(y - 31] tA - 278 at 
0 


1 1 
+(y - )l-a-8 f e' [x « (y - x)t] d -nPar | v [x+y - 9] h(a - 971r , 
0 0 


1 
s = -(1-a - B)(y - x) "78 J e[x+(y- x)t] t9 - 278 at 


1 1 
4 (y - x) 1-8 f e' [x (y - x)t] r0 - oi-8ar. | vt [x (9 - xe] 871(1 - at . 
0 0 


Multiplying these equations by (y - x)@+8 and subtracting the second 
from the first, we obtain 
1 


(y - 2048 (5 - oe = 2(1-a - 8) | e[x- (y - x)i] ra- 078 ar 


1 
t (y- x) f o' [x + - )] t7*(1- 278 (2t- 1) dt 
0 


1 
+ (y - x38 | ut [x G - 3)i] 8-11 - part (2¢- 1) dé. 
0 
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Setting y =x in the last expression and taking (43) into account, we ob- 
tain 
F(1-o) r(1- 8) 


1 
= 2(1-a- 7&1 -t)78 at = 2(1 -a - 
F(x) = 2(1-o A ote) | te -078 at = 20-a- 9) EAE EP) ag), 
Therefore, 
T(2 B) 
e) = T-a- 8 rü- a) F(i-Ay 79 (45) 


Substituting the functions ọ(x) and y(x) found above into the general solution 
(41), we obtain the solution to the problem: 


1 


- (2-o -8) (y= 1-a-8 - - 
MeD = ata dice ra-g | "Ur 0-9 rea- at 


+ TO+A) 1 1 
* T(a) T (5) i f[x«Q-235 8-1n-)*lar. — (46) 
Remark: The equation 


au a ðu b au — c ,. 
axdy x-yOx x-y3y (x-y)2 


) 
where a, b, and c are constants, can be reduced, by means of the substitu- 
tion 
uc (x-»Y wx», 
to the Euler-Darboux equation 


92v 8 Qoo a w 
ax 0y x-yx * x- y 8y 


=0, 


wherea = b+¥y, 8- ay, and y is a root of the equation 


y2 + (a+b-1)y+c=0. 


Problems 


1. Find the general solution of the equation 


Answer: 


u(x, y) = VŽ ety) + v(2) . 


2. Show that the general solution of the equation 


924. a2 ex. 2(n4 1) au) 
a? x 20x 
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is of the form 


_ (2 Y (pe -at) + y(x +at) 
u= G 5:) x . 
3. Find the solution of the equation 
4y2 2H x1-y 2, 27u 3u 2y (2% . 4) 9, 
0x2 0x OY 342 1,52 V Ox ay 
satisfying the initial conditions 
ou 
«ly = Fe) » Dyo: 
Answer: 
; 2Y 
u(x.) = f(x -4 y3) + 4 f ; F(z) dz. 
k-1y3 


4. Show that the function 


(h -x«at) fix - at) + (k- x - at) farat) | 1 (as 
* 3a h 


u(x, t) = 2(h - x) 


is a solution of the equation 
2 (4-2) 4) 1-2) oe 
ax h? Ooxl a h a2”? 
satisfying the initial conditions 


ðu 
ul 9 = A), atl io ^ F 


Method of solution: Use the result of problem 2 of the Introduction. 
5. Find the solution to the equation 


2 32u .8?u lôu 
axà 3y? 2ðx 


satisfying the conditions 


Answer: 


1 y 1 "ES -3 
Ux.) = 2 TERI f erem "(1-4 * dt 


~ 
æn 
— 

eo 


"rex EM f fixs»?t-3] £3 -n Fae, 
Method of solution: Reduce the equation to canonical form and then use the 


solution to the Darboux equation in the form of definite integrals, setting 
a =, and B - j. 


Chapter II 


THE CAUCHY PROBLEM ON A PLANE 


1. The Cauchy problem and its solution by the Riemann method 


Consider the equation 


82, 
ax ay 


Lu) = 2% + atx, y) E + ble, y) H+ cle yu = fü). D 
y 

As we have seen, any arbitrary linear hyperbolic equation with two inde- 

pendent variables can be reduced to this form. Eq. (13a) of section 2 of the 

Introduction, which defines the characteristics, takes the form dx dy = 0 for 

eq. (1) above. Thus, the lines x - constant and y - constant, parallel to the 

coordinate axes, are the characteristics of eq. (1). 

Let us suppose that in the xy-plane a curve AB is given, and that this 
curve does not intersect any of the straight lines parallel to the coordinate 
axes at more than one point. 

Suppose that two functions o and y are defined on the curve AB. 

The Cauchy problem consists in the following: find the solution to 
eq. (1) satisfying the conditions 


- 2u| 
29, E 
AB àn| AB 


on the curve AB, where z denotes differentiation with respect to the normal 
to the curve AB. In what follows, we shall assume that a solution exists to 
the Cauchy problem. 

Together with the equation L(u) = 0, let us examine the conjugate equa- 
tion 


L (2) 


ul 


92v — a(av) (bv) 


*(p) = - 
L*()-3.-3)" ax ^ Oy 


+cv=0, 


where we assume that the coefficients a and b have continuous second-order 
derivatives. 
By direct differentiation, we can easily verify the identity 


vL(u) - uL*(v) = 1 2 (v 9* - u 9v ) «1g (ym 


av 
23x V gy TY gy * 22v *38y v ru. + buv) . (3) 
We now take an arbitrary point M(x, 35) and pass the characteristics x = xo 
and y = yg through it, intersecting the curve AB at the points P and Q, re- 
spectively (fig. 1). We denote by Q the region bounded by these straight 
lines and the arc PQ. 
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_ 


Fig.1. x 


Integrating both sides of the identity (3) over the region Q and using the 
well-known Green's formula, we obtain 


o 


J J fore) -urren aray =: f- (v Mu + 2buv) dx 
+ (os - u 50 + 2auw) dy , (4) 


where the curve T is the boundary of the region Q and consists of three 
parts: the characteristics QM and MP and the arc PQ. 

Let us now examine the integrals over the characteristics QM and MP. 
Since only x varies along QM, when we integrate over QM, we obtain the 
integral 

-4 f (v  - u 25 + atus) dx. 
QM” 


The integrand can be rewritten in the form 
au av _ a(uv) Qv 
"3x" x + 2buv = y + 2u (bv - a) 
and consequently, we obtain 
ðu Qv 
-4f (v 5$ - u 3g + 2buv) dx = à (wv)g - à uo)m - h (bv - 2%) ax , (5) 
QM 


where, for example, (4) indicates the value of the — uv at the point 
M. In exactly the same manner, we obtain 

1 ` du ov EN Qv 

BJ C35 e ay + 2am) ay = è tap - Pee | u (av - 2 dy. (6) 


Substituting the expressions in eqs. (5) and (6) into eq. (4), we obtain 


(uv)M = Wp g +3 f - (v au uses 2buv) dx + (5-2 *2auv) dy 
PQ 
- 4, e - ae dx + Jue - $) dy - E [vL(u) - «M(v)] dx dy . (7) 
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Suppose now that u is a solution to eq. (1) satisfying condition (2), and 
Suppose that v 1s any solution to the homogeneous conjugate equation 


L*(v) =0. (8) 
Then, eq. (7) can be rewritten as follows: 
(uv) p+ (uv) 
uoy => 59+ 3 f- (v 95 - u © + 2buv) ax 
PQ 
ðu D] av 
+ ( By U gy + 220) dy - f u(bv - 27) dx 
QM 
f u(av - 9" ay - | [uraxay. (9) 
ay 
MP Q 


Examining the right side of eq. (9), we see that unknown values of 4 appear 
jn the integrals 


f u(bv - 32 dx , [ u(av - 2) dy (10) 
ax. ay 

QM MP 

since we do not know the solution u on the characteristics QM and MP. 
Following Riemann's idea, we eliminate these unknown terms from 

eq. (9) by a special choice of the solution v of the conjugate equation. Spe- 

cifically, we choose the solution of eq. (8) that satisfied the following three 

conditiuns: 


1) 2 - bv = 0 on the characteristic QM, 
2) 2 - av = 0 onthe characteristic MP, (11) 


3) v = 1 at the point M. 


It is easy to see that, in such a case, the integrals (10) will be equal to 
zero and eq. (9) will be transformed into the Riemann equation 


(ur) p+) 1 au 
u(M) = ——.——* +3 v? -u ÊE 4 abw dx 
2 b ( ax ) 
eu Qv ` 
ay ay + 27) dy - j| wf(.y d«dy  — (12) 


This equation is a solution to the Cauchy problem, since the expressions 
that are being integrated along QP contain functions that are known on the 
curve AB. (The function v was defined above and the functions u, 9u/0x, and 
@u/ay are also defined on the curve AB on the basis of the conditions (2): 


axl ap 7 as COS (S4) + ay cos (nx) | aB = ag CO ($x) + ¥(s) cos (nx) , 
au du 


=3 cos (s, y) + 2 cos (ny) | AB™ ĉe cos (s, y) + #(s) cos (ny) , 


EI 
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where 3/ds is the directional derivative along the tangent to the curve AB.) 

Let us now investigate more closely the nature of the solution v of the 
conjugate equation (8) satisfying the conditions (11). This solution is a func- 
tion of two pairs of variables: the moving coordinates x and y, and the fixed 
coordinates % and yg of the point M. Consequently, if we introduce the no- 
tation 


ve v(x, Y; Xo, Yo) , 


the conditions (11) can be rewritten as follows: 


1) IMF, Yoi fora) = B(x, Yo) V(X, Yoi X01 Yo) 
on the characteristic QM; 

2) uto ior = (Xo, y) V(Xo 3; Xo, o) 
on the characteristic MP; 

3) V(Xo;JosXqs Vo) 7 1- 


By integrating, we then obtain 


V(X,30Xo,Jo) = exp [E b(x, yo) e , 
*o (13) 

V(Xo,33X9, 9g) = exp li G(Xo, y) ay . 
Yo 


The solution v(x, y, Xo, yg) of the homogeneous conjugate equation (B) satis- 
fying the conditions (13) is called the Riemann function. This function de- 
pends neither on the given Cauchy conditions (2) for the curve AB nor on 
the shape of this curve, 

The Riemann method described above reduces the solving of the Cauchy 
problem to a matter of finding the Riemann function v(x, y, Xo, yo). It is pos- 
sible to prove the existence and uniqueness of the Riemann function, though 
we shall not stop to do this. We note once again that the Riemann equation 
(12) was obtained under the assumption that the Cauchy problem has a solu- 
tion. Thus, if à solution exists to the Cauchy problem, it must be expressed 
by eq. (12); this proves the uniqueness of the solution to the Cauchy prob- 
lem. 

It follows directly from eq. (12) that for a sufficiently small change in 
the given Cauchy conditions on the curve AB, the solution to the problem 
changes by an arbitrarily small amount; that is, the solution to the Cauchy 
problem is a continuous function of the initial conditions. It also follows 
from eq. (12) that the value of the solution u at the point M depends only on 
the initial conditions along the arc PQ, which is cut from the curve AB by 
the characteristics passing through the point M. If we change the given 
Cauchy conditions on the curve AB outside the arc PQ, maintaining contin- 
uity at the points P and Q, the solution will vary only outside the curvilinear 
triangle MPQ. Thus, each characteristic separates the region in which the 
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solution remains invariant from the region inwhich it varies. Consequently, 
beyond each characteristic line, the solutions of the equation can not be 
extended uniquely. 

The assumption made above that the straight lines parallel to the axes 
(that is, the characteristics) intersect the curve AB at not more than one 
point is essential. If this condition is not satisfied, the Cauchy problem is, 
generally speaking, insoluble. Suppose, for example, that the curve AB has 
the shape shown in fig. 2. 


Fig. 2. 


When we apply Riemann's method, we can determine the value of the 
unknown function u(x, y) at the point M by using either the curvilinear tri- 
angle PQM or the curvilinear triangle Q4PM. The two formulae obtained 
will generally give different solutions at the point M and, hence, the Cauchy 
problem is insoluble. 


2. Examples of applications of Riemann’s method 


Example 1. Let us solve, by Riemann's method, the example given at 
the end of Chapter I; that is, let us find the solution to the equation 


ELEM 
x -y =0 (14 
8x2 aye , ) 
satisfying the conditions 
ou 
u = f(x = = F(x). 15 
Iyer A, LEO (15) 
We know that if we make the change of variables 
£-xy, n=y/x, (16) 
eq. (14) is reduced to canonical form: 
au — 1 du _ 
26on ^ 26 an °° (17) 


The line y = 1, in the new variables, will take the form of the rectangular 
hyperbola (fig. 3) 


£n 21. (18) 
Further, it is clear from the relations 
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that 
aul daw, 1 du 
9£ tm-1 20x 26 Oy| en=1 
uj _ eB au du 
Consequently, on the basis of the conditions (15), we have 
ou 2i l ou =- 1442 l 
leq af (E) + 3 ;FG) , am len-s 262 P(E) + 36 F(E), (19) 
and 
ulen- = AG) - (20) 


Setting a = 0, b = -1/2€, and f = 0 in Riemann's formula, we obtain 


(uv) p+ (uv) 
Mond = Pp Sak LOSE GEE)” mim m 


We now turn to finding the Riemann function v(é,7; £9,no). According to 
the general theory, it must satisfy the conjugate equation 


wv 1 av 
aE On * 2E an - (22) 
and, on the characteristics, it must satisfy the following conditions: 
d t 
v(€ 293 80,70) = exp - f ae = y£ (on MQ) , 
° (23) 
n 
v(£o, 75 £o, 1o) = ex f o-an- 1 (on MP) . 
flo 


It is easy to show that the function 
v(£,1; £o, to) 7 -/Eo/E (24) 
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satisfies both eq. (22) and the two conditions (23); consequently, it is the 
desired Riemann function. Substituting eqs. (19), (20), and (24) in formula 
(21) and remembering that 


uP) = fee), «Qr, 


v(P) = v (to, Eci osno) =1, oQ) = »(5-1103€0,70) =/Eono , 


we obtain 
ln 1/n 

(Eoo) = 3/69) + 14 ono f(2) «1465 | ? fO qc. 4 l ° du dé. 
£o £? [e] £ 


Returning now to the original variables x and y, we obtain the solution to 
the Cauchy problem in the form found above, namely, 


x/ y /y 
ues) Moy + 49 r(S) a] AE py | E. 
xy ? 


zZ xy z? 


Example 2. Find the solution of the equation 


x— -+t = x> 0), (25) 
ox? ay2 ax ) 
satisfying the conditions 
ðu 
ulo 3 FO. (26) 


To solve this problem by Riemann's method, we reduce eq. (25) to canonical 
form. First, we set up the equation for the characteristics 


x dy? - dx? =0. 
This equation has two distinct solutions 
9 +VK=Cy, 29-VK=Cy, 
and, consequently, we need to introduce new variables 6 and 7 defined by 


2iye4X, n-iy-/x (x20). (27) 
To these equations we add another relation 
w=u [3 “Nn; (28) 


and then eq. (25) can be transformed to the following canonical form: 


2 
ome low 2-0. (29) 
a an 4(t-»? 
Let us now turn to conditions (26) and eq. (27). It is clear from these 
that, in applying Riemann's method, we must choose the line 7 = -£ as the 
curve AB (fig. 4). 
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= ý 


al- To? 
VV 0. outono 


P(£o.-Eo) 


Fig. 4. 


Next, we must find a particular solution to the conjugate equation 
92v 1 v 


-= = (31) 
agan 4(6-m?  ” 
that satisfies the following conditions on the characteristics 
vloni fono) - 1 (on MP), (32) 
v(£,noi£o;no) = 1 (on MQ). 
Let us seek a solution to eq. (31) of the form 
v-G(o), (33) 
where 
(&£ - 55) (n-n9) 
o (e (34) 


7 = (£g-n9 E-n)’ 

Then, for G(c), we obtain the following equation: 

a(1-c) G"(c) + (1-20) G'(o) - G(o) = 0. (35) 

It 1s easy to see that this equation is a particular case of the hypergeomet- 
ric equation of Gauss: 

c(1-o) y"+[y-(1+a+8)o] y' - a8y - 0 (36) 


for 
«-B8-23, yell. 


Gauss' equation has a particular solution in the form of the hypergeo- 
metric series 


F(a, 8,¥;9) =1+ E O+ bh D o? Haee; 


which converges absolutely for |o] < 1. 
Thus, it is clear that if we take 


(37) 
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v = Ge) = F(4, 4, 1;0) = 1 + (420 + ($$) 02+... , (38) 
we shall satisfy eq. (31) and the conditions (32). Consequently, the function 
(£ - Eo) (n “Ne 


(Eq -no) (E-n) (39) 


v= 
is the desired Riemann function. 
Turning now to the problem of finding the solution to eq. (25) with the 
conditions (26), we set 


a-b-0, f=0 


in the Riemann equation (12). Then, we obtain 


tona «Pia | (Ere) eR ey) 


where the function v is determined by eq. (39) or, remembering eq. (30), 

we have 

(P) vq) , o aw | oe £o 

I f wa dé - af 

ag * 

“No “No 
Let us evaluate the derivatives appearing in eq. (40). From the equa- 

tions 


w(Se + d£. (40) 


W(&o, No) = JE 


w=a(E-n)?, y-t«m, 
it is clear that 
PEEL au) g Qu, du 
86 maak ax 3Y y-Q' N n=-Ẹ 0x ðY y=0` 
Consequently, on the basis of the conditions (26), we have 
IEEE NEUE (41) 


Differentiating eq. (28) with respect to & and 7 and then setting n = -5, 
we obtain 


aw - au u ow _ ðu u 
dE neg 7 MEN: , an pat T 2 an T 2v2 


Hence, from (41), we obtain 


aw | Qu - ðu 2 
aE aN n=- J2 (3E + DM QUHR F(£2) . (42) 


Furthermore, from the equations 
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av = 46 90, _ _ 1 ($ +o) (£g) (a 
96 g--& dO 95 n=- — 4 (£o-mg) E? 
av . 9G 8e - 1 ($ - no) (£ - £o) 26) 
On n=- do ?n n=- 4 (tg-ng)t? SO’ nee’ 
it follows that 
Qv Qv _ £o tno dG 
3E + an! ag 77 3o -noe (a5) pat i (43) 


To use eq. (40), we still need to find the values of the function w on the 
line 7 = -€ and at the points P and Q. It is easy to see that 


| peng 7 0-6) 7/26 ule, 0) = V2E fE?) . (44) 


From this, we easily obtain 
w(P) = w(Éo ,-&g) -/2&g KEB), — w(Q) = w(-no,ng) »J-2ng f(nà) . (45) 
Remembering that 
WU (£o, To) 
Jay x, ” 
we find from eqs. (40) and (42) - (45) that 
See f(&2) +V fm» 1 ff oo -£) et a 
PA ER Yxo “no 2£(£o - 
foto fo rac dé 
62) =. 
" A(£o - 1o) Yro N (o). AU 


Returning now to the original variables x and y, and omitting the subscripts 
from these letters, we obtain the solution of the Cauchy problem for eq. 


W(Xo, Yo) = 


F(£2) JE d£ 


uxo, Jo) = 


(25): 
ula, y) -LEAI Fete + 49?) e VX- ay Pe - y ey?) 
21x 
Vx+Ey 
+— O(x,y,z) dz, 
YE gy 
where 


1,2 2 2 iyd 2 
g 2, (4 7 67/9, | 3025 c (dy? - (2-19)? 
$(x, y, z) » /z F(z2) c(2 "m: MIN: (3 Az x ) 
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Problems 


1. Find the Riemann function for the Euler-Darboux equation 


au 8 a a Qu 
du oy x-yox Xx-y0y 


0. 


Answer: 
v(x, Yi xo, Jo) = (Yo - 39 P (y - xo) (y - x)**B F(a, 8,130) , 
where 
_ (x - XQ) (y - yo) 
?* (x-yg O-xg)' 


2. Integrate, by the Riemann method, the equation 


3u 3u au 
12-42) — 9 2x "1420  (0«x«l 


with the conditions 


au - 
wg = fd, b = Fe) 
Answer: 
_¥sin(w-¥) fl cos (w -y)) * /sin(w +y) fll costo 4 y)) 
u(x, y) = - 
24 sino 
1 w+y » 
E = x 
*3 mal, (w, y, z) dz, w =arc cos 7, 

where 


Plu, y, 2) - /sinz 6 (28-4) — £089) pq cos 2) 


2 sino sinz 


1  siny  g(cos(o-z)-cosy 
* 3 ainw Jaime © ( 2 sinw sinz ) fi cos2) . 


Method of solution: first reduce the given equation (see problem 5 of the In- 
troduction) to the canonical form 


32w .1 w -0 
969" 4 gin2(E-n) - 
Then show that the Riemann function is of the form 
sin (£ - £o) sin (n - ng) 
sin (£g - no) sin(é =n) , 
where the function G(c) is defined by the series (38). 


v(&,ni&o,no) = G( 


Chapter III 


THE APPLICATION OF THE METHOD 
OF CHARACTERISTICS TO THE STUDY OF 
LOW-AMPLITUDE VIBRATIONS OF A STRING 


1. Derivation of the equation for the vibrations of a string 


Let us consider the problem of a stretched string fixed at both ends. 
By a "string", we mean a thin thread that can be freely bent, that is, one 
which offers no resistance to such changes in its shape as can be made 
without changes in length. The tension To acting on the string is assumed to 
be large, so that we may neglect the force of gravity. Suppose that, at its 
equilibrium position, the string lies along the x-axis. 

We shall consider only transverse vibrations of the string, assuming 
that motion takes place only in a single plane and that all points of the 
string move in a direction perpendicular to the x-axis. 

Let us denote by u -u(x, t) the displacement of points of the string from 
the equilibrium position at the instant of time /. At every fixed value of 1, 
the graph of the function u =u(x, t) clearly represents the shape of the string 
at that instant (fig. 5). 


x 


X2 


Fig. 5. 


We shall also consider only smali-amplitude vibrations, so that we 
may neglect the square of the derivative du/ax as being small in compari- 
son with unity. 

Let us pick out an arbitrary segment (x1,%9) of the string which is de- 
formed into the segment M1 Mg as the vibrations take place. The arc length 
of this segment at the instant £ is equal to 


sf”? V1 + (4) aseo eie s, 


so that we may assume that the vibrations do not lengthen the segments of 
the string. It then follows from Hooke's law that the value of the tension 

at every point of the string remains constant with time. Let us show that 
we may also consider the tension T as being independent of x, that is, that 
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T * Tg. Tension (directed along the tangent to the string at the points M1 
and Mg), external forces, and inertial forces act on the segment M4M»5. The 
sum of the projections of all these forces on the x-axis must be equal to 
zero. Since we are considering only transverse vibrations, the inertial 
forces and the external forces are directed parallel to the x-axis; therefore 


T(x1) cos a(x1) - T(x2) cos o(x9) - 0 , 


where o(x) is the angle between the tangent to the string (at the point whose 
abscissa is x at the time /) and the positive x-axis. 
Because the vibrations of the string are of small amplitude, 


1 1 
- el, 
JA + tana) /1 + (0u/0x)2 


cos a(x) = 


and we have 
TU) = T(x5) . 


Since x4 and x9 are arbitrary points, it follows that the tension is indepen- 
dent of x. Therefore, we may assume that T^ Tọ for all values of x and £ 

We now proceed to derive the equation for the vibrations of the string. 
For this, we employ the principle of kinetic equilibrium (d'Alembert's 
principle), which states that the sum of all the forces, including the iner- 
tial forces, acting on any particular segment of the string must be zero. 

Let us consider an arbitrary segment M4M» of the string (fig. 5), and 
let us set up the condition for the vanishing of the sum of the projections 
onto the w-axis of all the forces acting on that segment: the tension forces 
(equal in magnitude and directed along the tangents to the string at the 
points M1 and Mg), the external force, the resistance force of the medium 
(directed parallel to the 4-axis), and the inertial force. The sum of the 
projections onto the 4-axis of the tension acting at the points M4 and Mg is 
equal to 


Y = To[sin o(x9) - sino(x4)] , 
but, because of our assumptions, 
tana(x) _ aufax au 


AA + tan2a(x) A + (0u/0x)? ax 


sin a(x) = 


and, consequently, 
au au 
Y = To DM 7 (35) vary ` 


We now note that 


and we finally obtain 
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¥ = To { aun (1) 


We denote by p(x,i) the external force per unit of length acting on the 
string in a direction parallel to the u-axis. Then, the projection onto the 
u-axis of this force, acting on the segment M4M» of the string, will be 
equal to 


2 
M TP (2) 


x1 


To find the resistance force of the medium, we need to consider both 
the nature of the medium and the speed at which the string is vibrating. If 
the string is vibrating in air and the speed of vibration is not very great, 
then we can assume that the resistance force of the medium is proportional 
to the first power of the speed. This leads to the following expression for 
the projection onto the «-axis of the resistance force acting on the segment 
M1M?: 

*2 au 
- f ak oy dx, (3) 
x1 
where k is a positive constant. 


Let p(x) denote the linear density of the string. Then, the inertial force 
acting on the segment M1M9 will be equal to 
X2 
32u 
-[ at) dx. (4) 


The sum of all the forces (1) - (4) must be equal to zero; that is, 


x 2 
MEN PLI o) 9 dx - 0. (5) 
axe 


Since x4 and x» are arbitrary points, it follows that the integrand must be 
equal to zero at every point of the string, at an arbitrary instant of time /: 
32u au e 
p(x) E + 2k FE = To: 3 t plx, t). (6) 
This is the desired equation for the vibrations of the string. 
If p = constant, that is, if the string is homogeneous, eq. (6) is ordin- 
arily written in the form 
82 Qu — g 32u 
PUR 3p 74 ayn mA (7) 


where 
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It is easy to see that if we neglect the resistance, then, in the absence of an 
external force, eq. (7) becomes 


oe = a2 oe (8) 


which is called the equation for a freely vibrating string. 

Eq. (6) alone, as we know, does not completely determine the motion of 
the string: we must also know the position and velocity of all points of the 
string at the initial time (/ = 0): 


pg fs ar), (9) 


where f(x) and F(x) are given for 0< x< I. The conditions (9) are called 
initial conditions. Furthermore, since the ends of the string are fixed, the 
distance from the x-axis u(x,£), at the points x = 0 and x = l must be equal 
to zero for all /; that is, 


uly-0=0, wy 20. (10) 


The conditions (10) are called boundary conditions. 

Thus, the physical problem of the vibrations of a string is reduced to 
the mathematical problem of finding the solution to eq. (6) that satisfies the 
initial conditions (9) and the boundary conditions (10). 

The problem of finding the solution to eq. (6) with initial conditions (9) 
and boundary conditions (10) is called a mixed problem. 

We may also consider an infinite string. Such a problem arises if the 
string is so long that we may neglect the effect of its ends. In such a case, 
the initial conditions alone are sufficient to determine the unique solution to 


eq. (8). 


2. Vibrations of a homogeneous infinite string 


Suppose that we are dealing with a string that is so long that we may 
consider it as extending infinitely far in both directions. Let us examine the 
Íree vibrations of a homogeneous infinitely long string. As was shown in 
section 1, this problem is reduced to solving the equation 


22 _ 2 32u _ 
a a a (a = ./T/p) (8) 
with initial conditions 
a 
wo =f), | 97 FO)» (9) 


where the functions f(x) and F(x) are given in the interval (-«, œ). 
As we know (see section 1, Chapter I), the unique solution to eq. (8) 
satisfying the initial conditions (9) is of the form 
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«at 
u(x, t) - £20 + Sera , L F(z) de. (11) 
x-at 
This solution can be written as 
u = (x -at) + v(x«at) , (12) 


where 
ole) = 4/2) - 5, [ Fide, w(x) =A +35 | Fle) ae. 
[e] [e] 


The displacement u(x, À is thus the sum of the two terms 

ul = Q(x - at) (13) 
and 

ug = (x at) . (14) 


Let us first examine the particular case where yẹ = 0, that is, when the 
displacement of the string is determined by eq. (13). Let us assume that the 
independent variables vary in such a way that the difference remains con- 
stant, that is, that 


x-atzc. 
In this case, 
dx-adt=0, ie, dx/di-a. 


Thus, we may conclude the following: if the point x moves with constant 
velocity a in the positive direction (from left to right), then the displace- 
ment u4 of the string at that point will at all times be equal to ¢(c), thus re- 
maining constant (fig. 6). This displacing motion (c) along the string is 
called the forward wave. It is characterized by the particular solution 41 = 
v(x - at) of the wave equation (8). 

Similarly, a displacement j(c), analogous to the preceding one, but 
taking place in the opposite direction (fig. 7), corresponds to the particular 
solution 49 = y(x +at). Here, we are dealing with the backward wave. The 
constant 


a= Tolo 


is the velocity of propagation of the waves along the string. 

In the general case, expressed by eq. (12), the actual displacement of 
the string is obtained by adding the displacements 44 and 49 at every given 
instant of time /. This leads to the following graphical method of construct- 
ing the displaced points of the string. 
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Let us draw the curves 
yr =9(x), yg= dx), 


representing the forward and backward waves at the initial instant of time, 
then, without changing the shape of these waves, let us displace them sim- 
ultaneously with velocity a in the two directions: yj = «(x), to the right; and 
y2 = (x), to the left. Now, to obtain the graph of the curve, we need only 
take the algebraic sums of the ordinates of the displaced curves. 

Eq. (11) gives the complete solution to the problem under considera- 
tion. Let us examine this formula in greater detail for the two most inte- 
resting cases (namely, when there are no initial velocities and when there 
are no initial displacements). 

CASE I. The initial velocities are equal to zero. In this case, F(x) = 0 
and from eq. (11), we obtain: 

u(x, t) = fex 00 + esas) , (15) 
from which it is easy to compute the displacement of any point on the string 
from the equilibrium position. This formula may be used to draw the graph 
of the string at an arbitrary instant of time ¢ (we need only proceed as 
above). 

Suppose, for example, that at the initial instant the string has the 
shape shown in fig. 8a, that is, that the function f(x) is different from zero 
only in a finite interval (-a,o). Let us first draw the graphs of the forward 
and backward waves (figs. 8b, c). In this case, they will be the same and 


u = f(x), 


which follows from eq. (15). If we displace these graphs over a distance io 
in the directions indicated by the arrows, and then take the sums of the or- 


U 


(b) 
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dinates of the displaced graphs, we shall obtain the shape of the string at 
the time ¢ = a/2a (fig. 8d). 

Let us now again displace the graphs of the waves over a distance ia. 
Then, by construction, we obtain the shape of the curve at the instant of 
time £ = a/a (fig. 8e). If we displace the curves representing the string still 
further, we shall have the shape shown in fig. 8f. Here, the forward and 
backward waves are being propagated in opposite directions and the dis- 
placement of the string is only one half as great as the corresponding dis- 
placement at the segment AB (fig. 8a). After both waves have passed a given 
point (or after only one wave, in the case of points lying outside the region 
of the initial disturbance), that point will remain at rest. 

CASE IJ. There are no initial displacements. In this case, f(x) = 0 and 
the displacement of the string is expressed by the equation 


1 p" 
u= yg F(z) dz. (16) 
x-at 
If we set 
1 (% 
A F(z) dz = vl) , 


this displacement can be represented in the form 
u = p(x+abl) - v(x-at) , 


from which it is clear that, in this case also, we are dealing with the prop- 
agation of a forward and a backward wave. The function F(x), expressing 
the initial velocity, can be given in different ways. 

As an example, let us consider the following representation of this 
function: 


F(x) =0 outside the interval (-a,q) , 
F(X)»0 within the interval (-a,o) , 


where « is some given number. 
Let us partition the interval (-~, ©) in which x varies into five sub- 
intervals: 


(17) 


I(-», -at-a), II(-a£-o, -at+a), MI (-at+a,at-a), IV(at-a, at+a), V(at+a, +~) 


and let us examine the oscillation of the string beginning at some time 
t» a/a. 

When x varies in the first interval, the upper limit of the integral 
shown in eq. (16) always remains less than -« and, consequently, the entire 
interval of integration lies outside the interval (-a,q@). Hence, on the basis 
of (17), we conclude that u = 0 for all values of x lying within the first in- 
terval. 

The same may be said with regard to the fifth interval. When x varies 
in the second interval, we obviously obtain the inequality 


-a<xtat<a. (18) 
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On the other hand, it follows from the inequality ¢ > a/a that 

-2at < -2a . (19) 
Adding inequalities (18) and (19), we find that 

x-at« -a. 
Therefore, it follows on the basis of (17) that 


x4at 
“=e F(z) dz. 
-a 


Similarly, when x varies in the fourth interval, the integral (16) is 
reduced to 


Now suppose that x varies within the third interval. Then, 
x-at< -~ and x«aí»a; 


that is, the interval (-a,@) is entirely contained within the interval 
(x- at, x+ aĝ. Taking (17) into account, we find that 


- 
“=z F(z) dz; (20) 

-a 

that is, 4 will be constant in this case. 

Thus, for time ¢>a@/a, the string has the shape shown in fig. 9. Sec- 
tion III of the string is represented by a segment of the straight line whose 
distance from the x-axis is numerically equal to the right side of eq. (20). 
The forward and backward waves have already passed through this portion 
of the string. At the instant in question, the forward wave is passing through 
section IV and the backward wave through section II. Sections I and V are 
still at rest because the waves have not yet reached them. 


Fig. 9. 


Here we observe the interesting phenomenon of the residual effect. 
Waves that have passed through section III leave a trace of their passage. 
The points of this section remain displaced at the same elevation; this con- 
stant elevation, of course, depends on the magnitude of the initial impulse. 


50 APPLICATION OF THE METHOD OF CHARACTERISTICS (Ch. M 
3. Vibrations of a string fixed at both ends 
Suppose that we have a string of finite length / fixed at both ends. The 


problem of the vibration of such a string is reduced to finding the solution 
to the equation 


2 2 
dlu 2974 (8) 
of? 0x2 
with initial conditions 
ou - 
ulos FO), Selg Ox xd (9) 
and boundary conditions 
u|x-9 70, Ul yap = 0. (10) 
As we know, the solution to eq. (8) is of the form 
u = e(x- at) + (x +a) , (21) 


where the functions ¢(x) and y(x) are deter mined by the formulae 
eite -Lf raa, Wiif naa. cm 
? 2a J d à 2a J ` 


If we compare the present problem with the case of the infinitely long 
string, we find one significant difference: in the case of the fixed string, 
the functions fx) and F(x) appearing in the expressions for the initial con- 
ditions (9) are known only within the interval (0,/); however, with the pas- 
sage of time, the arguments of these functions pass beyond the limits of the 
above interval. Therefore, we cannot determine the displacement of the 
string by formulae (21) and (22). Thus, in applying the method of character- 
istics, we need to extend the functions f(x) and F(x) outside the interval 
(0,0). 

From a physical standpoint, this extension is reduced to a determina- 
tion of an initial disturbance of an infinite string such that its motion in the 
interval (0,2) would be the same as if it were fixed at the ends (of that in- 
terval). The motion of the remaining portion of the infinite string can be 
ignored. 

The functions f(x) and F(x) can be extended outside the interval (0, 2) 
without difficulty, if we use the boundary conditions (10). In fact, these 
conditions and solution (21) give the formulae 


e(-at) + (a 0, g({l-at)+y(i+a 20, 
from which, after we replace at by x, we obtain 
e(-3) = -¥(x), l+) =-(l-x). (23) 


The first of the formulae (23) determines the function (x) over the in- 
terval (-/,0), and the second determines the function y(x) over the interval 
(J, 22); consequently, both the functions o(x) and y(x) are completely deter- 
mined over an interval of length 2/. 
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Further, it follows from eqs. (23) that 
(x +22) =x), w(x +22) -v(x) , (24) 
that is, that the functions (x) and (x) are periodic functions with period 2/. 
If we now recall that 
F(x) = elx) + w(x), F(x) = albi) -e'(x)] , 
we obtain the following formulae: 
K-x) = -flx) , F(-x) = -F(x) , 
f(x-2) = fix), Flx+2l) = F(x). 
These formulae show that the functions f(x) and F(x) can be extended from 
the interval (0,/) to the interval (-/,0) (since they are odd functions), and 
then to the rest of the interval (-«, œ) (with period 2/). 
For the obtained solution to have continuous derivatives up to the sec- 
ond order inclusive, it is necessary (in addition to the requirement that the 


functions f(x) and F(x) be differentiable) that the following conditions be 
satisfied: 


(25) 


f02f)5-20, 7f"«(0-27f(0-20, FO)= FY) =0. 


We will now illustrate the use of formulae (23) for determining the 
displacement of a fixed string at different instants of time. Let us suppose 
that a homogeneous string, fixed at the ends x = 0 and x = / (fig. 10), has at 
the initial time, the shape of a parabola whose axis of symmetry is perpen- 
dicular to the x-axis and bisects the segment AB. We are to determine the 
position of the string at the instants 


ty -1/2a and to - l/a, 
under the assumption that there are no initial velocities. 


u 


xy 


oje 


à t 
Fig. 10. 


In this case, the initial conditions obviously are of the form 
An) = > F(x) = 0 (QO<x«<), (26) 
where À is the initial displacement of the string at the point x = 17 
We now use d'Alembert's solution 
u-e(x-at + o(x+ at), (27) 


where, because of the initial conditions (26), the functions ¢(x) and (x) are 
determined in the interval (0, / by the formula 


olx) = U(X) = 2x). (28) 
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If we set ¢ = 1/2a in eq. (27), we obtain 

u = (x - gl) + w(x esl). (29) 
Let us now partition the interval (0,/) into two sub-intervals: 

(0,34 and (31,2). 


When x varies in the first interval, the argument of the function y(x + 2) 
in eq. (29) varies within the interval (2/,/) and, consequently, this function 
is determined by formula (28). The argument of the function ¢(x - 41), which 
appears in the same expression, varies within the interval (-2/,0), as a re- 
sult of which we may not use formula (28). However, recalling the first of 
eqs. (23), we may set 


e(x - 4) = -ol -x) , 
so that we may then consider the function (4l - x), whose argument varies 
within the interval (0,4). 
Thus, taking 
ucd(xeu)-ud-x (0«x«à), 
we obtain functions both of whose arguments vary within the interval (0, J); 
therefore, by using eq. (28), we obtain 


u fein farm) (O0<x< 42). 


If, in this equation, we replace f(x) by the expression given for it in eq. 
(26), we obtain 


u=0, O<x< Gl. (30) 


Let us now consider the second interval (3/,/). For this interval, the 
function y(u +41) is unknown in eq. (29). But, by using the second of eqs. 
(23), we obtain 


(x gl) = -olal - x). 
Consequently, taking 
u-e(x-i)-ed-x  Gl«x«l), 
we again obtain functions with arguments that vary within the interval (0,2). 
Jt follows from what has been said that 


, 6-30 - fL - 3) 


(l< x«1); 


2 
then, replacing f(x) by the expression given for it in eq. (26), we obtain 
u=0, d«x«l. (31) 


Jt follows from (30) and (31) that the displacement of the string at the in- 
stant fy = //2a is equal to zero; in other words, the points of the string are 
situated on the x-axis. 

Let us now find the displacement of points of the string at the instant 
to = l/a. From formula (27), we have 
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u -e(x-Dxwux«l, 
but both arguments appearing in this expression for the functions vary out- 


side the interval (0,7); therefore, we need to use the formulae (23), where- 
by we obtain 


u = -ẹ(l- x) -e-x --2f0-x) -if-x) --fQ), 
or 
12 


Thus, it follows that at the time £> = //a the string is symmetric about 
the x-axis with respect to its initial position. The same result can be ob- 
tained by a different method, if we use the graphical construction shown at 
the beginning of section 2 of the present chapter. 


4. A property of the characteristics 


Let us take some point Mg of the string (with abscissa xg), and let us 
observe it from some instant of time which we shall take as / = 0. If we 
displace the string from its equilibrium position, waves will begin to be 
propagated along it as a consequence of the created disturbance. At the 
time £9, a forward and a backward wave will approach the observed point of 
the string, the first from the point xo - at, and the second from the point 
Xo + alg. 

Let us try to determine these initial points by the graphical method. 
With this in mind, we look at the "phase plane" xOf (fig. 11), where the 
x-axis corresponds to the position of the string at the initial time é= 0. At 
the time £o, the point Mo(xo, 0) will occupy the position Mj(xo,/o) in the 


figure. 


Mi 


ol Me Mo M3 
Fig. 11. 


We now draw two straight lines through the point M4 with slopes + 1/a; 
the equations of these lines are 
X-ab=Xg-adig, xtat=Xg+alg. (32) 


It is easy to see that these straight lines are the characteristics of eq. (8). 
Obviously, they intersect the x-axis at the desired points 


M»(x9-a1,,0) and | Ms(xgat5,0) . 


Thus, to find those points on the string at which the forward and back- 
ward waves are approaching the point of the string with abscissa x, at the 


54 APPLICATION OF THE METHOD OF CHARACTERISTICS [Ch. III 


given instant of time tọ, we need to pass the characteristics (32) through 
the point Mj(%9,é)). Their intersection with the x-axis will give the points 
that we are seeking. 


5. Wave reflection in a fastened string 


Let us use the construction of the preceding section to see what will 
happen in the case of a wave that reaches one of the ends of the fastened 
string. 

We take the half-plane xO/ (fig. 12) and draw the straight line x =1. 
This straight line, together with the /-axis, cuts a strip ¿OLL of finite width 
from the original half-plane. Let us partition this strip into regions I, II, 
I, and so on, in the following fashion. First, let us draw through the points 
X - 0 and x =! the characteristics x - at = 0 and x + at - 1, extending them 
until they intersect the boundaries of the strip. Then let us draw the straight 
lines PyP4 and P9P3, and so on, parallel to these characteristics. 


th L 


Fig. 12. 


Let us examine successively the regions J, II, ..., which correspond 
to the points of the string at different instants of time. 

We begin with region I. Let us take an arbitrary point within it and let 
us draw the characteristics through that point, extending them until they 
intersect the x-axis. Then, recalling the remarks of the preceding section, 
we can easily see that region I corresponds to those points of the string 
reached by the forward and backward waves immediately after they leave 
the initially disturbed portion of the string. 

Let us now take any point M(xo,/5) lying within region II and let us pass 
the characteristics MN and MR through it. The equations of these lines will 
be 


K+aL=Xgt+alg, x-alb=Xg-alg. 


The first characteristic intersects the x-axis at the point N(xo ato, 0) 
lying on the string, and the second intersects it at the point R(x - ato, 0) not 
on the string. Consequently, the backward wave, having left the point N at 
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the initial instant, approaches the point M. Jt is clear that the wave ap- 
proaching the point M from the other side could not have left the point R, 
since that point does not lie onthe string. Actually, this wave came from 
point P lying on the string; initially, it travelled in the form of a backward 
wave, and only after being reflected from the end x=0 (point Q in the fig- 
ure) did it approach the point M as a forward wave. Let us prove this in the 
following manner. Let us take the point P(-xg -a£9,0), symmetric with re- 
spect to the point R about the origin, and let us draw the characteristic, 
which will intersect the /-axis at the point Q(0, (a£9-x9)/a). 
On the basis of eqs. (23), we know that 


(Xo - ato) = -&(-xo + ato) . (33) 


From this, it is clear that we may replace the forward wave ọ(xo - ato) 
which travels along the segment RQ, with the backward wave -j(-xg * ato), 
which is propagated along the characteristic PQ. The latter wave is re- 
flected from the end of the string at time (a£; - x;)/a, and then approaches 
the point M. Let us note that the reflected wave changes not only its direc- 
tion, but also the sign of its displacement, as is clear from eq. (33). 

Thus, we see that region II corresponds to those points of the string 
that are reached by the following two waves: the backward wave and the 
forward wave that is reflected from the end. 

Clearly, just the opposite will be observed in region III; specifically, 
region III corresponds to those points of the string reached by the forward 
wave and the backward wave that is reflected from the end. 

Regions IV, V and VI correspond to those parts of the string reached 
by waves reflected either once or twice from both ends of the string. All 
the points in the remaining regions will be reached by waves reflected sev- 
eral times from both ends. 


6. The concept of generalized solutions 
Let us again consider the Cauchy problem for the equation 
—,3 -a* —, (8) 
with the initial conditions 


ulo =f), gr = F(x). (9) 


t=0 
As has been shown, the solution to this problem will be the function 
x+at 
uqe, t) = Aee + Hera LO py ae. (11) 
2 2a x-at 


This formula gives the usual (classical) solution to eq. (8) only under the 
assumption that f(x) has continuous derivatives up to the second order in- 
clusive, and that F(x) has at least a first-order continuous derivative. 
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In specific physical problems, the functions f(x) and F(x) may not sat- 
isfy these conditions. Then, we may not assert that the Cauchy problem has 
a solution. In this case, we introduce the so-called "generalized solutions" 
to the Cauchy problem. 

Suppose that with the initial conditions (9) the function u(x,t) is the lim- 
it of a uniformly convergent sequence of solutions y(x, £) to eq. (8) with the 
initial conditions 

dün 
ünl to = fn) , 3t [eg Pn 
where the sequence of functions f,(x), with continuous second derivatives, 
converges uniformly to f(x), and the sequence of functions F,(x), with con- 
tinuous first derivatives, converges uniformly to F(x). In this case, we 
shall call the function 4(x,?) the generalized solution to the Cauchy problem. 

Jt is easy to show the existence and uniqueness of the generalized solu- 
tion to the Cauchy problem for eq. (8) in the case of arbitrary continuous 
functions f(x) and F(x). This generalized solution is also given by eq. (11). 

The introduction of the generalized solutions of eq. (8) is natural in two 
respects. First, to insure the existence of the ordinary solution to the 
Cauchy problem, we would need to impose very stringent smoothness con- 
ditions on the given functions f(x) and F(x), whereas such smoothness con- 
ditions are not required for the existence of the generalized solutions. 
Second, in specific physical problems, the functions f(x) and F(x) are 
known only approximately. Therefore, the corresponding function x(x, £), 
given by eq. (11), is also only an approximation to the exact solution of the 
problem that is posed. 

Consequently, it is not at all important whether this approximation is 
the ordinary or the generalized solution to the Cauchy problem. What is 
important is that it differ only slightly from the true solution when the de- 
viations of the functions f(x) and F(x) from the true initial values of u(x, 0) 
and du(x,0)/at are uniformly small. 


Problems 


1. Show that the equations for the transverse vibrations of a string in a 
medium whose resistance is proportional to the first power of the ve- 
locity can be written in the form 


32v 2 32v 2 
— = 46 -——. + hiv a =J Tg/ 
9/2 dx? o/P) s 
where 2v(x,é) is a function of the displacement u(x, f, defined by the 
equation 
u=e*ty (h»0).. 


2. The ends x £i of a homogeneous string are supported by means of 
elastic forces directed parallel to the 4-axis. Show that the boundary 
conditions for the vibrations of the string take the form 
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W hy =0 for x=-1, 


Qu 
zx + hate -0 forx =i , 
where hy and hog are positive constants. 


3. A semi-infinite string, fixed at x - 0, undergoes transverse vibrations. 
Find the formula for the vibration of the string, if the initial conditions 
are of the form 


du 


wlio =A), Felg O (9. 
Answer: 
x+ at 
Kx 2 fat- 3, *3 1f F(z) de forx<at, 
ur 
u(x, t) = t 
+a 
Aarah + fur on ae F(z dz for x» at. 


x-at 
4. Investigate the oscillations of an infinitely long string that is under the 
influence of an external force F(x, f) with initial conditions 


ou 


ul 9 = 0%), 3r "us p(x). 


Answer: 
xe at 


«o, Ena ete a Y (7 Ya) ae a EMILE 
-at 


where the integration is performed over the region D shown in fig. 13. 
Method of solution: introduce new independent variables € and 7 by set- 
ting 


E=x-at, mesxe«at. 


2 
Fig. 13. Fig. 14, 


5. A segment of a string of length Z that is fastened at the ends x = 0 and 
x= l is displaced at the point x = 2/ to an elevation k and then released 
(fig. 14). Determine the shape of the string at the time ¢, = //2a and 
to = l/a by the analytic method. 


6. An infinitely long string whose equilibrium position is a straight line is 
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hit, at the initial time (¢ = 0), with a hammer of mass M. This hammer 
strikes the string at the point x = 0 with an initial velocity vo. 

Show that at any subsequent instant the disturbed string will have the 
form shown in fig. 15, where u4 is the forward wave: 


Mavo 2To 
2T 1- exp Ma? (x - at) 


uy = for x -at < 0, 


u; =0 for x -at > 0, 


and uo(x, f) is the backward wave: 


for x «at > 0, 


Mav, h 2T, ? 
ug = - exp |-——, +a 
2" 2Tg Ma? 


for x «at « 0. 


Fig. 15. 
Method of solution: integrate the equation 
Phu 2 0% 
342 3x2? 
and use the conditions 
92u1 92u5 Quo dul 
M -3 "MO =- To +To . 
ató |x-0 at? |x-0 Ox ax |x=0 


Chapter IV 


LONGITUDINAL VIBRATIONS OF A ROD 


1. The differential equation for longitudinal vibrations of a homogeneous 
vod of constant cross section. The initial and boundary conditions 


Let us examine a homogeneous rod of length /, that is, a cylindrical or 
otherwise-shaped body whose elongation or bending requires the application 
of a force. Thus, even a very thin rod differs from a string, which, as we 
know, bends freely. 

In the present chapter, we shall deal with the application of the method 
of characteristics to the study of the longitudinal vibrations of a rod. We 
shall also confine ourselves to vibrations in which the cross sections pq 
remain plane and parallel to each other during their displacement along the 
axis of the rod (fig. 16). This condition is justified if the lateral dimensions 
of the rod are small in comparison with its length. 


q qd 
pdxp, 


Fig. 16. 


If the rod is somewhat stretched or compressed along its longitudinal 
axis and then released, it will start vibrating. Let us direct the x-axis 
along the axis of the rod, and let us assume that, in a state of rest, the 
ends of the rod are at the points x = 0 and x = I. Suppose that x is the ab- 
Scissa of an arbitrary cross section of the rod when at rest. Let us denote 
by u(x, £) the displacement of this section at the time £. Then, the displace- 
ment of the section whose abscissa is x + dx will be equal to 


ou 


+a, dr. 


u 


Thus, it is clear that the relative lengthening of the rod at the cross section 
whose abscissa is x is given by the derivative 


au(x, t)/ax . 
Recalling that the rod undergoes only small oscillations, we can compute 
the tension T in this cross section. From Hooke's law, we have 


ou 
T =ES 3%? (1) 
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where E is the modulus of elasticity of the material of which the rod is 
composed, and S is the cross sectional area. Let us consider the element 
of the rod included between two cross sections whose abscissas, when the 
rod is at rest, are x and x + dx. This element is acted on by the forces of 
tension Ty and T4,qx , which are directed along the x-axis. The value of 
the resultant of these forces is 
du au 32u 

Trda - Ta = ES oy) a PS axle ES 342 9 (2) 
and is also directed along the x-axis. On the other hand, the acceleration 
of the element is equal to 82u/0 £2, so that we obtain the equation 


32u 32u 
pS dx — = ES —; dx 3 
ae2 ax? C 9) 
where p is the density of the rod. Setting 
a=JE/p (4) 


and dividing by Sdx, we obtain the differential equation of longitudinal 
vibrations of a homogeneous rod: 


— 7 =al —. (5) 


The form of this equation shows that the longitudinal vibrations of a 
rod are of a wave nature; here, the velocity a of propagation of the longitu- 
dinal waves is determined by eq. (4). 

If an external force F(x,/), calculated per unit of volume, acts on the 
rod, we obtain instead of (3) 


2 2 
pS dx 2^ = gg? dx + F(x, À Sdx, 
a2 ax 2 
so that 
2 2 
Po a? 9 el Feb. (6) 
at ox? p 


This is the equation of forced longitudinal vibrations of a rod. 

As is usually the case in dynamics, a single equation of motion (6) is 
not sufficient for complete determination of the motion of the rod. We must 
know the initial conditions; that is, the displacements of the cross sections 
of the rod and their velocities du(x, 4)/oé at the initial instant of time: 


"deo, FEl TA. (7) 


where f(x) and F(x) are given functions defined over the interval (0,/). 
In addition, the boundary conditions at the ends of the rod must also be 
given. Thus, for ecample: 
(1) The rod may be fixed at both ends. In this case, 
4(0,) 0, xu(l,2) =0 (8) 


for all instants of time £. 
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(2) One ends of the rod may be fixed and the other free; that is, 


du 
axle 7? (9) 


for all instants of time ¢. At the free end (x = 1), the tension T = ESdu/dx 
will be equal to zero (no external forces) and, consequently, 


u(0,é) =0, 


au 
ax |e) 70 
(3) Both ends of the rod may be free; that is, 
au Ou 
“| = “i z 10) 
9x | x=0 0x |y -] ) 


for all instants of time /. 

Thus, the problem of the longitudinal vibrations of a homogeneous rod 
of finite length reduces to finding the solution of eq. (6) satisfying the initial 
conditions (7) and one of the boundary conditions (8), (9), (10), and so on. 


2. The vibrations of a vod with one end fixed 


As an example, let us solve the following problem. An elastic cylindri- 
cal rod of length / in its unstretched (natural) state is fixed at the end x = 0 
and is then stretched to a length /1; the free end is then released so that the 
rod is set into longitudinal vibration. We are to determine the velocity of 
vibration of an arbitrary cross section of the disturbed rod. To solve this 
problem, we must find the solution to eq. (5) that satisfies the boundary 
conditions (9) and the initial conditions (7). Let us determine the functions 
f(x) and F(x) that appear in the initial conditions (7), remembering that at 
the initial instant the displacement of a cross section with abscissa x is 
proportional to this abscissa. We set 


ulpo=fe)=re (0«x«l, (11) 
where v is a proportionality constant. This constant can be easily deter- 
mined, since, at the initial instant, the displacement at the free end of the 
rod is equal to /4 - /, that is, 

l1-I- vl 
or 
l-i 
v= 


Furthermore, since the velocities of all the intermediate cross sec- 
tions of the shaft are equal to zero at the initial instant, we have 

ou -= 

at |t-0 

Thus, the initial conditions are of the form shown in eqs. (11) and (12). 


0 (0«x«l) (12) 
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We know that the general solution to eq. (5) is of the form 

u -e(at - x) + v(at «x) . (13) 
We now determine the functions o and $ so that eq. (13) satisfies the boun- 
dary conditions (9) and the initial conditions (11) and (12). From the first of 
the boundary conditions (9), it follows that 

u| yop = e(at) + wlat) = 0 
or 

v(z) = -e(z) (2 = at), 
so that eq. (13) takes the form 

u = c(at - x) - e(at«x) . (14) 


Differentiating this equation with respect to x and then setting x =7, we ob- 
tain, because of the boundary condition (9), the following result: 


0 = -e'(at - D) - q'(at« 1) 
or, denoting the argument a£ + / of the function by z, we obtain the equation 
e'(z) = -e'(z- 2l), (15) 


Using this equation, it is easy to find the expression for the function ¢'(z) 

for all values of z. 
In fact, on the basis of the initial conditions (11) and (12), we have 

vx = o(-x) - e(x (16 

( Q gexen. ) 

0 -o'(-x) - e'() (17) 

Differentiating eq. (16) with respect to x and solving the equation ob- 

tained and eq. (17) simultaneously, we obtain the following expression for 
the function o'(2): 


e'(z) = -3f , (18) 
which is valid for all values of z within the interval 

-I«z«l. (19) 
Then, it follows from eq. (15) that 

e'(z) = av (20) 
for all values of z satisfying the inequality 

i«z«àl. (21) 


Now, we should note that, on the basis of eq. (15), the function »'(z) has 
period 4/. Then, it is clear from formulae (18) - (21) that the function ¢'(z) 
is defined for all values of z. 

Let us use these results to obtain a picture of the propagation of the 
waves in the disturbed rod. We denote by v the velocity of the cross section 
of the rod whose abscissa is x. This velocity is found from eq. (14), on the 
basis of which 
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A =g'(at-x) - p'(at+x) . (22) 


Using this equation, it is easy to determine (for any arbitrary instant of 
time) which waves are approaching the cross section P whose abscissa is x. 

In fact, since this abscissa lies within the interval (0,/), both argu- 
ments of the functions on the right side of eq. (22) remain within the inter- 
val (-1,/) provided 0 < ¢ < (l-x)/a. Therefore, on the basis of eqs. (18) and 
(22), it follows that 


v 1 1 
—=-97r+57=0. 
a 2 2 


In other words, from the instant at which the oscillations begin until the 
time ! = ([-x)/a, the cross section P remains at rest. It begins to vibrate 
at the time (/-x)/a, when the backward wave (which originated at the free 
end at the initial time) approaches it. 

Let us determine the velocity of the cross section P. Jn the time inter- 
val from £ = (1-x)/ato t = (I-x)/a, the argument of the function ¢'(at - x) will 
vary in the interval (-/,7) and the argument of the function o'(af-x) will 
vary in the interval (/,37). Applying formulae (18) - (22), we see that during 
the period of time 


Dex [-% 2x 
aa a 


t= 


the cross section P will have a velocity determined by the equation 


Z=- -ir=-r. 

Now let us see what will happen in the rod after the time ¢ = (/+x)/a. At 
this instant, the forward wave, which arose from the backward wave that 
was reflected from the fixed end x = 0 at the time ¢=//a, approaches the 
cross section P. 

Jt is easy to show that from £ = (I«x)/ato t = (31-x)/a, the cross section 
P will be in a state of rest. In fact, during this time, the arguments of both 
the functions in eq. (22) lie within the interval (/,3/). Therefore, it follows 
from eq. (20) that 


4^ iv-iv-0. 

At the time ¢ = (31-x)/a, the backward wave, which arose from the for- 
ward wave after the latter was reflected from the free end x = / at the time 
t= 2l/a, again reaches the cross section P. This wave will exert its in- 
fluence on the cross section P until the time / = (3l+x)/a. When ¢ changes 
from (3/-x)/a to (3/+x)/a, the argument of the function ọ' (at - x) lies within 
the interval (/,3/), and the argument of the function o'(a£- x) lies within the 
interval (37, 57). Therefore, 
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Finally, we consider the interval of time from £ - (3/«x)/a to t - (BI -x)/a. 
During this period of time, the cross section P is once more at rest. For, 
at the instant £ = (3/+x)/a, the forward wave that arises from the backward 
wave (after the latter is reflected from the fixed end at the instant £ = 3//a) 
approaches this cross section. The effect of this wave on the cross section 
Pis the following: since both functions on the right side of eq. (22) have 
their arguments in the interval (3/,5/), when é lies in the interval ((3/+«)/a, 
(51-x)/a), 

v iy = 
quar tav 0 
Thus, during the period of time ¢ = 2(1-x)/a, the cross section P will be at 
rest. 

After this time, the entire picture of the propagation of waves will be 

repeated, since (as was noted above) the function ¢'(2) has period 41. 


3. Axial impact on a vod 


Let us consider a cylindrical rod, one end (x - 0) of which is fixed and 
the other (x=2) is free. At the initial time £ = 0, the free end is hit by a 
mass M, which is moving with velocity v in the direction of the axis of the 
rod. Let us study the resulting longitudinal vibrations of the rod. 

We know that the equation of longitudinal vibrations of a homogeneous 
rod is of the form 


2 
KETIL (a =J/E/p) . (23) 


The boundary condition at the left end (x = 0) is obviously 
u(0, 2) =0 (24) 
Furthermore, the equation of motion of the mass under the action of the 


reactive force of the rod (equal in magnitude but opposite in direction to the 
force at the end x = / of the rod) is of the form 


auj pg?” 
912 |x-1 9X x-1 
This is the boundary condition at the end x -/. Eq. (25) can be written in 
the form 


(25) 


ðu 


ax (26) 


wal’ 


if we denote by m = M/(pSl) the ratio of the incident mass to the mass of 
the shaft. The solution u(x,t) that we are seeking must also satisfy the 
initial conditions 


ul;g-0 for O<x<I, (27) 


ou ou 


lI = E: Tom = = 
TAPA 0 for 0 sxs, at v for €=Oand x=l, 
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The second of these initial conditions means that, at the instant of collision 
of the moving mass and the rod, all the cross sections of the rod have ve- 
locity equal to zero except that at the very end of the shaft, which has a 
velocity equal to that of the incident mass. 

We know that the general solution of eq. (23) is of the form 


u=plat-x) + p(at+x) , (28) 


where ¢ and j are arbitrary functions. Let us define the functions qe and y 
so that the solution (28) satisfies the boundary conditions (24) and (25) and 
the initial conditions (27). 

Jt follows from the boundary condition (24) that ) =-@; the solution 
then takes the form 


u = q(at - x) - e(at«x) . (29) 
From the initial conditions (27), we have 
e(-2) - e(z) =0, e(C2-e()20 (0s2«xl). 


Jt then follows that e'(z) = 0 when -Z< z< l; that is, in this interval, ¢(z) is 
a constant, which we may take as equal to zero. Consequently, we have 


ve(z2 20 (-I«z«l). (30) 


Let us now determine the function (z) outside the interval (-/, 1). To do 
this, we use the boundary condition (26). Substituting (29) into (26), we ob- 
tain 


ml[o''(at - I) - o" (at «0D] 2 et(at - D) + e'(at«1) 


or, setting 2 = a£ «1, 
1 1 
" 1 =a" - - '(2- 
o"(2) + 1% (2) = "(z - 21) i (2-21). (31) 


This equation makes possible the extension of the function o(z) beyond the 
end points of the interval (-J,J). From eq. (31), we first determine ¢'(z) 
outside the interval (-1, I). 

When Z < z < 3I, the right side of eq. (31) is equal to zero and we have 


1 
o"e) +o) =0, 
and hence 
g'(z) = € e/ml , 


where C is an arbitrary constant. 
The initial condition (27) gives 


a[e'(-1L«0) - e'(G«0)] =- v 
or, on the basis of (30), 


q' (L0) =< . 
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Consequently, v/a = C exp [-1/m], so that C = (v/a) exp [1/m] and 


z-l 


ad (l<z< 3). (32) 


e'(z) =% exp - 


We note that ¢'(z) has a discontinuity at the point z = L. 
When 31 < z < 5I, eq. (31) takes the form 


n 1l, 2.20 _ 4-31 
e"(z) + 4; (2) = - 7, ; exp ; 


so that 


mi 


e'(a) = C exp |- 4. e-m em LES, (33) 


where C is an arbitrary constant. 
This arbitrary constant C can be found from the continuity of the veloc- 
ity 904/84 at the cross section x = l when £ » 0, in particular, when ¢ = 2//a. 
This gives 
€'(L-0) - e'(32-0) ='(1+0) - e'(31«0) 


or, on the basis of (30), i and e 
V Q-2/m . z -cC e73/m ; 


so that 
C «5 (el/m + e3/m) , (34) 


Substituting eq. (34) into eq. (33), we obtain 
z-l| v 2 z-31 
g'(z) = ZEE TP RÀ (31«2«51. (35) 


In the same manner, we can find ¢'(z) in the intervals (51,71), (71,91), 
and so on. 

The function e(z) is determined by integrating ¢'(z). The constant of 
integration is determined from the continuity of the function x(u, £) at the 
point x=}. If we set £ successively equal to 0, 2//a,..., this condition gives 
the equations 


0-e(-1«0) - (1+0), (l-0) - e(31- 0) 2e(L«0) - e(31 0), ... 
from which, on the basis of eq. (30), we obtain 
e(L-0) 2e(-1«0) 20, — e(31«0) -e(31-0) , ... . 


Thus, we have 


e(z) - m (1- m - zl) («2«31, 


ola) = - TE em - 5 z) D ie- «al pl- c4 (36) 
(31«2«51), 
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From the above solutions (29), (30), and (36), it follows, on the basis 
of eq. (30), that for 0 < £< [/a, we have e(at - x) = 0 and, from eq. (29), we 
have 


u(x,t) = -e(at +x) ; 


that is, only the backward wave (travelling from the end x =/ which received 
the impact) is propagated along the rod. At £ = l/a, it reaches the fixed end, 
and when l/a < t < 2l/a, the reflected wave «(at - x) is added to it. Thus, the 
solution is of the form 


u(x, t) 2e(at- x) - e(at x) . 


At £ = 21/a, the wave (at - x) will be reflected from the end x =}, so 
that the term ylat+x) in the solution (29) will have a different form in the 
interval 27/a < t< 3I/a. Thus, u(x,t) takes different forms in the intervals 

0< T , Le, M etg nic i< (ae, 
a’a a a a 

In the above exposition, we have been assuming that the rod behaves as 
if it were united with the striking body, so that condition (25) is satisfied 
for an arbitrary instant of time 7 > 0. However, if the body is separated 
from the rod, the solution that we have obtained is applicable only for that 
interval of time during which du(/,t)/ax < 0. When du/dx, in this solution, 
becomes positive at the point x =Z, the collision is over. 

For 0< £< 2i/a, 


au(!, t) =- 2 g-ai/ml < 0 
Ox a 


and the collision cannot have ended. 
For 2l/a < t< 4l/a, 


dul A — 2 e at/ml 


ax ml 


12.264 2/m (Ez 


and 2u(L, 1) /0x becomes positive when 


ab o4 y P, 
mi 


this last equation can have a root in the interval 2//a < £< 41/a only if 


l 
2«.e 7?" < 4 . 
m 
The equation 
2+ eam -4 
m 


has root m = 1.73... . 
If m is less than 1.73... , the collision ends at the instant / in the inter- 
val (21/a, 4l/a) that is determined by the equation 
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- L 1 -2/m 
t= a (2 +m+ame ) 
If m is greater than 1.73..., then we may continue the same procedure 


to determine whether the collision ends at some time / in the interval 
(41/a, 61/a). 


Problems 


1. A cylindrical rod is sufficiently long that we may consider it as extend- 
ing infinitely in one direction. At the end x - 0, a disturbing harmonic 
force A sin wf is applied. Show that the relative displacement of the 
cross section of the rod whose abscissa is x is expressed by the formula 


0 for at < x 


u(x,t) = w 
A sin (at-x) for at> 


Method of solution: Use the method of characteristics to integrate the 
equation 

32u _ 23u 

a ^o 
with boundary condition u| 4-0 = A sin wi and with the initial conditions 
u| ¿4-0 = 0 and 9u/9t| j-9 = 0 for positive values of x. 


2. A semi-infinite rod, fixed at the end x ~~ and free of forces at the end 
X 2 0, undergoes longitudinal vibrations. Find the formula for the vibra- 
tions of the rod if the initial conditions are of the form 


ul pp = AX), THE [Ax 0 as x> ©]. 
Answer: 
Jas ab + fanis 3) for 0« x« at, 
uan = | 
fx- 2) » esas 


for x> at 


Method of solution: The initial conditions must be extended (by treating 
fx) as an even function) to the negative half of the x-axis. The solution 
to the Cauchy problem for the infinitely long rod may then be used. 


3. Derive the differential equation for longitudinal vibrations of a conical 
rod (fig. 17). 


Answer: 
ax AU ge i (a2 =E/e) , (37) 


232, 
=< (1-5) mi 
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Fig. 17. 
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where hk is the altitude of the entire cone of which the conical rod isa 


part. 


. One end (x =0) of a rod shaped like a truncated cone is fixed and the 
other (x = 2) is free. At the initial instant of time (/ = 0), the free end is 
hit by a mass M moving with velocity v in the direction of the axis of the 


rod. Find the longitudinal vibrations of the conical rod. 
Answer: 


ux, d . (at 2) - oat x) . 
The function ¢(2) is defined as follows 

ez 20 (-I<z<J), 
wh - D exp [kı(z- D] - exp [ente - 2] 
BEEN k1 - kg 


e(z) 


and so on, where kı and kg are the roots of the equation 


k 


2,5, 1 . -M 
ket mt mici" 9? m pst” 


(l< z< 31) 


The equation for extension of the function ¢(2) outside the interval (-/, /) 


is of the form 


mq'(z) + «'(2) 20 = mQ"(z - 21) - e'(z - 21) + 


e(z - 21) 
h-i ` 


Method of solution: The problem is reduced to finding the solution of 


eq. (37) with boundary conditions 


ulx-0=0, m= 


and initial conditions 


Chapter V 


APPLICATION OF THE METHOD 
OF CHARACTERISTICS TO THE STUDY OF 
ELECTRICAL VIBRATIONS IN CONDUCTORS 


1. Differential equations for free electrical oscillations 


When an electric current is passed through a conductor, an electro- 
magnetic field is formed which causes changes in the magnitudes of both 
the current and the potential. We now consider the oscillation which takes 
place in the conductor as a result of these changes. 

Let the x-axis lie along the axis of the conductor with the coordinate 
origin at one of its ends. We denote the length of the conductor by /. The 
current i and the potential v at any puint of the conductor will be functions 
of the abscissa x and the time /. The quantities 7 and v are related by cer- 
tain first-order partial differential equations. In deriving these equations, 
we shall assume that the capacitance, resistance, self-inductance, and 
leakage are continuously and uniformly distributed along the conductor and 
that the constants C, R, L, and G, characterizing them, are measured per 
unit of length of the conductor. 

Let us examine that portion of the conductor contained between two 
sections X = x] and x = x9. Applying Ohm's law to this portion of the con- 
ductor, we obtain 


x9 *2 
ole) - ay. -RÍ qe hax LÍ 91 a, (1) 
xl x1 
Since, on the other hand, 
x2 
duU(x, 
v(x1, ĝ =- u(x, D =- f aCe n dx D 

x 

1 


we have the equation 
x9 . 
av ai . 
f (StL jet Ri) dx =0 , 


Írom which (since x4 and x2 are arbitrary), we obtain 


av ði . 
ax ap (2) 
The amount of electricity flowing through the section (x,,x2) of the 


conductor in a unit of time 
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x 


H ` 2 
iy, 4) - i2, = - f 3x o 
x1 


is equal to the sum of the electricity necessary for charging this section of 
the conductor and the electricity that is being lost as a result of imperfect 


insulation: 
f av x 
C at dx + cf v dx 
x1 
Thus, 
à ioi av 
f act C$; + Gu) dx - 0, 
x1 
so that 
az Qv _ 
ax* Capt GU=O. (3) 


2. The telegraph equation 


If we differentiate eq. (2) (derived in the preceding section) with re- 
spect to x and eq. (3) with respect to /, and then eliminate 82i/0x at from 
the resulting equations, we obtain the following second-order differential 
equation for v: 


2 2. 
9^2 = LC2-2 « (RC + GL) 2» + GRo . (4) 
ax’ are at 
Jn an analogous way, we derive the differential equation 
2 2 
og ECT + (RC + GL) 57 + GRi (5) 
ox 


for the current. 
From these equations, we see that the potential v and the current i sat- 
isfy the same differential equation 


a2w = 02w aw 
2d “40 52 + 2bo 71 + Cow, (6) 
where, for brevity, we use the notation 
Gj- LC, 2b59- RC- GL, cCgo=GR. (7) 


This equation is called the felegraph equation. 
If we introduce a new function u(x, 4) by setting 


b, 
«con du. (8) 


eq. (6) takes the simpler form 
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32u "TL 2 
9^" 1929 y pu 9 
at2 ox? , © 
where 
b2- anc 
asz, oe “oo, (10) 
ao ao 


3. Integration of the telegraph equation by the Riemann method 


We use the Riemann method to find the solution to eq. (9) satisfying the 
initial conditions 


ou 
ulo = F(X) , at! pep ^ F0 . (11) 
First of all, we convert this equation into canonical form, introducing 
the new independent variables & and 7 defined by 
È =b (s rat) n - P (x - at) (12) 
a d a ° 


Then, eq. (9) acquires the form 
32u 


= ly = 
Llu) ^35, t 14 70. (13) 
The straight line ¢ = 0 will, in the new variables, be the line (fig. 18): 
=n. (14) 
1 
P 
Q M 
Sj "t 
Fig. 18. 
Also, from eqs. (12), it follows that 
„2an .l&-n 
*yp qo fag 
and hence that 
au Qu l0u 
a an bot 


or, on the basis of the initial conditions (11), we have 
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9€ _ guy 
o& ən n-£ 


Zr L 1 F(x) = i F(G t, (15) 


and also 


a 

ulna =F (5t). (16) 

If we set a = 0, b = 0, and c = 0 in Riemann's formula (eq. (12) of Chap- 

ter II) and if we take into consideration eq. (14) of this chapter, we obtain 


(uv)p + (uv) i 
Monos PSH, 5 GU Baa ae am 


Let us now find the Riemann function v(£,7; o,o). It must satisfy the 
conjugate equation 
02v qa 
aean t 
and it must be equal to unity on the characteristics MP and MQ. 
Let us seek a solution to eq. (18) in the form 


v = GV(E - &g)(n -No)) 


Substituting this equation into eq. (18) and denoting by à the root 
J(& - £o)(n - no), we see that the function v satisfies the ordinary differential 
equation 


v=0 (18) 


A +2 GA) + GQ) -0. (19) 


The so-called Bessel function of order zero is a particular solution of this 
equation: 


A3 0M 6 
22 (2-4)2 (2.4.6)? 
It is clear from this expansion that if we take 
v= Jo(X) , 


we shall obtain a solution to eq. (18) that is equal to unity on the character- 
istics £ = £g and 7 = 7g (since on these characteristics A = 0). 
Thus, we have found the Riemann function; it is 


J90) = 1 (20) 


vln Eoo) =F WCE- £o)én -no) - (21) 
From this, we easily obtain 
av Ay ar 1 E -ng , 
TRI 26! PPREN ern ER REDE 
wi _ 979 a 1 -to — THA) ne 
an ng Od an neg 2/6 -Eg(E-m) OE’ 


and, consequently, 
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9» w Éo lo 


8b aN 34 24 - EG - n9 


Now substituting (15), (16), and (22) into eq. (17) and remembering that: 


u(P) = (Fo), uA = F(F m0) 5 


Jo nae - (22) 


we obtain 


f (28) + (En t 
"P f (5 to) « 165 0) «af TEENE) e) a 
[e] 


A (È - &g)(& - Tig) 


Returning now to the old variables x and ¢ (dropping the subscript zero) 
and introducing the new integration variable z = a£/b, we obtain 


£o - no (5 Jo (6 - &g)(& -ng)) 
DI AC o o a 


x+at 
u(x, t) = fer of) + fixat + ij $(x,tz) dz, (23) 
x-at 
where 


Jo (2 J(z- x)2 - a2;2) 
J(z - x)? - a2t2 l 


P(x, £2) = È FG) Jo (È (z -3)2 - a?i) + bt fiz) (24) 


4. Electrical oscillations in an infinite conductor 


Suppose that we are dealing with a conductor that is so long that we 
may consider it as extending infinitely far in both directions. In this case, 
both of the functions f(x) and F(x) that appear in the initial conditions must 
be known for the entire interval (-œ%, ©). Then, using eq. (23), we may com- 
pute the value of the function u(x, at every point of the conductor at any 
instant of time. Knowing u(x,t), we may also compute the value of the po- 
tential v(x, f), since 


v(x, t) = eH u(x,t) (H = bo/ag) . (25) 


Let us investigate more closely the physical meaning of eq. (25). With 
this in mind, we set ay = bọ =1 for simplicity, and we assume that at the 
jnitial instant the electrical disturbances are being propagated only through 
some segment (0,0) of the conductor. Consequently, the functions fx) and 
F(x) will be equal to zero outside this interval. 

Let us take a point on the conductor, with abscissa x - > a, and let us 
observe it for a certain period of time (fig. 19). At the time 7, this point 
will occupy the position M(¢,7). Let us draw, through the point M, the 
characteristics 
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x-tzQ-T, xb -b-4T, 


which intersect the x-axis at points with abscissae (1 =% -r and (3 - 0 « T 
Now consider the interval of time from ( = 0 to £ = T, where 


rT«(-u; (26) 


during this time, the point (č, 0) is displaced to the position M(%,7T), and the 
characteristic x - £=% - 7 intersects the x-axis at the point C1, which lies 
to the right of the point œ (that is, outside the segment of the initial vibra- 
tions; this is obvious from the inequality (26)). It is easy to see that the 
electrical oscillations do not reach the point under observation during the 
time interval £= 0 to £ - T. Indeed, the interval of integration (C - 7,0 +7) in 
eq. (23) does not contain the interval (0,0), as can be seen directly in fig. 
19. Remembering that the functions f(x) and F(x) are equal to zero outside 
the interval (0,0), we can see that not only the functions /(0 - T) and f(0+7), 
but also the function ®(£,7,2) is equal to zero in the interval (C - T, CT). 
From this, it is clear, on the basis of eq. (23), that 


u-0 (0<7T< C-a). 
Consequently, in the above interval of time (0,0 - o), 
v-0, 


which confirms the proposition stated above. 


l 
| 


of 


t 


MT) 


c 
ab 
E 
E 
Y 
s 
ol 


T 
Fig. 19. Fig. 20. 


Let us now consider the interval of time from T = € -& to r - C. In this 

case, we have 
0«t-T*o 
and consequently, the characteristic x - = - T intersects the x-axis at 
the point €1, which lies between 0 and o (fig. 20). From the figure, we 
can see that the interval of integration (€-7,€+7) can be partitioned into 
two intervals: 
(@-7T,0) and (@,0+7). 


In the second of these intervals, the function e(t, T, z) is equal to zero 
and, consequently, formula (23) gives the following equation: 


w= nuu e(t,7,z)dz  (C-a<7<2%), (27) 
t-r 
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which shows that in the above interval of time the electrical oscillations 
reach the point under observation. The potential v can then be computed, at 
that point, from the formula 


v=eHTy , 


where u is determined by eq. (27). 

Now let us see what happens at the observed point for instants of time 
T after É. 

Since, in this case 


t-T«0, 
the characteristic x - / =% - 7 intersects the x-axis at a point C1, which 
lies to the left of the point O (that is, outside the segment of the initial os- 
cillations). However, it is easy to see that the potential at the point under 
observation will no longer be equal to zero (as it was for time 7T < - a), 


since it is clear from fig. 21 that the interval (0,qa) is entirely contained in 
the interval ((- 7,0 +7). Thus, eq. (23) gives 


u -if etna dz ((«7), 


and hence 


-ur a 
yah | @(0,7,2) dz. (28) 


o 


Yx 


L 
t t 


Fig. 21. 


This last formula indicates that the electrical oscillations which passed 
through the point € during the time T (where ¢ -a< T< Q) have left behind 
a residual disturbance, expressed by eq. (28). In fact, the presence of such 
a residual effect in the conductor was confirmed by Fizeau's experiments. 

We note, in conclusion, that the integral in eq. (28) remains finite as 7 
approaches +~, Therefore, it follows that the potential v in an infinite con- 
ductor decreases to zero with the passage of time. 


5. Oscillations in a line that is free of distortion 


This name was given by Heaviside to those lines for which the con- 
stants G, C, L, and R are related by the equation 
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G R 
C = L . (29) 
For lines of such a type, the telegraph equation 
au =a? 82 b?u 
at? ox? 
takes the form of the wave equation 
aw 2999 qu. 
a =a E (a = 1//LC) , (30) 


since, in this case, b = 0. In fact, it follows from eq. (7) that 


; bo? -aoo RC - GL 
1 . 


o 2LC 


Thus, it is clear that when eq. (29) is satisfied, the coefficient b will be 


equal to zero. 
Recalling the general solution to eq. (30), we find, on the basis of the 


relationship 


v= e- (R/LYt u, 


that the value of the potential in the line that we are considering is deter- 
mined by the formula 
v = e7(R/L)E [o(x -at) + y(x +at)] , (31) 


where ¢ and j are arbitrary functions. 
To find the current, we take the equation 


at av 
-3x TCL +C 


and substitute, on the right side, the expressions for v and ðv/ðt as given 
by eq. (31); we then obtain 


èi VE e- (ny [e'(x - at) - '(x «at)] 
ox L 
Integrating this expression with respect to x, we obtain 
; C .- 
i= yc e-(R/L)t [olx -at) - y(x +at) + x(t] , (32) 


where x(t) is an arbitrary function. 
Substituting (31) and (32) into the equation 


av az . 
ax +L at + Ri =0 , 
we obtain 
x(t) 20, 
and hence, 


x(t) = K= constant . 
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With no loss of generality, we may consider the constant K as being 
equal to zero. To show this, let us assume that K # 0; then, if we replace 
the functions (x -at) and y(x+at) in (31) and (32) by the functions g(x - at) 
- iK and j(x«at) + 4K, we see that the constant K vanishes in these for- 
mulae. 

Thus, 


i- JC e-a/2 [w(x - at) - v(x^at)] . (33) 


Eqs. (31) and (33) show that the process of propagation of electrical 
disturbances is of a wave nature. The velocity of propagation of these 
waves is computed from the formula 


a=1//LC. (34) 


The factor exp[-(R/L)é] on the right sides of formulae (31) and (33) 
shows that the oscillation that occurs in the conductor when an electric 
current is passed through it is damped out with the passage of time. 

As regards the functions o and, on which the shape of the wave de- 
pends, they are determined from the initial conditions 


rio =f, ilo = JE ro, (35) 


where f(x) and F(x) are given functions. Specifically, if we set £ = 0 in for- 
mulae (31) and (33), we find, on the basis of the conditions (35), that 


(x) + w(x) = f) , p(x) -v() = F(x) , 


and hence 


w(x) = 


oe) = 00+ FO) 


If we are dealing with a conductor that is so long that we may consider 
it as extending infinitely far in both directions, the functions f(x) and F(x) 
must be known over the entire interval (-œ, œ). Then, we may determine 
the current and the potential at any point of the circuit at any instant of 
time from eqs. (31), (33), and (36). 


6. Boundary conditions for a conductor of finite length 


Jf a conductor is of finite length /, we do not encounter the same situa- 
tion as prevailed with the vibration of a finite string. Specifically, the 
functions f(x) and F(x) that appear in the expression for the initial condi- 
tions are known only in the interval (0,7), whereas the application of eqs. 
(31) and (33) demands the knowledge of these functions for any arbitrary 
value of their arguments. Jt is, therefore, necessary to find a rule for ex- 
tending the functions f(x) and F(x) beyond the end points of the interval (0,/). 
Methods for such continuation can be found from the boundary conditions 
that must be satisfied at each end of the conductor. 
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We give some examples of the more frequently encountered boundary 

conditions, for which we use the following formyla, known from electrical 
theory: 
di 
di 
where R is the resistance, L is the self-inductance of a coil, and C is the 
capacitance of a condenser in the circuit. 

(1) At one end of the line, a battery of constant emf E is included; the 
other end of the line is grounded. The boundary conditions are 


vV|x-097* E,  vixz 70. 


(2) One end of the line is subjected to a sinusoidal potential with fre- 
quency w; the other end of the line is insulated. The boundary conditions 
are 


v-Ri«L «zr, 


v|y-o7Esinet, ilyoy=0. 


(3) Pickups with ohmic resistances Ro and R; and self-inductances Lo 
and L; are put at each end of the line. The boundary conditions are 


dig 20, di 
v| x=0 = E - Roto - Lo ar » v| x=] = Riig + Lp, 


where E is the emf of the battery and i, and i; are the values of the current 
at the two ends of the conductor. 
(4) Separate capacitors with capacitances Cg and C; are inserted at 
each end of the conductor. The boundary conditions are 
if, , dv; 
lao = E -g5 | io dt, il x-1 = C1 TEE 


where v; is the potential at the end of the conductor. 


Chapter VI 


THE WAVE EQUATION 


1. The differential equation for transverse vibrations of a membrane 


A stretched film that can be freely bent is called a membrane. Suppose 
that a membrane (in its equilibrium position) is situated in the xy-plane and 
that it occupies some region D bounded by a closed curve L. Let us further 
suppose that the membrane is subject to a uniform tension T that is applied 
at its edges. This means that if we draw a line on the membrane, in any 
arbitrary direction, the force between the two parts of the membrane that 
are separated by a given element of the line will be proportional to the 
length of the element and directed perpendicularly to it. The magnitude of 
the force acing on the element ds of the line will be equal to Tds. 

Let us consider only transverse oscillations, in which each point of the 
membrane moves in a direction perpendicular to the xy-plane and parallel 
to the u-axis. Then, the displacement u of a point (x, y) of the membrane 
will be a function of x, y, and f. 

Let us now derive the equation for transverse oscillations of the mem- 
brane. To do this, we take an arbitrary section (v) of the membrane that, 
in a state of rest, is bounded by a curve /. When the membrane is displaced 
from the equilibrium position, this section moves into a new position rep- 
resented by the section (S) of the surface of the membrane, bounded by the 
space curve /'. Here, 


o=Scosy, 


where Y is the angle between the w-axis and the normal to (S) (fig. 22), and 
C and S are the areas of the sections (c) and (S), respectively. 

If we confine ourselves to the study of small amplitude vibrations (so 
that we may neglect the squares of the first derivatives du/dx and 0u/0 y), it 
follows from the formula 

1 
cos y = = 1 
V" (au/ax)2 + (0u/0 y)? 

that Sg at any arbitrary instant of time /; that is, we may neglect the 
change in the area (on displacement) of an arbitrarily chosen section of the 
membrane. We may then assume that, when the vibrations of the mem- 
brane are small, the section (S) will be subject to the action of the original 
tension T. 

Let us now compute the projection onto the uz-axis of the resultant of 
the forces of tension applied to the section (S). We denote by ds' an element 
of the curve /'. The vector representing the tension on the element ds' lies 
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Fig. 22. 


(because there is no resistance to bending) in the plane tangential to the 
surface of the membrane and is normal to the element ds' itself. Thecosine 
of the angle between this vector and the 4-axis is obviously equal to du/dn', 
where n' is the normal (directed outward) to the curve /'. It then follows 
that the projection onto the 4-axis of the tension T calculated for an ele- 
ment ds' of the curve /' will be equal to 


If we integrate this product over the entire curve /', we get the following 
expression for uniformly acting tension along this curve: 
T ou ds’. 
j on 
Since ds is approximately equal to ds', when the vibrations of the 
membrane are of small amplitude, we may replace the path of integration 
l' with 1. Then, using Green's formula, we obtain 
ou 924 32u 
r[?*as- — +—5)dxdy. (1) 
1 on yy Ga 8y2 


Suppose, also, that an external force is acting on the membrane in a 
direction parallel to the u-axis and that its value per unit of area is f(x,y,1). 
Then, the external force acting on the section (v7) of the membrane will be 
equal to 


ff eyd dx dy. (2) 
a 


On the basis of the principle of kinetic equilibrium, these two forces 
will, at any instant, be counterbalanced by inertial forces acting on the 
section (S) of the membrane. The sum of the inertial forces will be equal to 
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- [fete 23 dx dy, 


where p(x, y) denotes the surface density of the membrane. Thus, we obtain 
the equation 


[ f [p PX - r( +o - ple A)| dx dy =0, 
c 


from which, since the ui o was arbitrary, it follows that 
32u du 
= Tot 5g) +P d - (3) 
ay 


This is the differential equation for the transverse vibrations of a mem- 
brane. 

In the case of a homogeneous membrane, p - constant and the equation 
for vibrations of small amplitudé can be written in the form 


p(x, »73 


2 

-L eU B5) ete, (4) 
where 

a-/T/p, giy) = PCD | (5) 


If there is no external force, that is, if p(x, y, !) = 0, we obtain, from 
eq. (4), the equation for i^ vibrations of a homogeneous membrane: 


42 (29s , 92, ) (6) 
ay 8x2 ` 
Eq. (6) is called the wave equation for a nd 

As we know, eq. (6) alone is not enough for a complete determination 
of the motion of the membrane. We still need to know the position and the 
velocity of all points of the membrane at some initial instant / = 0: 


ou 
ulio = fxr, zl, =Flxy), (7) 
df t=0 


and we also need to have the boundary conditions. For example, when the 
membrane is fastened at the curve L, 


ul, =0. (8) 


2. The hydrodynamic equations and the propagation of sound waves 


In hydrodynamics, a liquid is regarded as a continuous medium. This 
means that any small element of volume of the liquid is treated as still be- 
ing large enough to contain a very large number of molecules. 

A mathematical description of the motion of a liquid is obtained by us- 
ing the distribution functions for the velocity v =v(x,y,z,#), the pressure 
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p(x, y, 2, D), and the density p(x, y, z, t) of the liquid. We note that v(x, y, z, t) 
is the velocity of the liquid at a given point (x, y, z) of space at the time /; 
that is, it refers to definite points in space rather than to definite particles 
of the liquid that are being displaced throughout the space with the passage 
of time. The same applies to the values of p and p. 

Let us begin the derivation of the basic hydrodynamic equations by de- 
ducing the equation expressing the law of conservation of matter in hydro- 
dynamics. 

Let us examine some volume of the liquid V, bounded by a surface S. If 
there are no sources or sinks within the volume V, the change in the mass 
of the liquid enclosed within V in a unit of time will be equal to the flow of 
the liquid through the surface S: 


£ [[Íoar-- [Ionas 


where p(x,y,2,0) is the density of the liquid at the time / at the point 
(x, y, 2) and vy is the projection of v(r, £) onto the outwardly directed normal 
nto the surface S. 

According to Gauss' divergence theorem, 


[fe Uy aS = MEET (ov) dV , 
S V 


where 
lovy) Alpvy) (ovg) 

div (ov) = 3x * 5 a ` 

Consequently, 
p 
MEE: dV =- ff [aw (ov) dv 
y y 

or 


dV =0. 


HJ he + div (pv) 


Since this last equation is valid for an arbitrary volume within the 
liquid, it follows that 


P div (ov) -0; (9) 
this equation is called the continuity equation. 

Let us now derive the equations of motion of an ideal liquid. 

By an ideal liquid, we mean a deformable continuous liquid for which 
the internal forces (whether the medium is in equilibrium or in motion) can 
be reduced to a normal pressure. Thus, if we choose an arbitrary element 
of volume of the liquid, bounded by a surface S, the effect of the remaining 
portion of the liquid on it can be reduced to a force that is directed inward- 
ly along the normal at every point on the surface S. We denote the value of 
this force per unit area (pressure) by p(x, y, z, I). 
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Thus, the resultant of the pressure forces that are applied to the sur- 
face S will be equal to 


- ] [nas , 
S 


where n is the outwardly directed unit normal vector to the surface. 
From Gauss's theorem, we have 


- | [5nas = - [[ 'eraa p av , 
S V 
where 
. op ;9b pP 
az 


grad p =i 3y «jr 


Suppose also that the external force per unit of mass acting on the liq- 
uid is F(Fy, Fy, Fz), so that the resultant of these forces applied to the vol- 


ume V will be equal to 
f Í f pFdV. 
V 
Finally, an inertial force equal to 
- J Í | p H dv 
V 
acts on the volume V. Using d'Alembert's principle, we obtain 
V 


Therefore, since the element of volume V was arbitrary, it follows that 


pF - p SY - grad p dv=0. 


dv 1 
ap^ Py Enadp, (10) 
Or, in scalar form, 
Vy  ÜUx avy avy 1ap 
at ton "x * Gy Cyt ag "2 ^ Fx" pay 
av dv av ðv 
y Py y ¥, E S 
3i * ax "x * gy UP * 3z vz = Fy pay? (10a) 
QU; Avg QUz QUz F 1ap 
at tan Mt ay "y* gg "7 Üz753z* 


These are the equations of motion of an ideal liquid in Euler's form. 

Thus, for the five unknown scalar functions, vy, Vy, Vz, p, and p, that 
characterize the motion of an ideal liquid or gas, we have, in all, the four 
equations (9) and (10). 

To obtain one more equation, we shall assume that the motion of a 
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compressible liquid or gas takes place adiabatically. In this case, it can be 
shown, under certain supplementary assumptions, that the density p de- 
pends only on the pressure p and that this relationship is expressed by the 
formula 


p= Po(P/Po)” (v = Cp/Cy) 3 (11) 


where po and fo are the initial density and the initial pressure, and Cp and 
C, are the specific heats at constant pressure and volume, respectively. 

Thus, we have the five equations (9), (10), and (11), which contain 
exactly five unknown functions: vy, Uy, Vz, p, and f. 

Let us apply the hydrodynamic equations to the propagation of sound in 
a gas. 

We shall consider only small vibrations of the gas, so that in the Euler 
equations (10a), we may neglect the terms (2v4/9x)u4,.... Assuming that 
there are no external forces, we obtain 

dV, — 18p avy — 18p 90V; — 18p 


BE "pox? OF "py! Of ~ pda? (12) 


1 
ap grad p. (12a) 


The quantity s(x, y, Z, £), which is equal to the proportional change in 
the density 


P “Po 


s(x,y,z,t) = Do” (13) 
is called the condensation of the gas. By rewriting eq. (13), we have 
p 7 Poll +s). (14) 
Then, eq. (11) ean be rewritten in the form 
b = poss). (15) 


For small vibrations of the gas, its condensation s is sufficiently small 
that higher powers of s may be neglected and we obtain 


b = bo(l-vs). (16) 
When we substitute eq. (14) into the continuity equation (9) and neglect 
the second-order terms, eq. (9) takes the form 


25. divv-0, (17) 
since 
div (ov) = p div v + v grad p = po div v + pos div v + v grad p , 


and the last two terms can be neglected. 
With this approximation, the Euler equation (12a) is reduced to the 
equation 
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ov 


N > g2 
3t a^ grad s , (18) 
where 
a= Ybo/Po - (19) 


Taking the divergence of both sides of eq. (18) and reversing the order 
of differentiation, we obtain 


2 div v = - a? div grad s = - a?v?s , (20) 
where 

92s 32s a2s 

ax2 ay? ' az2 

is called the Laplacian operator (here operating on the function s). By using 
eq. (17), we obtain 


ves = 


2s | er. 82s 25. (21) 
T TUM 
We can also obtain a wave equation of the form (21) for the pressure p and 
the velocity v. 

Let us now assume that, at the initial time, there is a potential for the 
velocities, Uo(x, y, z); that is, 


v|izo = - grad Uo(x, y. z) . (22) 
From eq. (18), we have 
v(x, y, 2,0) = vl t-o - a? grad ( s dt) 


[o 
or, on the basis of eq. (22), 


i 
= - grad |Ug(x, y, z) + a? | s dt} = - grad U(x, y,z,¢) . (23) 
o 


This means that there is a velocity potential U(x, y, z, £) at an arbitrary in- 
stant of time f: 


[4 
U(x, y, z, t) = Uo(x, y, z) + a2 Í s dt. (24) 

o 
Let us show that the velocity potential U(x, y, z, £) satisfies eq. (21). If 

we differentiate eq. (24) twice with respect to ¢, we obtain 
—, =ae =. (25) 
On the other hand, if we substitute eq. (23) into eq. (17), we shall obtain 
a2u 2U a2u 


os 
=; = div grad U = —— +— 5 *«—-. 26 
at e ax2 ay? 322 (26) 
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From eqs. (25) and (26), we obtain 
a2u | 02(2°0 , a2u +20) | 
$9 ' Max aya * 522 


Thus, if the value of the velocity potential U(x, y, z, f) is known, we can 
determine the entire motion of the liquid or gas, since 


(27) 


v--gradU, s=—y—. (28) 


In the case of oscillations of a liquid or gas in a bounded region, defi- 
nite boundary conditions must be given. Jf the boundary is a solid impene- 
trable wall, the normal component of the velocity will be equal to zero, 
which leads to the condition 


2U -0 or 3 


ðn y on QUO (29) 


where Z is the boundary of the region. 


3. Poisson's formula 


In the present section, we shall examine the wave equation 
92u a2 (2n „3% rea) (30) 
and seek a solution to it that satisfies the initial conditions 


ðu 


ul pop = A2 Y2), S = F(x, y,2). (31) 


t=0 


This problem was first solved by Poisson in 1818. 
Let us first show that the double integral 


u(x, y, zZ, t) -qr | | SO do, (32) 


taken over the surface of the sphere E of radius v = at and with center at 
M(x, y, z), is a solution to the wave equation (30) with the particular initial 
conditions 


- du - 
ul 79 70, at | pap = 909 (33) 
The first of the initial conditions (33) is satisfied because 


41a?t2 
Eun) do,| < max lel TO = 4nat max |o| 
»» 


and, consequently, 
u(x,y,2,0-70 as t-0 
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To verify the second condition, we note that the coordinates of points of 

the sphere X can be expressed by the formulae 
E=x+0at, n=ytBat, C=2z+yal, (34) 
where (x,B,y) are the direction cosines of the radii of the sphere X. Then, 

the integral (32) is reduced to the form 
u(x, y, 2,1) -£ J | ole +aat, y + pat, z + yat) doi, (35) 
Sy 


where the integration is performed over a unit sphere 5$, that is fixed for 
all x, y, 2, and é: 


2.82.4221, doy - v2 doy = aà2i2 doy. 
From formula (35), we obtain 
94 1 
3t ^ ds | [otto tate yat) daz 
1 
at ff (at, qo 
2 at * P $5 e» 38) doi. (36) 


From this, it is easy to see that the first term on the right side tends to 
€(x, y,2) as £ tends to zero, and that the second tends to zero as Ł tends to 
zero, since the integral in it remains bounded. 

Let us now show that the function u(x, y, 2, ), defined by formula (32), 
satisfies the wave equation ns 1 N (35), we obtain 


2, 92 
ad tait =f an 1d (Gea mit P) es 


alls a£ Y. a) a 67 


To compute Mi let us rewrite eq. (36) in the form 


=F epal) eie E + Boe +73) doy 


or, on the basis of Gauss's theorem 


duu, uL. -2 , Je) 
ae ET al INES m E + p2) dE dn dt rE E (38) 


where 
saff] e + 8 2) at an at, 


and D is a sphere of radius v = at with center at the point (x, y, z). 
Differentiating eq. (38) once more with respect to /, we obtain 
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e.t Hes g0). 


J(t) 1 ast) 1 9t 
342 Bt 41at * ) wo, (39) 


~ 4nat2 4nat at 4 at at 


It is easy to see that 


OE exper «o 


In fact, changing to spherical coordinates (0,0, 4), with origin at the center 
of the sphere D, we obtain 


at 27 


I(t) =f J f GS Pe. +28) p2 p2 sin 9 dé dy dp . 


Differentiating with respect to /, we obtain 


-af | (e, ay + at a*t2 sin @ dé dj 


962 ana 
2 2 2 
-aff Gat oe +) do, . 


Comparing eqs. (37), (39), and (40), we see that the function u(x, y, z, £), 
defined by eq. (32), actually does satisfy the wave equation (30), regardless 
of the choice of the continuous function o(x, y, z) with continuous derivatives 
up to the second order inclusive. 

Since eq. (30) is a linear homogeneous equation with constant coeffi- 
cients, it is not difficult to show that the function 


au 
v(x, y,2, 2) = at 


will also be a solution to the wave equation (30) satisfying the initial condi- 
tions 
LEN TC E MET -0. (41) 
9! [-0 342 t=0 2 t=0 

Thus, the solution to the wave equation (30) satisfying the initial condi- 
tions (31) 1s given by the formula 


1 | JALE as]. [SEED a]. aa 
x 


vli -e(x, y.z) , 


u(x, y, 2, t) = Gna | 


This formula is usually called Poisson's formula. Obviously, it can be 
rewritten in the form 


u(x, 9,2, f) = 3. age eff f(6,n,0) 9i; ur s Sf remo do, (43) 
1 


where 
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Eé=x+aat, n=y+Bat, C=z+yat. (34) 


The preceding considerations indicate that the function u(x, y, z, £) de- 
fined by eq. (42) does in fact satisfy eq. (30) and the initial conditions (31), 
if f(x, y, z) and its derivatives up to the third order (inclusive) are contin- 
uous, and Fí(x,y,z) and its derivatives up to the second order (inclusive) 
are continuous. 

From Poisson's formula (42), it is easy to show that the solution to the 
Cauchy problem (30), (31) is a continuous function of the initial conditions. 
Formula (42) contains integrals of the initial functions, and the derivatives 
of these integrals with respect to time. Therefore, if we replace the initial 
functions f(x, y, z) and F(x, y, z) in such a way that they and their first deri- 
vatives change sufficiently slightly, the function u(x, y, 2, £) will also change 
only slightly, giving a solution to the Cauchy problem. Of course, it is as- 
sumed here that only finite values of ¢ are being considered. 


4. The pvopagation of sound waves in space 


Let us apply Poisson's formula to the investigation of certain funda- 
mental questions in the study of sound. 

Let us suppose that the space occupied by a gas is sufficiently large 
that we may consider it as extending infinitely far in all directions. Suppose 
that some portion (R) of this space, bounded by a closed surface (S), is put 
into a disturbed state at an initial time £ = 0. Then, the equations 


aU 

8f t=0 
which express the initial conditions for the motion of the particle of the gas 
that is at the point M(x, y, z), have the following physical meaning: the func- 


tion U(x, y,z,f), as was explained above, is the velocity potential, and the 
derivative QU /0t is related to the condensation s by the equation 
.1 3U 

a2 at ` 

Thus, it follows that the function f(x, y, z, £) is equal to zero if the point 
M lies within the region (R), since, there, the particles of the gas are at 
rest at the initial time. Since the condensation at these points is also equal 
to zero, it follows that F(x,y,z,é) =0 outside the region (R). With this in 
mind, we now turn to the potential U(x, y, z, £); as we have shown, it satis- 
fies the wave equation (30). 

Consequently, to study the laws of oscillation of a gas, we need to find 
the solution to eq. (30) that satisfies the initial conditions (31). But this 
problem was already solved in the preceding section, where it was shown 
that the function sought is given by Poisson's formula (42). 

When we examine eq. (42), we can see that the integrals appearing in 
it extend only over that portion of the sphere Z that is contained within the 
region (R) because, as was remarked above, the functions f and F are equal 
to zero outside the region (R). This fact makes possible the study of the 


U| i29 = f(x. y. 2) E = F(x, y,2) 3 (31) 


s (28) 
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vibrations of a particle of gas at a point M situated outside the region of the 
initial oscillations. 

Let us describe a sequence of spheres with positive increasing radius 
at and with center at the point M. At the initial time, these spheres will not 
intersect the region (R). Later, at the time /1 = d/a, where d is the shortest 
distance from M to (R), they will be tangent to this region, and they will in- 
tersect it until the time /2 - D/a, where D is the greatest distance from M 
to (R). After this, they will again have no points in common with the region 
(R) (fig. 23). We know that the integrals appearing on the right side of eq. 
(42) are different from zero only when the sphere E intersects the region 
(R). From this, we draw the following conclusion: a particle of gas that is 
situated at the point M is at rest during the time between ! = 0 and /4 = d/a. 
Afterwards, it begins to oscillate and these oscillations will continue until 
the time fg = D/a, after which the particle will again be at rest. 


LY 


Fig. 23. 


Now, let us consider the region (R) of the initial oscillations. As we 
know, it is bounded by the surface (S) which, at the initial time £ = 0, sepa- 
rates the region in the disturbed state from the space that is at rest. With 
the passage of time, the oscillations in the region (R) are transmitted to the 
surrounding points of the space. At any given subsequent instant, by using 
Huygens’ principle, we can construct a surface separating the points that 
the disturbance has not yet reached from those that it has reached. Huy- 
gens’ principle states that if at every point of the surface (S), we construct 
a sphere of radius a£ and then form the envelope of these spheres, then this 
envelope will be the surface of a wave that is being propagated through 
space with velocity a. 

A wave moving from the region (R) has two wave fronts — a leading and 
a trailing front. At the leading front, the points of the space previously at 
rest are set into oscillation; at the trailing front, the opposite is observed - 
the previously oscillating points pass into a state of rest. A wave, with both 
its fronts, passes through every point lying outside the region of initial os- 
cillations. When this happens, its leading front reaches the given point at 
the time /1 = d/a, and its trailing front leaves the given point at the time 
to = D/a. 

To obtain the surfaces of both wave fronts that pass through the point 
M, we must lay off a segment equal to d on all the outwardly directed nor- 
mals to the surface (R), and a segment equal to D on all the inwardly direc- 
ted normals. Then, the geometric position of the ends of these segments 
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will form two surfaces. These surfaces, or parts of them, represent the 
leading and trailing fronts. 


5. Cylindrical waves 


Let us suppose that the initial conditions of motion of the gas are such 
that both functions f(x, y, z) and F(x, y, 2) are independent of z. This will be 
the case if the region of initial oscillations has the shape of an infinite cy- 
linder with generators parallel to the z-axis. Jt is easy to see that, in this 
case, the velocity potential U(x, y, 2, 7) will also be independent of z. In fact, 
the values of this potential can be computed from Poisson's formula (42), 
the right side of which will obviously remain constant if we displace the 
point M(x, y, z) parallel to the z-axis. Thus, we conclude that the conditions 
will be the same for all particles of the gas that are situated on a straight 
line parallel to the z-axis, and therefore, we need only study the oscillation 
of a particle of gas that 1s situated in the xy-plane. 

If we denote by U(x, y,f) the value of the velocity potential for a point 
M(x, y) lying in this plane, we obtain the equation 


2 32 2 
ay ae LE en 
9t ax oy 

and the initial conditions 
aU 
Ul i29 = f(x, y) 3d. Fo». (45 
£20 fi , at t-0 ) 


The value of the function U(x, y, £) can be determined by formula (42), 
which, in the present case, acquires a somewhat different form. To show 
this, let us project onto the xy-plane a surface element dc, of a sphere E 
with center at M(x, y) and with radius v = at (fig. 24). The projection of this 
element is equal to the product d dn where & and 7 denote the coordinates 
of a variable point A(£,7) lying in the plane of the great circle BC. 


Fig. 24. 
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From a theorem on projections, we obtain 
- dé dn - * dé dn 
Y` sin (0,7) MU - (x 8)2 - (y- 2 
Noting that the element ddn is the projection of two symmetric elements 


of the sphere £, we can easily show that formula (42) takes the following 
form: 


da 


En) d£ dn 
U(x, y,t) = = watt |! rr 2-6 n 
"e n) dé dn 
A (46) 
"Bra all a242 - (x- t) 2- (y-n)2 


where the region of integration (T) is a circle whose center is the point 
M(x, y) and whose radius is equal to ai. 

Let us now investigate, in greater detail, the oscillation of the particle 
of the gas that is located at the point M(x, y). We denote by (B) that portion 
of the plane that is bounded by the curve (C) formed by the intersection of 
the infinite cylinder with the plane z = 0. Let us assume that both the func- 
tions f(x, y) and F(x, y) are equal to zero for every point M lying outside the 
region (B). Then, by the reasoning of section 4, we see that the particle of 
the gas at the point M will be at rest until the time /1 = d/a where d is the 
shortest distance from M to the curve (C). After thistime, not only the par- 
ticle situated at the point M, but also all other particles on the straight line 
passing through the point M parallel to the z-axis, will be set in oscillation. 

However, as compared with the general case analyzed in section 4, 
there is one distinctive feature about the present problem. This is the fact 
that particles of the gas that have been set in motion will never again re- 
turn to a state of rest, as in the general case, since all the circles with 
radius a£ > d and with center M will always enclose points of the region (B) 
for which, as we know, the functions f and F are different from zero. Jt 
follows from this that the velocity potential U(x, y, £), after some given in- 
stant of time, will not be reduced either to zero or to a constant value, and 
the particles situated at the point M will always oscillate. These oscilla- 
tions are subject to damping, since, from formula (46), it follows that U, 
aU/ax, and dU/dy approach zero as ¢ approaches œ, and the derivatives 
aU/ax and aU/dy are the projections onto the coordinate axes of the velocity 
of the particle of the gas. 

It is easy to see that, in the above case, we are dealing with the prop- 
agation of a cylindrical wave whose surface is parallel to that of the initial 
cylinder. This cylindrical wave has only a leading front; there is no trail- 
ing front. 


6. Plane waves 


Let us now analyze the case in which the functions f(x,y,z) and F(x,y,z) 
that appear in the initial conditions depend only on the coordinate x. This is 


94 THE WAVE EQUATION [Ch. VI 


the case when the region of initial oscillations is a portion of infinite space 
included between two planes perpendicular to the x-axis. If we draw a plane 
parallel to the above two, it is obvious that all particles located in it will 
oscillate in the same way. Thus, it is clear that we need only study oscil- 
lations of a particle of the gas that is situated at the point where this plane 
intersects the x-axis. 

In this case, the velocity potential U(x,/) satisfies the wave equation 


a2U — 38?U 
~Y a 
of 0x? 
and the initial conditions 
aU 
Ul yen = A, Ot 4.0 = F(x). 


Formula (42) then becomes the well-known d'Alembert formula: 
xai 


U(x, 1) = fea) + fva), 1 i -f F(t) d£ . (47) 
x-at 


To show this, let us introduce a spherical coordinate system with polar 
axis directed along the x-axis. A surface element do, is expressed by 
do, = 72 sin 0 d8 do = - v do dt , 
since 
€=x+yrcose, dé = - y sin 9 de. 


Then, Poisson's formula (42) is reduced to the form 


"n inf [7 f ) at dp d£ M 1 27 P” F(£) at do dé 
4ra 8l x-al at 47a ? x-at at 
xat xat 
1 2 1 
sag) Oderi roa 
x-al x-at 


If we differentiate with respect to ¢ as indicated, we obtain eq. (47), 
which was to be derived. 

Let us now assume that the initial conditions of motion of the gas are 
such that the functions f and F are equal to zero outside some interval 
(x1, x2). Let us take some point M with coordinate x> xo. Eq. (47) shows 
that, in the interval of time between / = 0 and £ = ty = (x-x2)/a, the particle 
of gas situated at the point M is at rest because, obviously, in this case 
U - 0. 

At the time ¿= /4, this particle will begin to oscillate, and the oscilla- 
tions will continue until the time /5 = (x-x3)/a. In this time interval, the 
values of the potential function can be computed from the formula 


1 i (2 
-V&-a)«l[ ^ moa. 
x -at 
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From the time £ = £9, the particle of the gas will again be at rest be- 
cause, in this case, it follows from the equation 


2 
U- i; f F(t) d£ = constant (48) 
x4 


that 0U/dx = 0. 

We obtain an analogous picture when we examine a point M lying to the 
left of x1. 

All these considerations indicate that plane waves are propagated from 
the region of the initial oscillations with velocity a in the direction of the 
x-axis. 

As compared with the general case considered in section 4, we note 
that, after the plane wave passes through the point M, the potential U(x, 4) 
is no longer equal to zero but, as eq. (48) shows, takes a constant value. 
Thus, a plane wave leaves a "trace" of its origin. 


7. Spherical waves 


Let us assume that the region of initial oscillations is a sphere of ra- 
dius R, from which oscillations are propagated uniformly in all directions. 
Let us place the coordinate origin at the center of this sphere, and let us 
denote by * the distance from the origin to a variable point M. Then, the 
initial conditions of the oscillations will be of the form 


Ulizo-fe), lyg FO, (49) 


where f(r) and F(r) are known functions for positive values of v. 

Because of the complete symmetry of the oscillations, the velocity po- 
tential U and the condensation s = (1/02) (00/28) for all subsequent instants 
of time will also be functions of only the distance 7 and the time £. We know 
that the potential U satisfies the wave equation (30). If we now introduce 
spherical coordinates (7,6, 0), and recall that the potential U does not de- 
pend on the angular coordinates @ and o, we obtain 

92U _ a. 2U 23U 
8 Bo t7 or 


or, after elementary transformations, 
2 2 
a2(rt) _ „2 2270) (50) 
ate are 
The general solution to this equation will be of the form 


Urt = vlan » , Aat er) (51) 


y 


The first term of this expression is a spherical wave that is propagated 
radially with velocity a from the region of initial disturbance; the second 
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term is a spherical wave that is propagated with the same velocity in the 
opposite direction. The functions 9 and y that appear in eq. (51) can be de- 
termined from the finiteness condition for the potential at the center of 
oscillation, and from the initial conditions (49). 

Let us now consider, as an example, the following given initial condi- 
tions: the initial velocities are everywhere equal to zero. The initial con- 
densation is constant within the sphere (R) and is equal to zero outside this 
sphere. These conditions can be expressed as follows: 


2 
- ; .[a*sg forv«R, 
f(v)-20 for arbitrary v, | F(v) = 0 forr»R, 


(52) 
where sọ is the initial condensation. 

Let us determine the condensation s for an arbitrary instant of time, 
at a point M lying outside the region of initial disturbance. 

Since the potential at the point 7 = 0 is finite, we may rewrite eq. (51) 
in the form 


U(r, 1) - 9(at-7) - ear) . (53) 


Hence, 


s=- 1 aU q'(at-»v) - o'(at+7) 
a2 at av ` 


(54) 
To determine the form of the function ¢', we use eqs. (53) and (54) and 

the initial conditions (52). From these, it is clear that 
e(-v) - o(7) =0, (55) 


o'(-7) - o'r) =" FO), (56) 


where the function F(») us determined by the second of the conditions (52). 

If we differentiate eq. (55) and solve the system of equations thus ob- 
tained for the derivatives ¢'(v) and ¢'(-r), we have the following necessary 
formulae: 


et) --etn =- Z FO. en 


Let us now turn to eq. (54) and let us examine the function ¢'(at +7) that 
appears in it. Since we are interested in the picture of the phenomenon at 
an instant of time / greater than zero and wish to compute the condensation 
at the point M (which is at a distance v >R from the origin), the argument 
of the derivative ¢'(at+7) will satisfy the inequality 


ai+y>R, 
from which, on the basis of (52) and (57), it follows that 
Q'(at-v)-0. 


Now it remains to determine the derivative q'(at - ») that appeared in 
the expression 
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s 9 0-v) (58) 
ar 


To do this, we partition the time of oscillation of the gas into three inter- 
vals (beginning with the initial time): 


(55. GEE), Gh». 
When / varies in the first interval, we have the inequality 
r-at>R, 
from which, on the basis of (52) and (57), it follows that 
g'[-(v-at)] =0 


and, consequently, 
s-0. (59) 
As é varies in the second interval, we have the inequality 
ai-r<R, 
from which, on the basis of the same eqs. (52) and (57), it follows that 
p'(at -) = iaso(v - at) 


and, hence, 
s= ot) . (60) 
Finally, as ¢ varies in the third interval, we have the inequality 
at-r>R, 
from which it is clear that, in this case, 
s=0. (61) 


Thus, for an arbitrary instant of time, the condensation s may be cal- 
culated from eqs. (59) - (61). A graph of the dependence of the condensation 
on time is shown in fig. 25. 


£ 
a 


Fig. 25. 


We now solve the same problem by beginning with Poisson's formula. 
If, as before, we denote by d and D the smallest and the greatest distances 
between the point M and the sphere (R), formula (42) will immediately give 


U(r,t) -0 
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for instants of time that satisfy the inequalities 


TE ES or p,D.TRR 
a a >o oa a 


3 


since in these intervals, on the basis of the initial conditions (52), the func- 
tions f and F are equal to zero outside the region (R). It follows from this, 
that, for the instants of time that we are considering, 


s=0, 


and we thus obtain eqs. (59) and (61) 
Let us now calculate the value of the potential U and the condensation s 
for an instant of time that satisfies the inequalities 


4.4.2 
a a 
By using eq. (42), we obtain 
a? So So 
U(r, f) = geal! a do = al] do, (62) 


where X is that portion of the surface of the sphere of radius a£ that is in- 
cluded within the sphere (R) (fig. 26). But the integral ffas is the area of 
this portion of the sphere, and, consequently, x 


f Í do = 2r(1 - cosa) (at)2 
x 


On the other hand, it is clear from the drawing that 


r2 + (at)? - R2 
cosa = 


2art 
and, thus, 
- 2 
Wi do - roe dr-a)" qt (63) 
P 
gt 
M 
à 
Fig. 26. 


Substituting eq. (63) into eq. (62), we obtain the following result: for an 
arbitrary instant of time satisfying the condition 


Ch. VI] THE WAVE EQUATION 99 


the values of the velocity potential and condensation of the gas can be cal- 
culated from the formulae 


. £50 2 2 
U=7 IR - (x - at)4] (64) 
and 
1 0U Solr - at) 
s=- =z. 65 
a2 at 2v (65) 


This coincides with the results above. 

Let us examine the oscillations of particles of the gas situated at a dis- 
tance r from the center of oscillations. Recalling the considerations men- 
tioned at the end of section 4, we may draw the following picture. 

At the initial time, all points at a distance x from the center O are at 
rest. Then, at the time £1 = (x-R)/a, the leading front of the spherical wave 
reaches these points and they begin to oscillate. The oscillations will con- 
tinue for a period of time equal to 2R/a, that is, until the trailing wave 
front reaches these points. After this, the points will again be at rest. 
Thus, a spherical wave has the shape of a spherical layer of thickness 2R 
(fig. 27). 


eod wave frog, 


wing Wave ps 
«e Ony 


We note also that the trailing wave front does not form immediately, as 
does the leading front. To show this, let us construct, for a sufficiently 
small value of £, both envelopes of the spheres of radius a£, at all points of 
the surface of the sphere (R). With increasing /, the outer envelope will ex- 
pand, becoming the leading wave front. The inner envelope will initially be 
compressed, and will become a point at the instant R/a; only then will it 
expand in the form of a sphere and produce the trailing wave front. 

In conclusion, we note the following: if a spherical layer, constituting 
a spherical wave, is divided by the sphere yr = ai into two equal portions, 
then, as can be seen from eqs. (65), in the outer portion of the layer, where 
* > at, the condensation of the gas will be positive, and in the inner portion, 
it will be negative. 
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8. The inhomogeneous wave equation 


Let us examine Ni uv wave equation 


D 32u 
5a *1.3) * 8 „Z, (66) 
P. e 2:3) «ens 
and seek a solution to it that atlths the initial conditions 
ou 
ulio =0, at t0 = (67) 


To solve this problem, let us examine the solution to the homogeneous 
equation 


9 32» — a2 a 2» w p3 2 
a G2 * 359) , (68) 
satisfying the initial conditions 


av 


Wier =O, D$, EEDE, (69) 


where, at the initial time, it is assumed not that ¢ = 0, but that ¢ = r (where 
T is some parameter). The solution to the problem (68) - (69) can be ex- 
pressed by Poisson's formula, but, in that formula, we must replace ¢ by 
t - 7 (since the initial time is / - 7 and not / = 0). 

Thus, we have 


v(x,y,2,t;T) = P I | glx «aat -T),» * Ba(t - T), z -ya(t - ),7] do, . (70) 
$1 
Let us show that the function u(x, y, z, t), defined by 
t 
u(x, y, z, L) =| v(x, y,2, tT) dr, (71) 
o 


is a solution to the inhomogeneous wave equation (66) with initial conditions 
(67). From eq. (71), we have 


t 
v2u - | v2u(x, y, z, t; T) dr . (12) 
[e] 


Differentiating eq. (71) with respect to ¢, we obtain 


ou Qv(x, y, z, t T) 
at f r dr ey efr) (13) 


T- 


Here, the integrand is equal to zero because of the first of conditions (69). 
If we again differentiate with respect to £, we obtain 


a 82v(x, y, 2, t; T) dr , 9966 y, 2,07) 
T=t 


ar2 at 


s 
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here, the integrand is equal to g(x, y, z, ), because of the second of condi- 
tions (69); that ta 


2 ‘ 
ox -f a reset) dr + ox, 9,2, 8) . (74) 


From eqs. (72), (74), and (68), it is easy to see that the function 
u(x, y, 2, D satisfies the inhomogeneous equation (66). The initial conditions 
(67) follow immediately from (71) and (73). 


If, in eq. (71), we replace the function z(x, y, Z, t; T) with the expression 
given for it by eq. (70), we obtain 


t 
u(x,y,2,0) = Ł Í (£- 7) nu g[xtaa(t-7), y  Ba(t - 7), 2 &ya(t - r), 7] day) dr 
o 1 


Instead of 7, let us introduce a new variable of integration 7 = a(t-7). We 
then have 


at 
u(x,y,Z,t) = zal D J g(x «ar y Br, 2 eyv, t- 7) v sin 6 dê do dr 


and, if we both multiply and divide by v, 


at .2n 
da | | gx «ar, ejr cyst (r/a)) ,, 2 sin@ dé do dr. 


u(x,y,2,0) = 


If, instead of the spherical, we now introduce the rectangular coordinates 
E=x+ar, N=yrtBr, C=2+¥r 
and remember that «2+ 82+y2 - 1, we obtain 
r -Jx-02 + (y-n)2 + (2-0)2, 
and the expression for y,Z,#) can finally be written in the form 


u(x, y, 2,0) ual] | BO a dn dt, (75) 


where Dat is a sphere of radius at with center at the point (x, y, 2). 

The expression shown in eq. (75) is called the retarded potential. 

We note that, in the integration in eq. (75), g is taken not at the instant 
of time ¢ being considered, but at the time f= 7/a. The difference between 
the two times is that necessary for the process being propagated with ve- 
locity a to pass from the point (€,7,) to the point (x, y, 2). 

Let us examine a particular case in which g(x,y,z,/) is a periodic 
function of time 


glx, y. 2,0) = gle, y, z) elut, 


where w is the given oscillational frequency. 
From eq. (75), we obtain 
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- elo e-ikr - 
uay 2t = TT ftem, e atdndt (k= w/a). (1) 


Suppose now that the function g(x,y,z) is equal to zero outside some 
finite region (R). If the point M(x, y, z) lies outside the region (R), the inte- 
gral on ihe right side of eq. (76) will be equal to zero for instants of time 
i< d/a, where d is the shortest distance from M to (R), and, consequently, 
eg. (76) will give u(x, y, z, 0) 2 0 (that is, a state of rest at the point M). Be- 
ginning at the time ¢=d/a, oscillations will take place at the point M. Later, 
after the time / » D/a, where D is the greatest distance from M to (R), the 
region Dg, will contain the entire region (R) and the integral on the right 
side of eq. (76) will be constant and will be reduced to an integral taken 
over the entire region (R). Thus, at the point M, beginning at the time 
t= D/a, periodic oscillations will be set up um amplitude 


v(x, y, z) = —5 IE y e ac dn dg , (77) 


so that 
u(x, y,Z, D = v(x, y, 2) elo , 


Substituting expression (76) for u (with ¿> D/a) in the homogeneous wave 
equation (66), we see that the function v(x, y, z) satisfies the equation 


v2y + ky = -1 a(x, y, 2) . 
a? 


In the same way, we may obtain the solution to the inhomogeneous wave 
equation 


02 92, 3u 
sm atia) ted (18) 


with initial conditions 


ou 
u| pp 70, at -0. (79) 


t=0 


This solution is obtained in the form 


1 


ule, y.) = gs g&n E) d£ senna] dr, (80) 


o LIT T) Ja2(t - 7)2 - p2 
where 
p? = (x- £)? + (y-9?. 
In the case of the equation 
du — a2 d2u 
ar 
the solution satisfying the above initial conditions is obviously 


9*8, (81) 
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1 MM 


u(x, t) = 2a alten) 


g(&,T) dé} dr (82) 


9. A uniqueness theorem 


Let us show the uniqueness of the solution to the wave equation with 
given initial conditions. For convenience, we shall assume that a = 1 (this 
is equivalent to replacing ¢ by //a in the wave equation). For greater clari- 
ty, let us take the case of three independent variables, that is, the wave 
equation 

adu au , o?u en 
at ox? oy? 


with the initial conditions 


ul pag = fe), Fe) on Fle). (84) 


We shall show the uniqueness of the solution to the Cauchy problem (83) - 
(84), assuming that the solution u(x, y, has continuous derivatives up to 
the second order, inclusive. 

Suppose that t1(x, y, 4) and u»(x, y, t) are two solutions to eq. (83), both 
satisfying the initial conditions (84). Then, the difference 


u(x, y, t) = u1(x, y, t) - uo(x, y, D) 
will also satisfy the wave equation (83) and the initial conditions 


Qu 


ul0=0, 57 (85) 


t=0 
The uniqueness theorem will be proved if we can show that 4 is identi- 
cally equal to zero for arbitrary (x, y) and for arbitrary /» 0. 
Let us consider the three-dimensional space (x,y,/), and choose an 
arbitrary point N(xo, yo, fo) in it, where £9 > 0. Let us draw a cone 


(x - xg)? + (y - yo)? - (t-te)? = 0 


with the point N as vertex, and extend the cone until it intersects the plane 
t=0. Let us draw another plane / = £1, where 0 < £1 < £o, and let D be the 
region bounded by the lateral surface T' of the cone and by the portions of 
the planes £ = 0 and / = /4 that are within the cone (D is a truncated circular 
cone). Let us denote by og and 21 the lower and upper bases, respectively, 
of the truncated cone. 

It is easy to verify the following identity: 


224 (ee 2 82u au) 2 au? au)? au 2 
at \3t2 ax2  ay2/ 8l MY at 

ð fou ðu ð (du ðu 
- 33x Vt 2.) 35 at 29] 
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Let us integrate this identity over the region D. The integral on the left 
side is equal to zero, since 4 is a solution to eq. (83). Let us transform the 
integral on the right side into an integral over the surface of the region D 
by using Ostrogradski's formula (Green's theorem). Then, we obtain 


{J i * eu + e i cos(nt) - 2 ou E cos(nx) 
r 


994 ou 
2 3i 8y 


s fft Jes [It .}ds =0 (86) 


cos(ny) 


On the lower base ay of the truncated cone D the function v and all its first- 
order partial derivatives will, because of the initial conditions (85), be 
equal to zero. Consequently, the second integral in eqs. (86) will be equal 
to zero. On the upper base a1, we have 


cos(nx) = cos(zy)=0, cos(zf) =1. 


On the lateral surface I' of the cone, the direction cosines of the normal 
satisfy the equation 


cos?2(ni) - cos?(nx) - cos(ny) =Q. 


Thus, eq. (86) can be rewritten in the form 


Has cos(nf) (bs cos(nt) - 2H costa] + E: cos(nt) - at S cosin)| } as 
2 2 2 
TU Gy +G las-o. 


On the lateral surface T, we have cos(nt) = 1/2 and, consequently, the first 
integral is non-negative, and therefore, 


Qu ðu? 22 
ne * 5») Gr d 
91 
From this, it follows that at all points within the entire cone with vertex 
N(xg, yg, fo), the first-order partial derivatives of the function u will be 
equal to zero and, consequently, the function u itself will be constant. On 


the lower base of the cone, # will be zero because of (85), and consequently, 
u = 0 at the point N(xo, yo, fo). 


Problems 


1. Suppose that a uniformly distributed force acts on a gas. Denote the 
force per unit mass by F. Show that the condensation s(x, y, Z, /) satisfies 
the differential equation 

82s a (2s 92s 228) Fa Fy SP) 
02 ve ay * 522 ày | 82/" 
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2. Find the solution to " wave ju" 


92 
ae e S ay2 SE 


that satisfies the initial conditions 


ul [4 o Within a sphere of radius R, du - 
t=0 10 outside this sphere, at | t<0 
Answer: 
R-r 
uo for Ost« a 
_ Y-at R-v R+r 
u(r, t) = {uo -z for — <t< = (<r<R) 
0 for Riro t< æ 
a 
0 for 0 <te Ë 
a 
u(y, t) = us 5 for rok. p< 7th (R « v « ~) 
0 for THR tew, 


3. Find the solution to p^ wave nd 
i eie 
axi 8y2 az 
in the half-space z > N that satisfies the initial conditions 


au 
wlan cfm»2, Fel o-Fe»2 G0, 


and the boundary condition 


ou 
az =0. 


u\,-9=0 or 
z=0 2-0 
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Method of solution: Extend the initial conditions throughout all space by 


extending the functions f and F as odd functions (for u|,~9 = 0): 


F(x, 9,2) = -f(x,y, -2) , F(x, y, z) --F(x,y, -2) 
or as even functions (for 8u/8z| 2-9 = 0): 


f(x, y, 2) = fe y,-2 , | Fi, yz) Fé, y, -2) , 
and then use Poisson's formula. 


Chapter VII 


FUNCTIONALLY INVARIANT SOLUTIONS 


1. Functionally invariant solutions to equations of the hyperbolic type with 
two independent variables 


1. Let us examine the hyperbolic equations * 


82u au 32u Ju du 

23 B xay O a2 P at Ey (1) 
where the coefficients A, B, C, D, and E are functions of x and y with con- 
tinuous first- and second-order derivatives. 

We shall call the function u(x, y) that appears in the solution to eq. (1) a 
functionally invariant solution in some domain D of the real variables x and 
y if an arbitrary twice-differentiable function F(u) is also a solution to 
eq. (1). 

From the definition of a functionally invariant solution, we have 
22rF(w) dF(u) .02F(u), | aF(u) . .aF(u) _ 
EY + 2B ax ay +C ay2 "DU +E ay 


L(u) =A 


A 0 


or, after certain transformations, 


F"(u) AG STI c(29^ 


ax. Ox Oy 
(Fr) [A 295, 2p 290 02, ðu ðu 
3x2 ax ay 832 


Obviously, for this equation to be satisfied, it is necessary and suffi- 
cient that the function u(x, y) satisfy simultaneously the two equations 


429 32u 32u ðu du — 


248 * PP aay t O ag at E ay (1) 
au? au du au\2 


Thus, a functionally invariant solution u(x, y) satisfies both eq. (1) and 
eq. (2). Eq. (2) can be broken down into two equations with real coefficients 


* N.P. Erugin, Funktsional'no-invariantnye resheniya uravnenii vtorogo poryadka s 
dvumya nezavisimymi peremennymi (functionally invariant solutions to second- 
order equations with two independent variables), Uchenye zapiski, Leningrad State 
University, Mathematical Sciences Series, No. 16 (1949). 
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ou Ou ou | ou 
ax 5 913,5 ^0» ax * a2 y = 0, (3) 

where a(x, y) and ao(x,y) are roots of the equation 
Ao? - 2Ba +C -0. (4) 


We may assume without loss of generality that A * 0. 
Suppose that £(x, y) and n(x, y) are solutions to eq. (2), that is, that 


dE E 

ox + 913» =0 , (5) 
2n 

x +49 a a =0. (6) 


Introducing, in place of x and y, the new independent variables & and 7, 
where & = £(x, y) and n 2 n(x, y), we reduce eq. (1) to the form 


22, Ou 
PIDE E579 (7) 


where 


9£ 9n , p( 28 0n | 2G an) , ç 06 0n 
Bg ,n) =A ox ox t a(S oy + by a) *C ay oy’ (8) 


D=L(é), E=L() 
The function £(x,y) will be a functionally invariant solution to eq. (1) if 
L(£) =0. (9) 


Let us find those conditions which the coefficients in eq. (1) must sat- 
isfy for eqs. (5) and (9) to be satisfied simultaneously. Let us differentiate 
eq. (5) separately with respect to x and y. Combining the resulting equations 
with eq. (1), in which we set u = (x,y) (denoting the results of this substi- 
titution by L(é)), we obtain the following system of equations: 

32E a2g  9a19€ 32E 32g day 2€ 


2 '"làxaày' Ox dy’ ax ay 915 ye 9» By 7 O> 


ox 
2 2 2 (10) 
A 9*6 «2B 2-5 +o Speak. L(t) =0. 


Ay ax ay ay2 


The determinant of the coefficients of the second-order derivatives of 
E(x, y) in the system (10) is equal to 


A 2 Aa,” - 2Ba, « C =0 
by virtue of eq. (4). It is easy to show that the rank of the matrix of the 


system (10) is equal to 2. For us to be able to find the second derivatives in 
this system, it is necessary and sufficient that 
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1 day 9£ 
“1 Ox Oy 
day 06 

0 1 ay 3y -0 


Expanding the determinant, we obtain 


day 96 day dE at ae 
L(é) = (Aa, - 2B) ay 3y ^ ax ày "Pax * P gy 
or, on the basis of eq. (5), we have 
day 001 2t 
L(&) = (Aaj - 23) sy -4 gy - Daq «E ay" (11) 
In the same manner, we obtain 
dao dao an 
L(n) = (sag - 20) 3y -A ox - Da» + z| ay . (12) 


It is easy to see from eqs. (11) and (12) that if o, and a9 are solutions 
to the equation 


ae oa 
(Aa - 2B) 5 - A5, - Da+E=0, (13) 
then eq. (1) has two functionally invariant solutions, determined by eqs. (5) 
and (6). In this case, eq. (7) takes the form 
92 _ 
3E on 
and the general solution to eq. (1) is of the form 
u -9(£) + v(n) , 


where 9 and y are arbitrary functions. 
If only a (ag) is a solution to eq. (13), then eq. (1) will have one func- 
tionally invariant solution. In this case, eq. (7) is reduced to the form 


0 


2B: +E =0. (14) 
Integrating eq. (14), we obtain 
u = fu) exp |- f ag at] àn +o) , 


where o(£) and (n) are arbitrary functions. Retufning to the original va- 
riables x and y, we obtain the general solution to eq. (1). 

However, if a1 and «9 are not solutions to eq. (13), eq. (1) does not 
have any functionally invariant solutions. 

2. Let us now examine the hyperbolic equation 
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a2% , op Bu Co pM E ey no. (15) 
2x2 ax ay aye ox ay 


We again take the solutions £(x, y) and n(x, y) of eqs. (5) and (6) as our 
new independent variables. Then, eq. (15) is transformed into canonical 
form: 


82 ou au 
8E og ^ op ^ P an t=O, (16) 


where 
alg, n) = sR: a(é,n) = apo c(£,n) m 


The coefficients B, D, and E are defined by eqs. (8). 
We wish to find a solution to eq. (16) in the form 
=u-w, (17) 


where v and w are, as yet, arbitrary functions. Substituting eq. (17) into 
eq. (16), we obtain 


aru, (2 aw) BY + (2 + ow) 99 


w 8 an ^ \an ; 
5250, aw aw _ 
se on ^p to aq tow) Yao. (18) 


Let us choose the function ? so that 


aw 
an +aw=0, (19) 
that is, 
w = e(£) exp [- fa dn] . (20) 
Substituting eq. (20) into the equation 
aw 
3E +bw=0, 
we obtain, after performing the differentiation and dividing by exp [- f adn], 
e - e |f Sean - 5]-o. (21) 
We can then find (£), provided f (0a/2£)dm - b is independent of 7, that is, if 
ða ab 
TREE (22) 


Thus, if condition (22) is satisfied, the function w defined by eq. (20) 
makes the coefficients of dv/d& and dv/an vanish in eq. (18). In this case, 
eq. (18), after we divide by w, becomes 


82v aa _ 
3ean gg t 2b 7 c) -0. (23) 
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If, in addition to condition (22), we have 

8a 
get 0b - 070, (24) 
then 


v =Ņ1(E) + valn) 
and on the basis of (17) and (20), the general solution to eq. (16) will be 


u =ọ(Ẹ) exp [- fa dn] [wy(é) +¥a(n)] , (25) 


where o(£) is determined from eq. (21) and ġ1(Ẹ) and po(n) are arbitrary 
functions. 
Now suppose that condition (22) is not satisfied, but that condition (24) 
is satisfied. Then, eq. (18) takes the following form: 
2 
a“v QU 
8E an + "(6m an 70, (26) 
where 
, - da 54 29 
wln) = b(n) = ETÀ dn + ol) (27) 
and ọ(Ẹ) is an arbitrary function. 
Integrating eq. (26), we obtain 


v = f yaln) exp [- f w(E,n) dé] dn + v1(£) 
and, taking account of (17) and (20), we obtain 


u = e(é) exp [- J a an] {f valn) exo [- J w(E,n) d] dn «v,(0) , (28) 
where #1 and ġ9 are arbitrary functiors. 


If condition (24) is not satisfied, but if 


ab 
an 2 - 0-0, (29) 
we obtain an analogous result. 

Example 1. Consider the equation 


inde? - sin x 0. (30) 
ay 


In accordance with the general theory, we set up eq. (4): 
a2 - 2 cos xa - sin2x =0. 
Its roots are 
a@j=cosx+1, agz=cosx-1. 


It is easy to verify that ay and o9 satisfy eq. (13) and that, consequently, 
eq. (30) has two functionally invariant solutions, To find the functionally in- 
variant solutions, we set up eqs. (5) and (6): 
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86 - n an _ 
+(1 + cos x) 5770, ax t (cos x - Ug, -O. 


It is easy to see that these equations have the solutions 
E=x+sinx-y, n=X-sinx+). 


These are the two solutions to eq. (30). Thus, the general solution to 
eq. (30) can be written in the form 


u=o(x+sinx-y) + y(x - sin x + y), 


where ¢ and yj are arbitrary functions. 

We note that in finding the general solution to eq. (30) we are not re- 
quired to reduce it to canonical form. 

Example 2. Consider the equation 


ys yu cO. (31) 


It is easy to verify that conditions (22) and (24) are satisfied. Since in 
our example 


da 
Say dy - b= - x, 


eq. (21) takes the form 
e'(x) + xp(x) = 0, 
and hence 
-4x2 
e(x)-Ce 2 D 
and eq. (25) yields the general solution to eq. (31): 


.1(«2,42 
uv, y) = e 10 9 Ly) eua] , (32) 
where j1(x) and yo(x) are arbitrary functions. 


2. Functionally invaviant solutions to the wave equation 


For the wave equation 
a2u 3u 1 a2u 
an2 ay2 a2 a2? 
Academicians V. I. Smirnov and S. L. Sobolev have obtained a class of func- 
tionally invariant solutions given by the formula 


L(ujt + m(u)x + n(u)y - k(u) =0, (34) 


(33) 


where 
124) = a2[m2(u) «n2(u)] (35) 


The simplest functionally invariant solutions to the wave equation (33) 
are obtained if we assume /, m, and n are constant and set the function 
k(u) =u. Then, formula (34) takes the form 


u-li-mxeny, (36) 
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where 
(m2 x2) a2 = 12 | 


Consequently, 
u = f(mx ny «1t) (37) 


will also be a solution to eq. (33) for an arbitrary function f. If the numbers 
l, m, and 7 are all real, we have a so-called plane wave, which is the sim- 
plest solution to the wave equation. However, if any of the coefficients /, m, 
and n are complex, then we shall obtain an essentially new solution, which 
we shall call a complex plane wave. 

The Smirnov-Sobolev formula (34), as Sobolev has shown, gives all the 
functionally invariant solutions to the wave equation in two-dimensional 
space. 

In the case of the three-dimensional wave equation, 


a2u au au 1 ame 

8x2 2852 az2 @2az2 ’ 
N. P. Erugin * has shown that all of the real and some of the complex func- 
tionally invariant solutions are given by the Smirnov-Sobolev formula: 


m(u)x + n(u)y + p(u)a + lu)t - k(u) =0, 


where 
12(u) = a3 [m3(u) -n2(u) «p2(u)] , 


and he has obtained two new classes of complex functionally invariant solu- 


tions 
u -o(x + iz/1+C2 + iact, y + Cz + a 1 C2 t), 


where ¢ is an arbitrary analytic function and C is an arbitrary constant. We 
Shall not introduce the second class of functionally independent solutions 
because of their complicated form. 

Functionally invariant solutions to the wave equation have widespread 
applications in the theory of diffraction and in the problem of the reflection 
of elastic vibrations from a plane boundary 7). We note that the Smirnov- 
Sobolev formula gives only a certain class of solutions to the wave equation 
but, as it turns out, this class contains solutions of great physical impor- 
tance. By usingthis class of solutions, one can reduce many problems re- 
lated to the reflection and diffraction of waves to a form that is convenient 
for calculation. Without going into details (such a digression would require 
a great deal of space), we shall discuss very briefly the application of func- 
tionally invariant solutions of the wave to the single and very simple prob- 
lem of the reflection of elastic vibrations from a plane boundary. 


* N.P. Erugin, O funktsional'no-invariantnikh vesheniyakh (functionally invariant so- 
lutions), Uchenye zapiski, Leningrad State University, Mathematical Sciences 
Series, No. 15 (1948). 
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3. The problem of reflection of plane elastic waves 


1. Let us consider the problem of the propagation of elastic vibrations 
in a half-space 7). We choose the coordinate axes so that the xz-plane is 
the boundary of the half-space and the y-axis is directed along the normal, 
into an elastic medium. For simplicity, we shall confine ourselves to a 
plane problem in the theory of elasticity. In this case, the components u and 
v of the displacement vector can be expressed by the formulae 


9p | ay -.9e 0 
Max ay? "^79y" Ox" (38) 


where the function e is called the vector potential and the function y is 
called the scalar potential. These potentials must satisfy the wave equa- 
tions 


ap ap 1 a% 

8425352 ala" 9 

329 3%% 1 3% 

Pe ay2 sia (40) 
+2 

a? ait, abl, (41) 


where p is the density of the medium and A and p are the Lamé elastic con- 
stants. Since A and y are positive, a2 is greater than 52. 

Let us consider the case in which the boundary is free of stresses. 
Then, the boundary conditions are of the form 


Xylyso 70,  Yylyzo-0,  Zylyzo 70, 
where Xy, Yy, and Zy are the components of the stress vector acting on an 
area perpendicular to the y-axis. 
The third condition is satisfied automatically, and the left sides of the 
first two can be expressed in terms of the potentials in accordance with the 
well-known formulae 7 


229 aay 21 
Xyly-0 =H |2 t 719 
yl y=0 1 ax ay 352 ax? 


2 
Yylyso = M 2G + Ora) 28-2 TER 


y-0 


or, by considering eqs. (41), 


Pe aa a] o 
0x 0y 952 axe -0 (03 
? ; (42) 
a2 28 qi 202) Me . 252 9^9 0. 
aye ox oy -0 
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Thus, our problem is reduced to integrating eqs. (39) and (40) with the 
boundary conditions (42). 

2. Plane waves: In the plane problem of the propagation of elastic vi- 
brations, that solution to eqs. (39) and (40) in which the vector potential is 
identically equal to zero and the scalar potential is given by a formula of 
the form (37) with real coefficients is called a longitudinal plane wave. 

A solution to eqs. (39) and (40) in which the scalar potential is identi- 
cally equal to zero, and the vector potential is given in the form (37) with 
real coefficients, is called a transverse plane wave. 

Since, obviously, the coefficient / + 0, we can, without loss of gener- 
ality, assume that it is equal to unity. If we set m = -@ for convenience, we 
can write the longitudinal plane wave in the form 


p= s(t -oxa 5-025) > %=0, (43) 


and the transverse plane wave in the form 


e-0, b= f(t- exa Jos - 0%). (44) 


If a solution is of the form 
/1 
e = f(t - ox + V-5- 07), b=0, 


we shall call it a longitudinal wave travelling in the direction of the boun- 
dary of the half-space y > 0. We shall call a solution of the form 


ec s(t-ex- Vis eh»), uo 


a longitudinal wave travelling in the direction away from the boundary. 

We shall use the same terminology in the case of a transverse wave. 
It is easy to see that neither a wave travelling toward the boundary nor a 
wave travelling away from it will satisfy the homogeneous boundary condi- 
tions (42). However, the solution obtained by superimposing these waves 
may satisfy these conditions. 

Let us consider the following problem. Given a wave that is travelling 
toward the boundary (called an ordinary incident wave), determine the two 
reflected waves travelling away from the boundary - the longitudinal and 
the transverse - in such a way that the sum of the incident wave and the two 
reflected waves will satisfy the boundary conditions (42). 

3. The reflection of a plane longitudinal wave from a free boundary: 
Suppose that an incident longitudinal wave is of the form 


or = f(t- ox + Jag 823), lei «1. (45) 


Let us seek reflected waves of the form 


92 = Aft - èx- Vo 0%), v = Bf(t -0x - Jo, - 023). (46) 


Ch. Vil] FUNCTIONALLY INVARIANT SOLUTIONS 115 


Substituting these expressions for o - 94 * o5 and y into the boundary con- 
ditions (42), we obtain 


|- 26 V5 - 82 (1-A) + (È - 282) B [Pt - 69 -0, 


a - 25282) (1 A) - 2629 ls - g2 B |P't- 62) -0, 


from which, by assuming that f" # 0, we find the constants A and B: 


2 
NE + 402 V - 92 FEE 


(262 - 1) + 402 3 - 92 Ve - 92 


We note several geometrical consequences of formulae (45) and (46). 
The angle 01 that the normal to the plane 


t-0x + V=- 82 y = constant 
a 


makes with the negative y-axis is called the angle of incidence. The angles 
65 and 63 that the normals to the planes 


y 2y- - - V4 2. 
t- 6x - A^? y - constant , t- 6x p? y = constant 


make, respectively, with the positive y-axis are called the angles of ve- 
flection. Then, for a reflected longitudinal wave, the angle of incidence is 
equal to the angle of reflection 84 205, and for a reflected transverse wave, 
the ratio of the sine of the angle of incidence to the sine of the angle of re- 
flection is equal to the ratio of the velocity of the longitudinal wave to the 
velocity of the transverse wave: 


Ssin01 @ a 


in 65 56 8° 
4. The reflection of transverse waves: Suppose that an incident trans- 
verse wave is of the form 


vy = f(t- ox + Vin 83), (47) 


where |6| < 1/a. Let us seek reflected waves of the form 


e = Cf (t- ex - V5- a2 y), ba = Df(t - ox - Vos -e2y). | «4 
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Substituting these values of o and i = 41 + #2 into the boundary conditions 
(42), we obtain 


[zs V5 -e2c (5 - 282) (1+D)] et - e -0, 
la - 26292) C + 2520 E - 82(1 -D)| pre 8x) =0, 


from which, by assuming f" + 0, we can find the constants C and D: 
(202 as J^ - e? Vi, - e2 
be (202 - 4)”. 402 VL - 02 V3, - 02 

] (202 - 1) ae? VL - e2 yi. ea 


C= 


Chapter VIII 


APPLICATION OF THE FOURIER METHOD 
TO THE STUDY OF FREE VIBRATIONS 
OF STRINGS AND RODS 


1. The Fourier method for the equation of free vibrations of a string 


The Fourier method or the method of separation of variables is one of 
the most widely-used methods of solving partial differential equations. We 
shall explain this method in a number of examples, beginning with the sim- 
plest problem of the vibrations of a string fixed at both ends. This prob- 
lem, as we know, is reduced to solving the equation 


au =a2 au (1) 
2t? 8x? 
with the boundary conditions 
u|.-9 70, ul yay = 0 (2) 
and the initial conditions 
ulpg= fe), 24 =r) (exe. (3) 
t=0 


First, we wish to find particular solutions to eq. (1) (not identically 
equal to zero), in the form of a product 
u(x,t) = X(x) TQ) , (4) 
satisfying the boundary conditions (2). 
Substituting eq. (4) into eq. (1), we obtain 
T"() X(x) = a2 T(t) X"(x) 
or 
T"() . X"(x) (5) 
aàT() X(x) ° 
In this last equation, the left side depends only on ¢ and the right side only 
on x, so that equality is possible only if both sides are independent of both 
xand?, that is, if they are equal to the same constant. Let us denote this 
constant by -\. Then, we obtain from eq. (5) two ordinary differential 
equations: 
T(t) + a2r T(t) =0, (6) 
X"(x) + AX(x) = 0. (7) 
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In order to obtain a non-trivial solution (that is, not identically equal to 
zero) of the form (4) satisfying the boundary conditions (2), we need to find 
the non-trivial solutions to eq. (7) that satisfy the boundary conditions 


x(0-0, x()-o. (8) 


Thus, we are confronted with the problem of finding those values of the 
parameter à for which non-trivial solutions to eq. (7) satisfying the boun- 
dary conditions (8) exist. 

This problem is often called the Sturm-Liouville problem. 

Those values of the parameter à for which the problem (7) - (8) has 
non-trivial solutions are called eigenvalues and these solutions themselves 
are called eigenfunctions. 

Let us now find the eigenvalues and eigenfunctions for the problem (7) - 
(8). We need to consider separately the three cases of \<0, A4=0, and A>0. 

1. If à< 0, the general solution to eq. (7) will be of the form 


X(x) = Cy AX + C9 ev X 
In satisfying the boundary conditions (8), we obtain 
C1 +Co=0, Cy ev! 4 C3 e-M = 0 (9) 


Since the determinant of the system (9) is different from zero, C, and Co 
must both be equal to zero. Consequently, X(x) is identically equal to zero. 
2. For X = 0, the general solution to eq. (7) is of the form 


X(x) = Cy + Cox. 
The boundary conditions (8) give 
C1 * C5-0 70, C1 +Col - 0 


Hence, C4 and C9 are again both equal to zero, and, consequently, X(x) is 
identically equal to zero. 
3. For à > 0, the general solution to eq. (7) will be of the form 


X(x) = Cy cos JAx + Co sin Ax 
In satisfying the boundary conditions (8), we obtain 
C1: 1+C%0=0, Cy cos Al + Co sin JA = 0 


It follows from the first of these equations that Cy = 0 and from the second 
that Co sin /Al=0. We must assume that Co + 0 because otherwise X(x) is 
identically equal to zero. Therefore, 


sin/Ai-0, ie, wXAc-km/l, 


where k is an arbitrary integer. 
Consequently, non-trivial solutions to the problem (7) - (8) are possible 
only for values 


Ap = (km/D2 (k= 1,2,3,...) 


To these eigenvalues correspond the eigenfunctions 
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Xp(x) = sin d . 
These are completely determined up to a constant factor, which we set 
equal to unity. 

We note that positive and negative values of k that are equal in absolute 
value give eigenfunctions that differ only by a constant factor. Therefore, it 
will be sufficient to take only positive integral values for k. 

For à = Ag, the general solution to eq. (6) is of the form 


krat 


k 
Ty(t) = a4 cos —— mat + by sin —— rT? 


i 
where aj and bp are arbitrary constants. 
Thus, the functions 


krat krat k 
uplx, t) = Xy(x) T4) = (a, cos T + bp sin T sin TE 


satisfy eq. (1) and the boundary conditions (2) for arbitrary values of ap, and 
by. 

Since eq. (1) is linear and homogeneous, every sum of a finite number 
of solutions to eq. (1) will also be a solution. The same is valid also for an 
infinite series 

. kmat krx 

u(x, t) = >, (a, cos "4f an b, sin —,; — 7 sin =~ ; (10) 
provided it converges, and is twice termwise differentiable with respect to 
x and £. Since every term in the series (10) satisfies the boundary condi- 
tions (2), the sum of the series (that is, the function u(x, ¢)) will also satisfy 
these conditions. It remains to determine the constants aj and bg so as to 
satisfy the initial conditions (3). 

Differentiating the series (10) with respect to £, we obtain 


eo 
du Em (a in ETZE , bp cos 
at ey DON O8807] k i 
Setting ¢ = 0 in (10) and (11), we obtain, on the basis of the initial conditions 


(3), 


krat) sin “7% (11) 


(12) 


en oo 
F(x) = Žar sin 5 TY , )= 2 ata by sin Em 


l 
Eqs. (12) are an expansion of the given functions f(x) and F(x) in a 
Fourier sine series over the interval (0, /). 
The coefficients in the expansions (12) can be calculated by the well- 
known formulae 1 


l 
2 krx 
ap -2f f(x) sin d dx, bp= df ro sin“ dx. (13) 
o 


Thus, the solution to the problem (1) - (3) is given by the series (10), 
where ap and bj are determined by the formulae (13). 
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THEOREM. Suppose that f(x) is twice continuously differentiable on the 
interval [0,7], that it has a piecewise -continuous third derivative, and that 
it satisfies the conditions 


FO=fH=0, f'(0-7()-o. (14) 


Suppose also that F(x) is continuously differentiable, that it has a piece- 
wise-continuous second derivative, and that it satisfies the conditions 


F(0) = F() =0. (15) 


Under these conditions, the function u(x,t) defined by the series (10) has 
continuous second derivatives and satisfies eq. (1), the boundary conditions 
(2), and the initial conditions (3). Also, the series (10) can be twice differ- 
entiated termwise with respect to x and t, and the series thus obtained will 
converge absolutely and uniformly for 0 € x < l and arbitrary t. 

Proof: If we integrate eqs. (13) by parts and take eqs. (14) and (15) into 
consideration, we obtain 


3 53) 3 4) 
"NULLO as 
where 
i t. 
UE Ji f" (x) cos =~ atx dx, al?) = 2f E") sin 7 dx. (17) 


It is known from the theory of trigonometric series 34) that the series 


La 5 E 


, (18 
e 1 k=1 ) 
converge. Substituting (16) into the series (10), we obtain 
ao 
MEIN. 1 (,(), _ krat (2) . kmat . krx 
u(x,t) =- (=) à i (b; cos ^p + a Sin Uu ) sin ~. (19) 


This series is dominated by th the series 


(y x PEXDUMP SE 


which converges. Consequently, the series (10) converges absolutely and 
uniformly. By considering (18), we easily see that the series (10) can be 
twice differentiated termwise with respect to x and /. This proves the 
theorem. 

If the initial functions f(x) and F(x) do not satisfy the conditions of this 
theorem, there may not be a twice continuously differentiable solution to 
the mixed problem (1) - (3). However, if f(x) is a continuously differentiable 
function satisfying the conditions /(0) = AD =0 and F(x) is a continuous func- 
tion such that F(0) = F(/) 2 0, then the series (10) converges uniformly for 
0 < x € Land arbitrary? and defines a continuous function u(x, £). 

Consider the function u(x,t) which is the limit of the uniformly con- 
verging sequence u(x, f) of solutions to eq. (1) which satisfy the boundary 
conditions (2) and the initial conditions 
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du. 
unl 0 = fad, cu = FH), 


t=0 


where 
I l 
lim | [fle)- f, G9] dx = im | [F - F9)? ax = 0 
o [e] 


We shall call u(x,t) the generalized solution to eq. (1) satisfying the con- 
ditions (2) and (3). 

Under the conditions imposed above on the functions f(x) and F(x), the 
existence of a generalized solution follows from the fact that the partial 
sums of the series (10) form a sequence v,,(x, f) that satisfies the required 
conditions and, hence, the series (10) is a generalized solution. It is easy 
to show that the generalized solution to the mixed problem (1) - (3) is 
unique. 

Let us now turn to the solution (10) that we have found for the problem 
(1) - (3). If we introduce the notation 


dy = Åp Sin Pk , b, = Ap COS OP, 


this solution can be written in the form 


RIX Rn at ) . (20) 


a 

u(x, t) = à Ap sin sin (C^ + ee 
Every term of this series is a so-called standing wave, for which the 
points of the string perform a harmonic vibrational motion all with the 
same phase op, with amplitude A, sin (kvx/l), and with frequency wp = 
kuna/l. When a string is vibrating in this manner, it produced a suund 
whose pitch depends on the frequency of the vibrations wy. The frequency 
of the fundamental (lowest) tone is expressed by the formula o1 -» 1(To/0)2/1. 
The remaining tones, corresponding to frequencies that are multiples of w1 
are called the harmonics *. The first harmonic is the fundamental tone, the 
second harmonic is the tone with frequency wg = 291, and so on. 

The solution (20) is a composite of the separate harmonics. Their am- 
plitude (and therefore their effect on the intensity of the sound made by the 
string) usually decreases rapidly with increase in the number of the har- 
monic, and their combined effect governs the quality (fr. timbve) of the 
sound. At the points 

L 2l k-1 


pion B 


the amplitude of the vibrations of the k-th harmonic vanishes because at 


x=0 i 


* Tones corresponding to higher frequencies than the fundamental are called over- 

tones. Overtones whose frequencies are multiples of the fundamental frequency 
are called harmonics. 
There are very few vibrational systems with harmonic overtones, but these few 
are basic for the manufacture of all musical instruments, This is a consequence of 
the fact that a sound with harmonic overtones gives an especially pleasing effect 
from a musical standpoint. 
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these points sin (krx/7) = 0. These points are called the nodes of the k-th 
harmonic. On the other hand, at the points 


1 3 (25-1): 
“2k? 2k? IÁÀ 2k 


which are called the crests (antinodes), the amplitude of the k-th harmonic 
attains its maximum value, since sin (k7x/} has its greatest absolute value 
at these points. 

If we press a vibrating string exactly in the middle (that is, at the crest 
of its fundamental tone), then the amplitudes not only of that tone but also of 
all the others that have crests at that point (that is, the odd harmonics) will 
vanish. On the other hand, this will not effect the even harmonics, which 
have their nodes at the pressed point. Thus, only the even harmonics re- 
main, and the lowest frequency will be w9 = 20( Tg/p) 2/1; the string will 
produce not its fundamental pitch but a pitch an octave higher (that is, a 
pitch with twice as many vibrations per second). 


2. The vibration of a plucked string 


Consider a string that is fixed at both ends. Suppose that we pull it up 
by plucking it at the point x =c and then release it, allowing it to vibrate 
Íreely. In this case, the initial conditions will be (fig. 28) 


k x, 0sxsc 
€ au 0 
ult- = F(x) = ab. 
to =f h(l - x) eve at (1-0 
dee 7 09951, 
^x 
Fig. 28. 
Applying formulae (13), we obtain 
2 k 
ap = — b. sint. by-0. (21) 


sin 
t2e(l- c)k2 p 
Consequently, the displacement of the plucked string will be expressed by 
the series 


oo 
2412 > . RAC knx . kmat 
=> sin cós - 
n2c(1- x) k-1 l l 

It is clear from eq. (21) that a, = 0 if sin (kmc/1) = 0; that is, in the 
solution (22), those harmonics whose nodes.are at the point x= c will be 
absent. Thus, if the point x - c is at the middle of the string, for example, 
all the even harmonics will be absent in the solution (22). 


(22) 
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3. The vibrations of a struck string 


Let us now examine the case in which the initial displacements of the 
string fixed at both ends are equal to zero. 

Suppose that, at the initial instant, the string receives a blow from a 
hammer at the point x =c. The head of the hammer is constructed so that 
the initial velocity given to the string is expressed by the following formula: 


1 (x - c) 
h 3 
0 , d I|x-c|»ih. 


if |x-c| «in, 


Vo COS 


By applying formulae (13), we find that 
B 4hvg 1 knc kan 
“peak 1-(kh/D2 d 
Substituting these values into the series (10), we obtain the following ex- 
pression for the desired displacement of the struck string: 


ES RIC (os ETP 
ro ] °° gi km (o, tat 


s 
k=1® = 1-(kh/l)? l ! 


(23) 


ap -0, 


D n^ 


(24) 


4. Longitudinal vibrations of a vod 


Let us examine the problem of the longitudinal vibrations of a homo- 
geneous elastic rod of length / when one of its ends x = 0 is fixed and the 
other x = L is free. It was shown in Chapter IV that this problem is reduced 
to the solution of the wave equation 


32u 32u E 

—— = ato a2 == (25) 

od axi AM 
with the boundary conditions 

ou 

uxo 70, rA (26) 

and the initial conditions 
= au < 
ul eo = Ax) , at t-0 = F(x) (0 <x D). (27) 


Following the Fourier procedure, we seek particular solutions to eq. 
(25) of the form 


u(x,t) = X(x) TH). (28) 
Substituting eq. (28) into eq. (25), we obtain 
TA | Xx) _ 


a2 Tit XC) — 
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from which we obtain the equations 
X"(x) + 2x(x) = 0, (29) 
T"(t) + a232T()) = 0. (30) 
If the function (28) (not identically equal to zero) is to satisfy the boun- 
dary conditions (26), we obviously must require that the conditions 
X(0-20, 2x()-20 (31) 


be satisfied. 
Thus, our problem is to find the eigenvalues for eq. (29) with the boun- 
dary conditions (31). Integrating eq. (29), we obtain 


X(x) = Cy cos Ax + Co sin dx. 
From the boundary conditions (31), we obtain 
Cy=9, Cor cosàl=0. 


Assuming Co # 0 (for otherwise X(x) would be identically equal to zero), 
we find that cos àZ = 0, so that Al = 3(2k+1)7 (where k is an integer). 

Thus, non-trivial solutions to the problem (29) - (31) are possible only 
for those values of for which 


_ (2k +1)9 
— 2l ` 


To the eigenvalues Ape correspond the eigenfunctions 


X(x) = sin 2x Drs (k =0,1,2,...), 


These are completely defined up to a constant factor, which we set equal to 
unity (negative integral values of k do not give new eigenfunctions). 
For à =A , the general solution to eq. (30) is of the form 


(2k + 1)rat + in (2k + 1)nat 
2l 2l ? 


Ap 


T(t) = ap cos bs 


where apy and bp are arbitrary constants. 
On the basis of (28), we see that the functions 


up(x, t) = Ty(t) Xp(x) = lex cos (2k + 1)rat LE + by sin (2k + I)nat ad sin (2k + 1)nx 


al 
satisfy eq. (25) and the boundary conditions (26) for arbitrary values of ap 
and by. 
We define 


eo 


u(x, t) - à lae cos bp sin (32) 


(2k + pret + (2k+ pre sin (2k + 1)ynx . 


al al 
For the initial conditions (27) to be satisfied, it is necessary that 
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fs) = 2 m sin CE3 Dax | (83) 
2 b, (2k v Dra sin in Ch Dry (34) 


Assuming that the series (33) and (34) converge uniformly, we may de- 
termine the coefficients a, and b, by multiplying both sides of eqs. (33) and 
(34) by sin (2741)7x/21 and integrating with respect to x between the limits 
x-Üandxzl. Then, remembering that 


l 
0 f kén, 
f sin (2% + Ire sin CDT gy = | or kf 


2i ij for k=n, 
we obtain 
"n f(x) sin nr SADT dx , 
o 
_ 4 (2n + 1) ax 
by = (n+ ijra F(x) sin CN» dx. (35) 


Substituting the values that we have found for the coefficients in the 
series (32), we obviously obtain the solution to our problem, provided the 
series (32) (and the series obtained from it by twice differentiating term - 
wise with respect to x and 7) converge uniformly. 

When we examine the solution (32), we see that the vibrational motion 
of the rod is the result of the composition of the simple harmonic vibrations 


(2b«1)x . [(2be-l)mat 
a Sh wq Ot PR} 


Ap sin 
where 
Ap =Vap? + bp? , tano = ap/bp . 


These vibrations have amplitudes A, sin (2k+1)7x/21 and frequencies 


_(2k+1jra _ (2k+1)r VE 
~ 2l ~ 2l yz. 


The period of vibration of the fundamental tone, which is obtained for & = 0, 


is 
_ 2m | y 
= 4 EC 


Since the amplitude of the fundamental tone is equal to 


Wp 


Ao sin =~ 5 ; 


it is obvious that, at the fixed end of the rod (x = 0), we have a node and at 
the free end (x = J), we have a crest. 
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Using the Fourier method, it is easy to solve the problem of the longi- 
tudinal vibrations of the rod examined in section 2 of Chapter IV. We recall 
that the problem presented in Chapter IV was reduced to solving eq. (25) 
with boundary conditions (26) and initial conditions 

ou 
uto = f(x) = 7x , tlio? (O<x<J), 
where v is a constant. 

By applying formulae (35), we find that 


MOu LN 

(2k « 1)? 12’ 
from which it follows that the relative displacement of the section of the 
rod with abscissa x is expressed by the series 


ür 5 _(-1)F (2k +1)7at .— (2k l)mx 
- cos sin . 
72 k=O (2k. 1)2 xu 55 BN 


ap bp =0, 


u(x, t) 


5. The general plan of the Fourier method 


In the present section, we shall give an exposition of the Fourier meth- 
od for the solution of a mixed boundary-value problem without giving rigo- 
rous proofs of the results obtained. 

Consider the hyperbolic equation 

8 ou 82u 

ax 060 S) - alju = e) n? (36) 
where p(x), p'(x), q(x), and p(x) are continuous functions for 0 < x < 1, with 
p(x) > 0, q(x) > 0, and p(0) > 0. 

Suppose that we are to find the solution to eq. (36) that satisfies the 
homogeneous boundary conditions 


au(0, t) _ 


Qu( £) _ 
ax =0 


ax d 


where a, 8, y, and ô are constants (with o2 + 82 + 0 and y2 + 52 + 0); and 
the initial conditions 


au(0,t) +B 0, »u(Lt)45 (37) 


wlio =f), m =F) Oss. (38) 


Let us first seek the non-trivial solutions to eq. (36) in the form of the 
product 


u(x,t) = X(x) T(t), (39) 


satisfying only the boundary conditions (37). 
Substituting eq. (39) into eq. (36), we obtain 


T(t) i [p(x) X' 6] - q(x) Xe) TE) = ex) x6) TA 


Ch. VI] STUDY OF FREE VIBRATIONS OF STRINGS AND RODS 127 


or 
ds LO) X ()] - a6) XG) mg 
p(x) X(x) TD C 


The left side of eq. (40) depends only on x and the right side only on t; 
equality is possible only if the common value of the ratios shown in eq. (40) 
is a constant. Let us denote this constant by -A. Then, we obtain from eq. 
(40) the two ordinary differential equations 


T(t) « AT() -0, (41) 


(40) 


T [b(3) X"(x)] + De - ale] X(2) = 0 . (42) 


In order to obtain non-trivial solutions to eq. (36) in the form (39) satisfying 
the boundary conditions (37), it is necessary that the function X(x) satisfy 
the boundary conditions 


aX(0) -8X'(020,  yX()«5X() -0. (43) 


Thus, we are confronted with the eigenvalue problem of finding those 
values of A for which non-trivial solutions to eq. (42) exist satisfying the 
boundary conditions (43). 

This problem does not have a non-trivial solution (that is, one not 
identically equal to zero) for every value of à. Those values of A for which 
(42) - (43) has a non-trivial solution are called eigenvalues and the corre- 
sponding solutions are called eigenfunctions. Because of the homogeneity 
of eq. (42), and because of the boundary conditions (43), the eigenfunctions 
are defined up to a constant factor. It is easy to see that only one eigen- 
function can correspond to any eigenvalue. To show this, suppose that to 
some value of A there correspond two linearly independent solutions to eq. 
(42) that satisfy the boundary conditions (43). Then, the general solution to 
eq. (42) would also satisfy these conditions. But this is impossible because 
we may always find a solution to eq. (42) for initial conditions X(0) and X'(0) 
that do not satisfy the first of the boundary conditions (43). 

It is possible to show that, for our problem, there exist an infinite 
number of real eigenvalues 


ALS AQ AGS... € A4... 
To each eigenvalue à there corresponds an eigenfunction Xz(x) that is 


completely defined up to a constant factor. Let us choose this factor such 
that 


l 
f p(x) Xp2(x) dx=1. (44) 
[s 


The eigenfunctions that satisfy eq. (44) are said to be normalized. 

Let us show that the eigenfunctions corresponding to different eigen- 
values are orthogonal with weight p(x), that is, that they satisfy the equa- 
tions 
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L 
Í ola) xy) Xul dx =0 (ken. (45) 
o 
Suppose that A and A, are two distinct eigenvalues and that X;,(x) and X,,(x) 
are the corresponding eigenfunctions, so that 


(als) X69] + Duel) - q(] X9 = 0, 


Sox) X59] + Anola) - a69] X69 = 0 . 


Multiplying the first of these equations by X,(x) and the second by X,(x) and 
subtracting the first from the second, we obtain 


X(x) EC Xy()] - Xy(9) EM Xn] + Ap-Ay) E(x) Xy G) X40) = 0 , 
which can be rewritten in the form 
Qe - 39) eG) Xy) X40) + i WA [Xna XkG) - Xp) Xp(x)]} = 0. 


Integrating this equation with respect to x, from 0 to /, we obtain 
l 
x-l 
Orne) | P) X) 5,6) dx = (0) [X509 X&0) - X69 X560] |a - 
o 


Taking the boundary conditions (43) into consideration, we easily see 
that the right side is equal to zero, that is, that 


l 
Oa x) | 009 Xl) Xnlx) dx = 0 , 
[*] 


from which (since X, * Ay), 
L 
[ AD x49) X,(a) ax - 0, 
o 


which proves the assertion. 

Now suppose that the Aj are eigenvalues and that the Xj(x) are the 
eigenfunctions that form a normalized orthogonal (orthonormal) system. We 
have 


de [b() X402] - als) Xy) = -rAgole) Xy) . 


Multiplying both sides by X,(x), integrating and taking account of (44), we 
obtain 
l d 
ap =- | LPC) X560] - 460 562) X G9 dx , 


o 
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from which, by integrating the first term by parts, we obtain 


L 
re = | ola) X360 + g(a) Xp] ax - [P069 Xp xl — (46) 
[e] 
Suppose that p(x) > 0, q(x) 2 0, p(x) > 0, and 
[669 Xplx) Xp <0. (46a) 


Then, it follows immediately from eq. (46) that all the eigenvalues to the 
problem (42) - (43) are non-negative. 

As it happens, the condition (46a) is satisfied in the boundary conditions 
most frequently encountered in applications: 


x(0)=0, X(D=0, (43a) 

X'(0) - hyX(0) =0, X +hX()=0, hy 20, hg>0. (430) 

In conclusion, we note that the eigenfunctions X,(x) of the boundary 
problem (42) - (43a) or (42) - (43b) form a complete system *. (If hy 2 15 - 0 


then q(x) > qo > 0.) Now let us turn to eq. (41). Its general solution for 
X = Ag, which we denote by T,(f), is of the form 


Ty(t) = Ap cos /rgt + By sin Aut, 


where Ap and By are arbitrary constants. 
Each function 


u(x, À = X,(x) Tah = (Ap cos VA pt + By sin AVI X,(x) 


will be a solution to eq. (36) satisfying the boundary conditions (37). 
In order to satisfy the initial conditions (38), we form the series 
a 

ux, = n (Ag cos /Xgt + By sin /Xg) Xplod) . (47) 
If this series (and the series obtained from it by twice differentiating term- 
wise with respect to x and /) converge uniformly, its sum will obviously be 
a solution to eq. (36) satisfying the boundary conditions (37). To satisfy the 
initial conditions (38), it is necessary that 


ul pag = A) = à Ap Xe , (48) 
ae 47/97 à By /Xg Xlo) . (49) 


* A system of functions 


pr) pole), ... og). --- 


is said to be complete if there does not exist a square integrable function (not iden- 
tically equal to zero) orthogonal with respect to all functions of the system. 
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Thus, we are confronted with the problem of expanding an arbitrary 
function in a series of eigenfunctions X,(x) of the boundary problem (42) - 
(43). 

Suppose that an arbitrary function 6(x) is represented in the form of 
the series 


(x) = à ap Xy(x) (50) 


of eigenfunctions X,(x) of the boundary problem (42) - (43). 

Assuming that the series (50) converges uniformly, we may determine 
its coefficients a, by multiplying both sides of eq. (50) by p(x) Xy(x) and in- 
tegrating with respect to x from 0 to l. Then, by taking (44) and (45) into 
account, we obtain 


f p(x) (x) Xp(x) dx . (51) 


o 
We now put in correspondence with each function ¢(x) that is integrable on 
[0, /] the Fourier series 


ap 


à ay Xy(x) (52) 


of that function, where the coefficients ap are determined from the for- 
mulae (51). 
We state without proof the following propositions: 


THEOREM 1. For every square integrable function (x) on the interval 
[0,7], the series (52) converges to that function in the limit; that is, 


l n 2 
Im [ 56) fee - 2 ap xu] ax - o. (53) 
| - 


THEOREM 2 (V. A. Steklov). Every function &(x) satisfying the boundary 
conditions (43) that has a continuous first derivative and a piecewise- 
continuous second derivative can be expanded into an absolutely and uni- 
fovmly continuous series (50) of the eigenfunctions of the boundary problem 
(42) - (43). 


Using formula (51) for determining the coefficients in the expansions 
(48) and (49), we find that 


ab l 
An= | ols) Ae) Xy) de, Ba = | PO P XRO) ax 


When we substitute these values of the coefficients Ay and By into the se- 
ries (47), we shall obviously obtain the solution to the mixed problem (36) - 
(38), provided the series (47) (and the series that are obtained from it by 
twice differentiating termwise with respect to x and f) converge uniformly. 

Remark: The Fourier method is also applicable in the case of many 
space variables for hyperbolic equations of a special type (see Chapter XVI) 
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and also for equations of the elliptic and parabolic types (see Parts II 
and HII). 


Problems 


1. A homogeneous string, fixed at the ends x=0 and x=}, has, at the initial 
instant, the shape of a parabola that is symmetric about the perpendicu- 
lar drawn through the point x = 4. Find the displacement of the points of 
the string from the straight-line equilibrium position, assuming that 
there is no initial velocity. 


Answer: 
© o (2k + 1)rat in (2k + 1)nx 
32h y SOS i s I 
u(x, t) = -7 4 — , 
v? k=O (25 1) 


where k is the initial value of the displacement at the point x = i. 


2. A homogeneous string with fixed ends is set into vibration by the blow of 
a hard flat hammer that imparts to it the following initial distribution of 
velocities: 


0 O<x<c-6, 


=} 
t=0 
0 c+6 <x sl 


ou 


at c-bsxs*c«b, 


Find the vibrations of the string if the initial deviation is equal to zero. 
Answer: 


TUN < 
u(x,t) = “oO > 1 sin kre sin kerb sin krat sin knx . 


n2q k=l k2 i i i i 


3. A homogeneous string with fixed ends is set into vibration by the blow of 
a sharp hammer, which imparts to it an impulse / at the point x - c. 
Find the free vibrations of the string if the initial displacement is equal 
to zero. 

Answer: 


ao 
2I 1 . knc . krat . knx 
u(x,t) = Tap 2. zsin-y sin | . 


Method of solution: First we assume the impulse J to be uniformly dis- 
tributed over the segment c- 6 < x < c«6 of the string. Then, we obtain 
an expression for u(x, f), defined in the answer to the preceding problem, 
where vo = 1/26. Taking the limit as ô approaches zero, we obtain the 
solution of the problem. 


4. A homogeneous rod of length 27 is compressed by forces applied to its 
ends in such a way that it is shortened to a length 2/(1- €). At £= 0, the 
load is lifted. Show that the displacement u(x, t) of the section of the rod 
whose abscissa is x is determined by the formula 
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a 
_8el Y (1) gin (22+ DT oog Qe rat 
72 k-0 (2k+1)2 2 2 


where the point x = 0 is in the middle of the rod and «a is the velocity of 
the longitudinal waves in the rod. 
Method of solution: The problem is reduced to solving the equation 


u(x, t) 


> 


32u 2 32u 2 
—- = qf —— al =E 
ad 312 ( /p) 
with the conditions 
du _ au -0: 2. ou = 
ot xz-l , ax. 7 0) “| t=0 = e, ot io 77 


5. Examine the free vibrations of a fixed string that is vibrating in a me- 
dium whose resistance is proportional to the velocity. 


Answer: 
ao 


u(x, t) = en ht à (ay cos gpt + by sin quf) sin E ; 


where 
L 
2 . RIX h 2 kx 
a, =? | se) sin ax, bp - ay + | F(x) sin 5^ dx , 
o Ve ko 


Method of solution: Apply the Fourier method to the integration of the 
equation 


32u du 93u 


Bt T yr 
where k is a small positive number, with the conditions 
ðu 
u| x-0 70, uly- = 0 5 ul t0 = KX) , a | tap 10 


6. A rod AC that is fixed at one end A and free at the other end C consists 
of two dissimilar parts: AB = /4 and BC = /9. Show that the period T of 
longitudinal oscillations of the rod is determined by equation 


27l 2vl E1a 
1 PC (ay = 4 E1/p1, 42 - /E2/092) - 


aQT tan a9T = E91 
Method of solution: Single out the oscillations of a single frequency that 
satisfy the differential equations 


0204 2a duy 92g - a3? 2219 
at2 ox2 ' = gg axe 
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and the conditions 
8u1 


dug 
ulx-q,-7Uxxe — Fig. 


= Fo ox 


> 


Xx-l1 


x=l1 
aug 


Uylyag =O, ax 0. 


x=l1 +9 7 
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Chapter IX 


FORCED VIBRATIONS OF STRINGS AND RODS 


1. Forced vibrations of a string that is fixed at the ends 


Let us consider the forced vibrations of a homogeneous string that is 
fixed at the ends and that is subject to an external force p(x, f) measured 
per unit of length. This problem is reduced to solving the equation 


du 9 a2u 1 
—> 7 06 —5 sf st) => of, 1 
jd 2 tgo) [eÀ -5 06.0] (1) 
with boundary conditions 
ulx-9 70, ul yy 20 (2) 


and initial conditions 
ou 
wlio =F), oj, = FO: (3) 
Let us seek a Solution to this problem in the form of a sum 
u-Utw, (4) 


where v is the solution to the non-homogeneous equation 
82y 29 2y 


—$. = a* — + g(x, t) (5) 
or? ox? , 
satisfying the boundary conditions 
viyep 70, vlz = 0 (6) 
and the initial conditions 
= 8v| |. 
71:920, EY; "P (7) 
and w is the solution to the homogeneous equation 
82 -a2 ew (8) 
or? ox? ' 


satisfying the boundary conditions 
wl x-0 =0, wl x- =0 (9) 


and the initial conditions 


wean = Fe), Fe = FO). (10) 
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The solution v represents forced vibrations of the string, that is, those 
vibrations that take place under the effect of an external disturbing force, 
when there are no initial disturbances. 

The solution w represents the free vibrations of the string, that is, 
those vibrations that take place as a result of the initial disturbance only. 

The methods of finding the free vibrations w were examined in the pre- 
ceding chapters, so that here we need only find the forced vibrations v. As 
in the case of the free vibrations, let us seek a solution v in the form of the 
series 

oo 
u(x,t) = 2, Tp(é) sin 2 , (11) 
k=1 l 
so that the boundary conditions (6) are satisfied automatically (under the 
assumption that the series converges uniformly}. 

Let us now determine the functions 7;(2) in such a way that the series 
(11) satisfies eq. (5) and the initial conditions (7). 

Substituting the series (11) into eq. (5), we obtain 


2. [TD + o2 T.D] sin P = gts, , (12) 
Alte k Tk j 


where 
Wp = kna/l . (13) 


Let us expand the function g(x, /) in a Fourier sine series over the in- 
terval (0,2): 


< . knx 
g(a d = 2. gy sin T (14) 
where 
l 
ep) =? | aE, t sin 75 ag. (15) 
o 


Equating the expansions (12) and (14) for the same function g(x, !), we ob- 
tain the differential equations 


THA +w? Tp) =g (k=1,2,3,...), (16) 


defining the functions T(t). 
For the solution v defined by the series (11) to satisfy the initial condi- 
tions (7), it is sufficient for the functions T(t) to satisfy the conditions 


T,(0) =0, T,(0) = 0 (k= 1,2,8,...). (17) 
The solution to eqs. (16) with the initial conditions (17) is of the form 1): 


L 
1 , 
T(t) = wp f gp(T) sin wg(t-T) dt , 
o 


or, substituting for g,(T) the expression given for it by eq. (15): 


136 FORCED VIBRATIONS OF STRINGS AND RODS (Cu. IX 


t l 
2 . , kng p 
Tali) = Tol dT f gE, T) sin w(t- T) sin TT dé. (18; 
o o 
Substituting the above expressions for T,(/) in eq. (11), we obtain the de- 
sired solution v(x, t). From the above, it follows that the solution to the 
problem (1) - (3) is expressed in the form of the series 


oo wo 
, RIX knat . Erat | kmx 
u(x, t) = à T,(é) sin u * à (ag cos 77. + bp sin Uu ) sin) > (19) 


where the coefficients 7,(¢) are determined from formulae (18) and 
l 


l 
2 _ krx 2 , knx 
^i] F(x) sin^j dx, bp = pra | F(x) sin dx. (20) 


As an example, let us consider the case in which there are no initial dis- 
placements or initial velocities and only a continuously distributed force 
with linear density 


p(x, t) = Ap sin wt 
acts on the string. In this case, the solution u(x, f) is defined by the series 


u(x,t) = >, TRÀ sin I7 , (21) 
k=l 


where the coefficients T,(/) are determined from eq. (18) and are equal to 
wp Sinwt w sin wyt 


= 2Al oy aye - 
TH) = yu UD [oe ag) (tee. eD 


If o = wp, eq. (22) for T,(¢) loses its meaning and in this case, we have 
the following expression for T(t): 


wpt cos wpt - sin opt 


Ta =- 1-(-1)% 23 
el) =~ 5 1- CH] ar (23) 
Substituting eq. (22) in the series (21), we obtain 
sin (2k + prx 


ao 

4A V 

u(x, t) = — sin wt 2, 
T k=0 (2k+1) (wp 1-02) 


œ  . (2k+1)nat . (2k+1)0x 
sin i sin 


Mu y po (24) 


an? k= (2k +1)? (2, 4 - a2) 


The first term on the right side of eq. (24), which has the same fre- 
quency as the disturbing force, characterizes the "pure" forced vibrations 
of the string. The second term, which applies to the "free" vibrations of 
the string, consists of an infinite number of harmonic vibrations of fre- 
quency 
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_ (2k « 1)na 
ar ar = 7: 

Eq. (24) shows that if the frequency of the external disturbing force w 
is close to one of the frequencies w5,,; of the natural vibrations of the 
string, there will be a term in the expansion (24) with an especially large 
amplitude, as a result of which the phenomenon known as vesonance will 
occur. On the other hand, when the frequency w = wo, ,1, eq. (24) becomes 
meaningless and must be replaced by another equation. This equation is 
easily obtained if we take eq. (23) into consideration. In the case in ques- 
tion, the solution of the problem is 

(x, 2412 ' , i , (2k, + 1)nx 
u(x,t) = -5n (sin w -W cos w sin ——,;— — 
a2n3 (2p, 1) 2k, 41 2k,+1 2k,+1 l 
E .. (2k+1)0% 
' sm Cd 
= 2 2 
k-0 (2k +1) (055,1 - Wp, +1) 


c _, (2k+1)nat (2k + 1)nx 
Murna y T sin 7 


an2? k=0 (2k+ 1)2 CE - TA 


4A 
t^g sin Wap gf 


, (25) 


where the prime in the summation symbol indicates that we should exclude 
the term corresponding to & = ky. 


2. Forced vibrations of a string under the action of a concentrated force 


Let us now examine the case in which the external disturbing force is 
concentrated at some one particular point on the string. Let us consider 
the most interesting case, that in which the force acts periodically with 
period 27/w. We denote by c the abscissa of the point of the string at which 
the force is applied: 


pg(c,t) = Ap sin wt. (26) 


Suppose also that wj(x,!) and u(x, f) are the displacements of the string 
over the segments (0, c) and (c, D), respectively, as shown in fig. 29. 
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The following equations are valid for the functions «4 and u9: 


—s. (0«x«oc), 


af axe an) 

du 8245 

L4 ~ 72 __4 <x< 
a (e<x<l), 
a2 at? 
because there are no external forces in the intervals (0, c) and (c, 1). 
Let us find the solutions to eqs. (27) with the conditions 
ujx-970, Uglyny 270; (28) 
uy | X-C = uol x-c ; (29) 
To = —— =pA sin wl. 0 
° ax | yee ° 8x | xe 


These conditions have the following physical meaning: conditions (28) show 
that the string is fixed at the ends, condition (29) expresses the continuity 
of the string at the point x - c, and condition (30) has the following inter- 
pretation. Let us examine the force pg(c, t) as a limiting case of the force 
pFdx continuously distributed along a segment M1M» of the string (fig. 30); 
that is, we shall assume 


pg(c,= lim pFdx. 
M,7M-M, 


From d'Alembert's principle, we can write the following equation of 
motion for the element M4M»: 
32u au au | 


- p dx — +t To z2 - Ta +pFdx=0. 
ar 9 ax Mo ° 8x1 My 


Now let both points M1 and Mg approach their limiting position M. Since dx 
then approaches zero, the first term of the above equation vanishes, as a 
result of which this equation is converted into condition (30). 
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Let us seek solutions to eqs. (27) in the form 
X(x) sin wt. 


It is easy to see that solutions of this type that satisfy conditions (28) will 
be of the following form: 


uq 7 C1 sin — sin wt , ug = C9 sin 90-3) sin wt , (31) 


where Cy and Co are arbitrary constants. 
By using conditions (29) and (30), we obtain the following system of two 
equations for Cy and Co: 


Li 


. We . wil-c) _ 
C1 sin T Co sin —— -0 


we w(t - c) 


Tos Cy cos — * To 7 C2 cos 


=pA. (32) 


Recalling that p/T = 1/a2, we find from the above system that 


_A_ sin w(l-c)/a C _A_ sin we/a 
“aw  sinwi/a ? 2730 sin wi /a ` 


Then, formulae (31) give the following expressions characterizing the 
pure forced vibrations'of the string: 


C1 


_A sinw(l-c)/a . wx. 
"a5 sin wl/a sin^ singt (0«x«c), 


u 

1 

(33) 

uo = A sinoc/a . w(l- x) 
2° aw sin wl /a 


sinw (c<x<l). 


3. Forced vibrations of a heavy rod 


Suppose that we are dealing with a rather heavy and, at the same time, 
easily stretched rod, whose length in the unstretched state is /. Let us 
suspend it by the end x = 0 and let the end x = / be free. Under the action of 
gravity, such a rod will begin to vibrate longitudinally. If we denote by u 
the displacement of the section with abscissa x at the time 1, the differen- 
tial equation for the forced vibrations of this rod will take the form 


a4 eg, (34) 


where £g is the acceleration due to gravity. 

Since the initial displacements and the initial velocities are equal to 
zero, from the physical meaning of the problem, we need to find the solu- 
tion to eq. (34) that satisfies the boundary conditions 


dul o (35) 


u|x-9 70, ox xd 
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and the initial conditions 
ou 
u| s-9 = 0 2; =0. (36) 
t=0 , atj; -0 
Let us seek a solution to this problem in the form of the sum 
u-Ucrw, (37) 


where v is the solution to the non-homogeneous eq. (34) satisfying only the 
initial conditions (35), and w is the solution to the homogeneous equation 


2 2 
9^w  o90^"w 
— = q^ — 38 
mm axe’ (38) 
satisfying the boundary conditions 
aw 
wl x-0 =0, ax el =0 (39) 
and the initial conditions 
aw 8v 
wl io = AX) = -vl pg, aL pag = a t0 (40) 


Finding the solution v(x, presents no difficulties. For if we take a 
second-degree polynomial in x 


oxà + Bx +y 
and set 
-2 . 8l 
2a? ' 8- 
then, both eq. (34) and the boundary conditions (35) will obviously be satis- 
fied. Consequently, the solution v is found, namely, 


ar 


ve £x 2) (41) 
2a 
It follows from this that 
A) EE, meo. (42) 
a 


We have already examined the problem (38) - (40) in section 4 of Chap- 
ter VII. Its solution is given by eqs. (32) and (35). By means of these equa- 
tions, we obtain 


l 2 
.2 gx(x - 21) sin (2k + 1)nx dx = 16g 


a -——9 
Rous a 21 73a2(2h 1) 


bp-0  (k-0,1,2,...). 


It follows from the above that the solution to our problem is expressed 
in the form 
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© cos (2k + 1)nat sin (2k + 1)rx 
gx(2l-x) 16g? v 2 2 
u(x,t) == - 32 3 
2a2 13a2 &-0 (2k 1) 
By means of this formula, it is easy to compute, for example, the varia- 
tions in the length of the entire rod. Setting x = / in eq. (43), we obtain the 
relative displacement of the terminal section of the rod 


(43) 


" 
gi) 165472 (-1)F (2k 4 1)nat 
"à .9,2 3 COS 773i 
2a "a^ k=0 (2h41) 
The right side of this equation attains its maximum at £ = 2//a, so that 
a Lg , tegi? » (-D* 
max 52 43652 kO (2k 1) 


Recalling that 
aw 
5 co^ r? 
k-0 (2k+1)3 32" 
we find the maximum displacement of the terminal cross section: 
Umax = gi?/a 


It follows from this that when the rod is subjected, to vibrations of this sort, 
its length varies between the limits / and / * gi 2/a2 


4. Forced vibrations of a string with moving ends 


Let us examine the forced oscillations of a string of finite length under 
the action of an external force p(x,/) that is measured per unit of length. 
The ends of the string are not fixed, but they move according to some stated 
law. This problem is reduced to solving the equation 


32u a2 974 x u 
z * ax, 44 
IET gts, t (44) 
with boundary conditions 
u| x-0 7*X1(0 , 4 yey = x(t) (45) 
and initial conditions 
au 
ul po =f), 3 £07 F(x) . (46) 


We may not apply the Fourier method to solving this problem because the 
boundary conditions (45) are not homogeneous. But this problem is easily 
reduced to a problem with zero boundary conditions. 

To do so, we introduce the auxiliary function 


w(x, D) = x + [xa - xy (9] 7 - (47) 
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It is clear that 


w|x-o-2x100 , — wlx- = QZ). (48) 
We are seeking a solution to the problem in the form of the sum 
uw-zUtw, (49) 


where v is a new unknown function. 
Because of the boundary conditions (45) and (48) and the initial condi- 
tions (46), the function v(x, £) must satisfy the boundary conditions 


vly-9 =O, vl gay = 0 (50) 


and the initial conditions 


v| t-o = ul sa - wl teo = Fx) - x1(0) - [x2(0) - x1(0)] 7 = F10) , 


aul au aw 1 1 x (51) 
at t-0 = at t=0 = at t-0 = F(x) =- x1(0) T [x5(0) -x41(0)] 1 = Fy (x) 
If we now substitute eq. (49) into eq. (44), we obtain 
82v 2 a2y 2 82w 32w 
~a = a4 — t glx, t) + a^ —3 - — 
at? 8x2 ui ax2 212 
or, on the basis of (47), 
82v 2 92v 
—. 2 a^ —. + g1(x, È 52 
24 nen, (52) 
where 
gale i) = gle, 0 - x) - Do - x0]. (53) 


Thus, we are confronted with the following problem for the function 


u(x, t): 


22 
— sada + gx, 0) , 


v| 4-9 70, v| y 20, 
av 
vlt = a), 3t tog 7 Fi) - 


The method of solving this problem is explained in section 1 of the present 
chapter. 

As an example, let us examine the transverse vibrations of a string of 
length Z that is fixed at the end x = 0 and subjected, at the end x = /, to the 
action of a disturbing force that causes a displacement of that end equal to 
A sin wt. Here, we assume that at the time ¢ = 0 the initial displacements 
and the initial velocities are equal to zero. 

It is easy to see that this problem is reduced to solving the homo- 
geneous equation 
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a u a2 32u 
a2 ax 


with boundary conditions 
ulx-920, ux =A sin wt 
and initial conditions 
ou 


uto-70, 5, 07 


Let us seek a solution to the problem in the form of a sum 


uw-vtw, 
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(54) 


(55) 


(56) 


(57) 


where w is a solution to the homogeneous eq. (54), satisfying only the boun- 
dary conditions (55), and v is a solution to the same equation satisfying the 


boundary conditions 
vy-9 70, Yl yay = 0 
and the initial conditions 


av 
vito = fe) = wl, sr, 


We seek the solution w in the form 
w = X(x) sin wi . 


Substituting eq. (60) into eq. (54), we obtain 


X"(x) + w X(x) =0 
a 


(58) 


(59) 


(60) 


(61) 


In order to obtain a solution w(x, f) of the form (60) satisfying the boun- 
dary conditions (55), we must find a solution to eq. (61) satisfying the boun- 


dary conditions 
X(0-20, X()-2sA 
The general solution to eq. (61) is of the form 


wx 
X(x) = C1 cos 9* + Cg sin Pu 
In satisfying the boundary conditions (62) we obtain 
- in 9! = 
C170, Cgsin7 =A 
and, consequently, 


sin (wx/a) 


X(x) =A sin (wi /a) ' 


Therefore, because of eq. (60), we obtain 


(62) 
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w(x, 0) = A S1 (wx/ (axa), sie at (63) 


Let us now find the solution v(x, t). From eqs. (59), we easily obtain 


lino =F) =0, $i = Fay =- AS e 


But the solution to the homogeneous equation (54) satisfying the boun- 
dary conditions (58) and the initial conditions (64) is given, as we know, by 
the series 


a 
u(x, Ë) = à bp sin krat sin 57* ; 


where 
l 
2 2Aw a, WH kx, _ ¢_4)k-1 2Aaw . 
bp = kna sin (wi) | sina sin l dx = (-1) L[w2- (kra/1)2] > 
thus, 
-1)k-1 
_ 2Awa (-1) sin knat sin krx (65) 


Taking the sum of eqs. (63) and (65), we obtain the solution to our 
problem: 


sin (wx/a) sin wi + 2Awa S (-1)F-1 sin krat 
sin (wl /a) L k1 w2-(kna/l)2 l 


where we assume that w + kra/l. 


u(x, =A sin EE , (66) 


5. The uniqueness of the solution to a mixed problem 


Let us examine the following mixed problem. 
Find the function u(x, f that is continuous in the rectangle Q[0 < x s /, 
0 < £ < T] and that satisfies, within Q, the equation 


e 2 3-2. (pe) 22) - aodu + gx. , (67) 


where 
pia >0, q(x) 20, p(x) » 0, 


the initial conditions 


wo, P =m (exe), (68) 


t-0 


and the boundary conditions 
ux-o-7x10, ulna (0st«7). (69) 
Let us show the uniqueness of the solution to the mixed problem (67) - (69), 
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under the assumption that the solution u(x, £) has continuous partial deriva- 
tives up to the second order inclusive, within Q. 
Suppose that 44 and wo are two solutions to the problem. Then, the 
difference 
u(x, t) = u1(x, t) - uo(x, 1) 
will satisfy the homogeneous equation 


82v 
px 22 "às (00) x -qW , (10) 
the zero initial conditions 
QU 
v|t970, at "ILE (71) 
and the homogeneous boundary conditions 
v|x-970, eyo =0. (72) 


Let us show that v(x, f) is identically equal to zero in Q. 
Let us examine the energy integral 


L 
EN = 4 pco o +p) (y ZI (73) 
[6] 


and show that it is independent of ¢. Differentiating E(f) with respect to t, 
we obtain 


2 2 
ao. oe 280 no biR aiuta. o 


Differentiation under the integral sign is possible because of the continuity 
of the second derivatives. Integrating the first term on the right by parts, 
we obtain 


dE() _ T av 8v | X-l 
E ‘feta jg Z (on 2 + aa] SF dx + DO) Sa BE gr 
Hence, because of eq. (70) and the boundary conditions (72), it follows that 
22 20,  thatis (4 = constant 


Taking the initial conditions (71) into consideration, we obtain 


l 2 2 
E(t) = constant = E(0) = 4 J je a + p(x) (25) + s] i-0 dx=0. 
Then, it follows from (73) and from the initial conditions (71) that v(x, 1) is 
identically equal to zero in Q, that is, that uy = 45, which was to be proved. 
Remark: The solution to the mixed problem (67) will remain unique if 
the boundary conditions (69) are replaced with the following more compli- 
cated conditions 
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ou du 
ax "Ped x=0 = x1 (2) , 3x * P2] aad = xa(f) D 


where hy and ho are non-negative constants. 


Problems 


1. Find the solution to the equation 
atu = au + bx(x - I) 
ata ax 
with the zero initial and boundary conditions 


u(0,=0,  w(Lt)-0. 


Answer: 
" ait o cos (2n + Drat sin (Bn ne 
u(x,t) = - 35 (x3 - 2x21 4 13) + > 5 
2 7? n-0 (2n +1) 


2. A rod of length /, with the end x = 0 fixed, is at rest. At the time ¿= 0, a 
force Q (measured per unit of area) is applied to the free end and is di- 
rected along the rod. Find the displacement u(x, i) of the rod at an arbi- 
trary subsequent instant. 


Answer: » 
Qx 8QU Y (-0^ (2k+1)rat . (2k«l)nx 
u(x,t) = - cos sin , 
(x. t) E 2 k0 (2k +1)? al I al 


where E is the modulus of elasticity. 


Chapter X 


TORSIONAL VIBRATIONS OF A HOMOGENEOUS ROD 


1. The differential equation for torsional vibrations of a cylindrical vod 


Let us examine a homogeneous circular cylindrical rod of length /. Let 
us suppose that for some reason or other this rod undergoes torsional vi- 
brations, that is, vibrations during which its cross sections remain plane 
and are rotated about the axis of the rod with no distortion of one cross 
section with respect to another. In the case of a circular cylindrical rod, 
the cross sections are not displaced parallel to the axis of the rod, as the 
twisting takes place. We shall consider only vibrations of small amplitude. 

Let us show that, in this case, the angles of rotation of any cross sec- 
tion of the rod will satisfy the wave equation. We take as the origin of our 
coordinate system one of the ends of the rod, and we direct the x-axis along 
the axis of the rod. 

Suppose that mn and mn, are two cross sections separated by a dis- 
tance dx. For the section mn to rotate relative to the section mjn1 through 
an angle 80, a torque M must be applied to it. 

We compute this torque in the following manner: Let us take an infi- 
nitesimally thin cylinder with cross section do (fig. 31). Let us suppose 
that, under the action of the torque that is applied to this section, the end A 
of the generator AÀ is displaced through an extremely small distance 


AB = r dé (1) 
Let us denote by 7 the value of the stress, caused by the displacement 


of the generator AA to the position BA. 
If we apply Hooke's law, we find that 


T-G0, 


where o is the angle AA,B and G is a constant known as the shear modulus. 
It follows from this that the force applied to the cross section dc is ex- 
pressed by the product 


T da = Go dc (2) 


Furthermore, because of the very small dimensions of the triangle 
AA1B, we may assume that 


AB -9dx, (3) 
and by comparing eqs. (1) and (3), we see that 
a6. 


ar Pe 
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consequently, 
88 
Tdo-Gg3-rdo. 


If we now denote by dM the element of the torque applied to the cross 
section dc, we obtain 


dM = rt do = G29 72 do . 
ox 


In order to find the total torque M, we need to integrate this equation 
over the entire area of the cross section mn; we then obtain 


= G28 2 
M=GSJJr dc . 


The integral 
J f 72 dc 


is the polar moment of inertia of the cross section mn. Therefore, if we 
denote this quantity by J, our expression for the torque is 
80 
M = GJ ax" (4) 

Let us now derive the differential equation for the torsional vibrations 
of the rod. 

Let us consider that portion of the rod between the two cross sections 
mn and mjnj whose abscissae are x and x + dx. Thr torque for the section 
whose abscissa is x is equal to GJ d6/dx; the torque for the section with 
abscissa x + dx is equal to 

2 
GJ? , GJ 9 9 ax. 
ox 2x2 
To obtain the equation for the torsional vibrations, we need to equate the 
resultant torque GJ(226/ax2)dx with the product of the angular acceleration 
029/012 and the moment of inertia of the element mnmn3 about the axis of 
the rod. Thus, we obtain 
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220 328 
GJ —; dx = — K dx 
an ar2 , 
where K denotes the moment of inertia of a unit length of the rod. 
If we now divide by Kdx, we obtain 


2 2 _ 
2-5 - a a , where a-4GJ/K . (5) 
at ax 

This is the differential equation for the torsional vibrations of a cylin- 
drical rod. 

If the rod is not a circular cylindrical one, the cross sections will not 
remain plane, but will be warped as the twisting takes place. On the basis 
of the theory, the torque M is determined from the formula 

a6 
M=C PE 
where C represents the resistance to torsion. 

The differential equation for torsional vibrations of a cylindrical rod 
has the same form as eq. (5) except that GJ is replaced by C. 


2. The vibrations of a vod with fastened disk 


Let us investigate the torsional vibrations of a homogeneous rod in the 
case in which one of its ends (x = 0) is fixed and the other end (x = J) is 
fastened to a massive disk with moment of inertia Ky about the axis of the 
rod. If we equate the moment of inertia of the disk with the torque at the 
cross section x =l, we obtain the following boundary condition at the end 
x-l: 

LM 
282 | x=1 

Our problem is thus reduced to solving eq. (5) with the boundary condi- 

tions 


2 
- 9^8 2.228 -JGER, 
8|4-9 20, 212 xo C ox (c = GJ/K1) (6) 
and the initial conditions 
88 
lino = NAs NELCE (7) 


Following the Fourier method, we seek particular solutions to eq. (5) 
in the form 


A(x, 4) = T(t) X(x) ; (8) 
then, we obtain the equations 
T(t) + a332 Tih =0, (9) 


X"(x) + 2X() «0. (10) 
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For the function (8) to satisfy the boundary conditions (6) and not be 

identically equal to zero, the following conditions must be satisfied: 
X(0)=0,  c?x'() -a232x() =0. (11) 


Thus, we are confronted with the eigenvalue problem for eq. (10) with 
the boundary conditions (11). 
Integrating eq. (10), we obtain 


X(x) = Cy cos Ax + Co sin dx. 
From the boundary conditions (11), we find 
Cy=0, (cA cos Al - 222 sin M) Cp = 0. 
Setting C9 # 0, we obtain the transcendental equation 
a2) sin XI - c2 cos Al - 0 ; (12) 
which determines the eigenvalues for the problem (10)-(11). Let us examine 
eq. (12). If we set 
eH, bu, (13) 


eq. (12) will take the form 
sinp -pcosp=0 (p>0). (14) 


To find the real roots of this equation, we need only construct the 
graph of the function 


yecoteh, y=u/p 


and then determine the abscissae of the points of intersection of the two 
curves (fig. 32). 


y} 


" 


Fig. 32. 


Ch. X] TORSIONAL VIBRATIONS OF A HOMOGENEOUS ROD 181 


It is clear from the drawing that the root yp to eq. (14) increases with- 
out bound in absolute value with increase in the index k. At the same time, 
the difference up- (k - 1)r tends to zero. It follows from this that for suffi- 
ciently large k, we may set 


Bg ^ (k - 1) . (15) 
If, from the conditions of the problem, the value of p is small, the 
approximating eq. (15) will give a sufficiently accurate result even if k is 


small. If P is not especially small, we resort to the method of iteration to 
find the roots 


AB1;42;H3;.* 
In this method, we set 
up = (k- 1)T + €p (16) 
and reduce eq. (14) to the following form: 
(k- Dr, €k 
cot € —. 17 
ot €y = P un (17) 
We then take the familiar expansion 
cot €p = noie key o... (18) 
Under the assumption that k > 1, eq. (17) can be rewritten in the form 
-_? 1 1) P 2 b 4 
Ek = (pm (5 + 3) (k- thm & *as(k-im k te (19) 
We take 
e 0 = (20) 


(k- aas 


as the first approximation of the root of eq. (19), and we substitute it into 
the right side of the same equation. Then, if we confine ourselves to the 
first two terms, we obtain as our second approximation 

3 


um = "Gc G+ » s) - (21) 


If we put both the expressions found for ej successively in formulae 
(16), we obtain approximate values of the roots u9,43,..., and then, as a 
first approximation, we have 


Hog =T +2 


T! ug = 2r + È 


27? 


and as a second, 


3 
mar- DO sm B 020) 


With regard to the first root 
H17€1» 
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eq. (17) takes on the following form: 


cot €4 =€4/P. 
Expanding cot €] in a series in accordance with formula (18), we obtain 
2 3p 1 p 4 
€1 73.5 15 3+p 51 t. (22) 


For a first approximation of the root u], we obtain 
y 3b 
My = «QU = 3.5 . (23) 


To obtain a second approximation of the root u4, we need to substitute (23) 
into the right side of (22) and confine ourselves to the first two terms. 

We then substitute the second approximation of the root u1 that we have 
found in this manner into the right side of eq. (22), and so on. By repeating 
this process a sufficient number of times, we can compute the value of the 
root uy with a high degree of accuracy. 

Eq. (14) cannot have purely imaginary roots. To prove this, let us sup- 
pose the opposite. If u = iv, where y is a real number, we have 


iv sin iv - p cos iv - 0 


or 
v sinh y + pcoshy =0, 


which is impossible because both terms are non-negative for all y. 

We shall prove below that eq. (14) cannot have complex roots (that is, 
roots with non-zero imaginary parts). 

Thus, eq. (14) has only real roots. They occur in pairs that are equal 
in absolute value but opposite in sign, so that it is sufficient to examine 
only the positive roots. We denote by 14,45,H3,... the positive roots to 
eq. (14). Then, in accordance with (13), the eigenvalues will be 


hp? = (up/)2  (k-1,2,8,...). (24) 


To each eigenvalue dpe corresponds the eigenfunction 


. HR“ 
Xy(x) = sin 5- (k =1,2,3,...). (25) 
It is easy to show that the eigenfunctions (25) are not orthogonal on the 
interval (0, J. 
For à = Xp, the general solution to eq. (9) will be of the form 
ugat upat 
Tg = dp coSs- y + b, sin — " 


where aj and bp are arbitrary constants. 


We see from (8) that the function 
ukat _ ett HRY 
Op(x, t) - (ay cos Uu * b, sin 7l. Sin Uu 


satisfies eq. (5) and the boundary conditions (6) for all values of ap and bp. 
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Let us define 


a 
ugat . uküt, MRX 
8(x, t) = à (ay cos —— + bp sin —) sin y~. (26) 
For the initial conditions (7) to be satisfied, it is necessary that 
eo 

HRY 

a(x, 0) = à ap sin = fe, (27) 
€ auk Xx 

m 

86,0) . D TPR sin = F(x). (28) 


a “ga ER OY 


These equations show that to find the coefficients ap and bp, we need to ex- 
pand the functions f(x) and F(x) in a Fourier series of the eigenfunctions 
(25). It has been shown that these functions are not orthogonal in the inter- 
val (0,7). But it is easy to show that the functions 


HRY 
cos -y~ (k =1,2,...) (29) 
form an orthogonal system of functions in the interval (0,1). 
It is easy to show that 


DO HRK un Hp tan Hp - Hy tàn Hy 
Í cos = cos -7- dx = ! cos ug cos Hy 2 2 
o Hk" - Hn 

from which it is clear that if wp and uw, are roots to eq. (14), 


l 
u 0 for k £n 
f cos ËZ cos Ë dx =}, , (30) 
o 


l I . - 
dup (2u,+sin2up) for k=n. 


Let us also suppose that the series (27) and (28) can be differentiated 
termwise with respect to x. Then, by taking eq. (30) into account, we 
easily find the values of the coefficients ap and bp: 


4 


! uk 
=- ' - 
ak = 2up + sin 24 f f'(X) cos dx 


L 
o 
l up* 
f F'(x) cos = dx. 
[e 


"EE 
k = Tup Wp + sin 2ug 
Substituting these values for the coefficients in the series (26), we obtain 
the solution to the problem of the torsional vibrations of a homogeneous 
rod. 
We stated above that eq. (14) 


H sing - pcosu=0 


can have only real roots. Let us suppose the opposite. Suppose that u- a* ib 
is a root of eq. (14). Since p is a real number, eq. (14) will also have the 
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conjugate root u =a - ib. To these roots correspond the two eigenfunctions 


X(4) = sin CHD, XG) = sin (7195, 


From the condition of orthogonality (30), we have 


l . : 
Í cos (a +ib)x tib) cos (a-ib)x dx 


o 


=0 


or 


l 
f (cos? F cosh? Px + sin2 T sinh2 2) dx = 0 
o 


and we arrive at a contradiction. 


Problems 


1. Discuss the torsional vibrations of a homogeneous rod with one end 
(x = 0) free and the other (x = J) attached to a disk whose moment of in- 
ertia is ky. 

Answer: 
kat _ Ekat HRY 


a 
a(x, f) = à (ap cos T + b, sin 7 cos Uu 


+H 
ap = 2 el Fo sin ^F ay ; 
uk P(P+1) + up 
2 
a) Peu 
bk = —À rd] n HY ax, 
aup* b(p*1) + up 


where M1,42,H3,... are the positive roots of the equation 


ucosu*psingu =0 (oe iro). 


2. Discuss the torsional vibrations of a rod, both ends of which are at- 
tached to identical disks. 


Answer: 
ao 
ppat . Upat , HRS op Mex 
8(x, t) -à (ay cos —— + by sin ^j ) (sin Doa 991) 
2u l u m 
2 | PO (cos 4 P. sm” dx , 
ug? + p(p+2) à Hk l 
21 l 


= aļlug? + p(p+2)]} 5 
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where 41,42,H43,... are positive roots of the equation 
u p 
2cotu - 7 -— - IK/K 
475-4 (b = IK/K3) 


. Suppose that a rod is fixed at one end (x = 0) and that a weight P is hung 
at the other end (x = l). Discuss the longitudinal vibrations of the rod un- 
der the assumption that an external force pg(x, !) is acting on it. 

Method of solution: The problem is reduced to integrating the equation 


32u 2 32u 
T7 —,* gíx, t) 
o" ox? 
with boundary conditions 
- anu =- 2? = /gE/P 
u| x-0 0, a8 | xa c^ 3x xe (c gE/ P) 
and initial conditions 
du 


ul = F(x) 3 at 


= F(x). 
t=0 e) 
Answer: the displacement of a cross section of the rod is expressed by 
the sum 
u = u1 + ug " 


where uj denotes the free vibrations of the rod (which are determined 
from formula (26) if we replace 6(x, f with u1) and where u3 denotes the 
forced vibrations of the rod, which are determined by means of the se- 
ries 


< Ex 
uox, t) = > T sin— , 
amd = 2. TW sin 7; 
where 


Tt) = 


2 p? + up eg, T) in Hee =7) wee 
aug ped ete [ar [2H 7 cos > dé, 


and u1,42,43,... are positive roots of the equation 
utanu-p (p= glp/P) 


Chapter XI 


ELECTRIC OSCILLATIONS IN LINES 


1. Transient phenomena in electric lines 


Suppose that we have an electric line in which oscillations have been 
set up as a result of some external influence. Suppose further, that, at the 
initial instant /=0, the steady state of the line is suddenly changed. Such 
changes can take place for various reasons. For example, ina circuit with 
constant current and constant voltage, the resistance may suddenly be 
changed from Ra to Rp, or an aerial may suddenly receive a charge of 
atmospheric origin. 

As a result of such a change, the electric line will pass from its ori- 
ginal state into a new state; this change will not take place instantaneously, 
but will require a more or less extended period of time, which theoretically 
may be infinite (though, in actuality, it is finite). During this time, oscilla- 
tions characterized by the values of the voltage vg and the current if will 
take place. We shall assume that during the time of the transient process 
the state of the line is determined by the following resultant values of the 
current and voltage: 


i=ig+if, vEvg+ ve, (1) 


where ig and vg are the current and voltage in the steady state of the line. 
For ¢ = 0, that is, at the beginning of the transient process, these 

sums must be equal to 74 and v1 (4 and vz being the current and the voltage 
in the original state). It is obvious that the functions ig and vg must satisfy 
the system of differential equations 

av 8i . az av _ 

axte gt =O,’ ax* Cap ^ Gu=0, (2) 
which were derived in Chapter V, and that the functions ig and vg must 
satisfy the system of equations 

duo 


dig 
ax ^ 8270, dx t=O. 


2. Steady-state processes following the application of a voltage 


Let us examine, as an example, the following process of steady-state 
oscillations in a line. Let us suppose that we have a line of length Z that, at 
some initial instant of time, is characterized by the following values of 
voltage and current: 
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vU17-0, i470. (3) 


Let us now suppose that, at the time ¢ = 0, one end (x = 0) of the line is 
connected with a source of constant voltage E, while the other end (x = /) 
remains open. Thus, a change in the circuit will then take place, and its 
final steady state will be characterized by the quantities v9 and 29, which 
must satisfy the system of equations 


dvo dio 
dx + Rig=0, dx * 67270 (4) 
and the boundary conditions 
Uglx-Q 7 E, ighyay=0- (5) 
The general solution to the system (4) is of the form 
Ug = Aye OX + Ag eX ig -2 (Ay ex - Ay eb) , (6) 
where 
b=VRG. 


From the boundary conditions (5), we have 
Ay+Ag=E, Aje% -Aged =0, 
from which 
| Eebl |o geb 
^l^Zsihbi' 42" cosh Bi 
Substituting in eq. (6), we obtain 


cosh b(l- x) in = Eb sinh b(t - x) (7) 


vQ-E cosh bl ^" 2^ R cosh bl 


We know that, at the time of the transient process, the state of the line 
is characterized by the quantities 
v=vgtu, t= tot ir. (8) 
Obviously, if we find the values of v; and ip, we can also determine the 
transient state of the line. 
At the first end (x = 0), where the voltage E is connected, the voltage v 


immediately takes the value E. Therefore, it follows from eqs. (8) and the 
boundary conditions (5) that 


wl yng 70. 
Thus, the fact that the other end (x - 1) of the line is open implies that 


ig] e-.17 0. 
Also, the functions v; and i; must satisfy the initial conditions 


vil z0 = Ul too ~ 91:29 = V1 - val i20 ; 


el i-o = ĉl z0 - i2li-0 = 51 - fal ico, 
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or, on the basis of (3) and (7), 


__ p cosh b(l - x) ; =F b sinh b(I- x) 
Mlto=- E Cosh p] ^ — 31-077 Fg ^ cosh bl | 


Thus, to determine the functions vr and 7s, we need to solve the system 
of differential equations 


av 9i ot Qu 
ag tb apt i= 0, ax £Capt 6-0, (10) 


satisfying the boundary conditions 
Ulx-o70. igh yay = 0 (11) 


and the initial conditions (9). 

To simplify calculations, we set G —- 0; that is, we assume that the 
conductor is completely insulated. Then, eqs. (10) and the initial conditions 
(9) take the simpler form 


dvg dif . dif avf 
3x" Pap F0. ax tC ap o0 (12) 
vU;o--E,  ġl0=0. (13) 


With the boundary conditions (11) in mind, we seek a solution of the 


form 
vf = Dp T p(t) sin (2k + 1)1x => + pt) cos (2k + nx 


al ; E-0 al 


(14) 


Substituting (14) into the system (12), we obtain 


2k + 1yrx 
Gers o, 


l E DT mL) e LTEC) + Rr, (0) cos 


> |- (2k + I)m tan tglt) + cT] sin 24+ rx +I =0, 


from which, 


2k +1)" 


Lry() + Rreh + PHFD" pi Lo, (15) 


CT) - Cu TK) =0 (k=0,1,2,...). (16) 


Differentiating eq. (15) and replacing T, (i) with the value given by eq. 
(16), we obtain 


2 52 
THD + E ey a CREME uuo ig, (17) 
a a arc * 
The general solution to eq. (17) is of the form 
rp(t) = e-9! (Ap cos wkt + By sin wkt) , (18) 


where Ap and Bj are arbitrary constants and 
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rr 
.R (2k +1)2 72 R2 
2L? er 7  4ÜLC a? (19) 
Substituting eq. (18) into eq. (15), we obtain 


2IL 
Tp(t) = - (e+ Dr 


It now remains to determine the constants Ay and By that will satisfy 
the initial conditions (13). Setting ¢ = 0 in the solution (14), we obtain, as a 
result of (13), 


e". [(wAp + wpBp) cos wpt + (AB, -wpAp) sin wet]. (20) 


_ (2k + 1)0x E (2k +1)1% 
-E= > T,(0) sin UN 0= à T4 (0) cos M» E 
from which, 
2k + 1)rx 4E 
TAO) = - JE n G+ Dr dx - ae Ija ’ Tp(0) =0 (21) 
(k=0,1,2,...). 


If we now set ¢=0 in eqs. (18) and (20), and if we take eq. (21) into 
account, we obtain 


and, consequently, 


-~._ 4F . „at i 
Ta} =- (2k+ rwg ° (wz, cos wptt+ a sin at) , 


(22) 


TAA = Tay e79 sin wpt . 


Substituting the functions 7,(#) and 7,(é) into the series (14), we obtain 


wk cos wht «o sin wkt — (2k+1)rx 
(2k + l)wp sna? 


æ 
o=- Feat 2 2. 


(23) 

; _2E yt B sin wpt (2k 4 1)nx 

tg = Fp ee cos . 

IL? k-0 k 21 
From (19) and (23), it is easy to see that if R< n(L/C)a/, the free 
oscillations in the line are made up of the damped oscillations. If R> 
T(L/C)3/l, a finite number of first terms in the series (23) describes the 
non-periodic motion. In an arbitrary case, the solution (23) will be damped 
with increasing £ Formulae (7), (8), and (23) give us the final expressions 
for the voltage and current: 
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- 4E ot wp cos wkt * o sin wpt.—— (2k « T)nx 
v=E n (25 + tug sin 
; 2E ot sin wkt (2b + 1ynx 
i= e È wp cos — 37 . 


These determine the transient state of the line. We recall that we assumed 
that G = 0. Consequently, b = 0. 


Problems 


1. A line of length / is free of distortion (R/L =G/C). Suppose that a con- 
stant potential E is applied to it. Suppose that the end x = / is insulated, 
and that at the instant ¢= 0 the other end (x = 0) is grounded. Show that 
the potential at any point x is equal to 


(2k + 1)nx cos (2k + 1) nat 


LAE (R/L Y Z A 2] 2- 
v=- e ) à PSI (a^ = 1Y/LC). 


2. Suppose that a potential E is applied to a line of length Z in which there 
are no losses (R - G - 0), and that this line is open at both ends. Deter- 
mine the current at every point of the line if, at the instant £ = 0, the end 
Xx -l is connected to a coil with self-inductance Lj, whose end is 
grounded. 

Method of solution: The initial and boundary conditions for the free vi- 
brations are the following: 


vfl;z-Q9- E, ifl0=0, 
. dig 
Hlx-0-0,  vglæ= =LI gt - 
Answer: 


a 
. C sin (ugat/l) sin (upx/l) 
ig = 2aE yc > 3 
k-1 [ug^ + o(1*o)] cos up 
where u1, 42, 43,... are positive roots of the equation 
wtanw=a@ (a -IL/Lj). 


(a2 = 1/LC) , 


Chapter XII 


BESSEL FUNCTIONS 


1. Bessel's equation 
In solving many of the problems of mathematical physics, we are led 
to the linear differential equation 
x2y" + xy! + (32-2) 20, (1) 


where V is a constant. This equation is encountered in problems in physics, 
mechanics, astronomy, and elsewhere. Eq. (1) is called Bessel's equation. 
Since eq. (1) has a singular point x = 0, we seek a particular solution to it 
in the form of a generalized power series: 


yaa? 2 ap xt (ag #0). (2) 


Substituting the series (2) into eq. (1), we obtain 
(p2 - v2) ag x? + [(o« 1)? - v2] ay xP +1 


eo 
+ à (l(o * 39? - v2] ap + ap.) PAL (3) 

Jf we set the coefficients of the various powers of x equal to zero, we obtain 
p2-v2=0, (4) 

[( +1)? - v2] ay =0, (5) 

[0452 - v2] a, + apy - 0. (6) 


From the first equation, we find two values for p: 
Py=¥ and pg=-v. 
If we take the first root p =v, we then obtain from eqs. (5) and (6) 


45.2 
a, 70 and Ik=- k(2y +h) (k= 2,3,4,...). 


It then follows that 
4op44 = 9 (£20,1,2,...) , 


and the coefficients with even subscripts are obviously determined by the 
formulae 
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to Zo 
as = - —«————— a4 = = 
2^^33p.0)xrn' 4 pwe? 


from which it is clear that the general expression for the coefficients a2, 
is of the form 


c., 


bo 0 ( 
22k(y c 1)(v « 2)... (V+k)XR! 


For the coefficient ag, which up to now has been completely arbitrary, 
we choose the value 


azp = (-1) =1,2,3,...). 


1 
=— = (7) 
rvs)’ 
where I(v) is the gamma function, which is defined for all positive values 
of v (and also for all complex values with positive real parts) by 


29 


T(v) = f eX xV-ldx. (8) 
ò 


With this choice of ag, the coefficient 25, can be written in the form 
4o 

22k p (ve 1)(v 42)... (vk) T(v*1) 

This expression can be simplified if we use one of the basic properties of 


the gamma function. If we integrate the right side of eq. (8) by parts we ob- 
tain 


agp = (-D* (9) 


T(v«1)-vr(v). (10) 


We note that formula (10) makes it possible to define the gamma func- 
tion for negative values of v and also for all complex values. 

Suppose that k is some positive integer. By repeated application of 
formula (10), we obtain 

T(v+k+1) = (vt 1)(v+2)... (+k) T(v41). (11) 
Setting v = 0 in this formula, we find, on the basis of the equation 
r(1) = { e*~dx=1, 
[o 


another important property of the gamma function, which is expressed by 
the equation 
T(k«1) - £t. (12) 
By applying eq. (11) to the expression on the right side of eq. (9) for 
the coefficient a9,, we obtain 
(-1)” 


= . (13 
g2kev y pD(viks1) 


22k 
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If we substitute the values found above for the coefficients 255,4 and agp 
into the series (2), we obtain a particular solution to eq. (1). This solution 
is known as the Bessel function of the first kind of v-th order and is ordin- 
arily denoted by Jy(x). Thus, 

y CD (ax) HY 


goo KIT (V +k+1) ` (14) 


Jy(x) = 
The series (14) converges for all values of x, which is easily verified by 
use of d'Alembert's test. 

By using the second root 95 = -V, we may obtain a second particular 
solution to eq. (1). Obviously, it may be obtained from eq. (14) simply by 
replacing v by -v, since eq. (1) contains only v2 and is not changed when 
we make this substitution: 

(CIE (gx)-¥+2h 
Jy = k T(-v+k+1) 
po F +1) 


(15) 


If v is not equal to an integer, the particular solutions Jy(x) and J.y(x) 
to Bessel's equation (1) will be linearly independent, since the expansions 
on the right sides of eqs. (14) and (15) will begin with different powers of x. 
However, if v is a positive integer n, we can easily show that the solutions 
Jy{x) and J-n(x) are linearly dependent. To show this, we note that for in- 
tegral values of v and for k = 0,1,2,... ,5-1, the value of -v + k + 1 will be 
a non-positive integer. For these values of k, we have I'(-v+k+1) =~, 
which follows from the formula 


T(m) =I (m+1) , 
m 
Thus, the first n terms in the expansion (15) vanish and we have 


Ş CD*d9-m 
Jan) = 2 ory +) Tn «& «1) 


or, setting k =n +1, 
S CD deem 
J-06) = (0^ 2, T+) T@+l+1) ’ 
or 
J_y(x) = (-1)" Jy(x) (nis an integer) . (16) 


From this it follows that for integral values of n, the functions J,(x) 
and J-4(x) are linearly dependent. In order to find the general solution to 
eq. (1) when v is an integer, we need to find a second particular solution 
that is linearly independent of Jy(x). To do this, we introduce the new func- 
tion Yy(x), defined by 

Jy(x) cos v" - J yl 
¥y(x) = f ) Tul ) 


sin vr (17) 


Obviously, this function will also be a solution to eq. (1), since it is a 
linear combination of the particular solutions Jy(x) and J.y(x). It is then 
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easy, on the basis of eq. (16), to verify that when v is a whole number, the 
right side of eq. (17) takes the indeterminate form 0/0. If we evaluate this 
form by l'Hopital's rule, we shall obtain, after a number of calculations 
(which we do not reproduce here because of their complexity), the following 
representation of the function Y„(x) for positive integral values of n: 


Y, = 243) in ix - 1 S (2B! quy mde 
1 20 (-1)F ( jap (bel) T'(n+k+1) 
UT à k! (ken) ea * verre]: (18) 


In the special case of n = 0, the function Yo(x) is represented as 


k ($228 T (6&1) 
(k)) T+ 

The function Yy(x) that we have just defined is called Bessel's function 
of v-th order of the second kind, or Weber's function. Weber's function 
Yy(x) is also a solution to Bessel's equation, even when v is an integer. 

Obviously, Jy(x) and Yy(x) are linearly independent; consequently, for 
every value of v (integral or not), these functions form a fundamental sys- 
tem of solutions. It follows from this that the general solution to eq. (1) can 
be represented in the form 


y- Cy (x) + CoY (x) , (20) 


where Cy and C9 are arbitrary constants. 
We conclude this section by noting that the following recursion formu- 
lae are valid for Bessel's and Weber's functions: 


(19) 


Yo(x) = 2 Jo(x) In àx - 2 à 


JU = Fug) ZI) YW) = Yad -E ye), (20 
TA) =- Tus ss, WD) =- Yor +E Ve), (22) 
Jo) = yl) vr)» Your) - D wl) - Yn). (28) 


Formulae (21) and (22) can be verified directly by differentiating the 
series for Bessel functions. For example, let us prove formula (22). We 
have 


ds E]. ds | 2V +2k cotat k+ D 


d (-1)* 2kx2k-1 - Y (-1)* x2k-1 
k=1 2U*2k p D(v+k+1) k=1 (k-1)! T(v ek 1)27*25-1" 


If we replace the index of summation k by k +1, we obtain 
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d l "4d E (-1)* x2k+1 _ 1 = (-1)* (ix) *1«2h 
dx| y" k-0 k! D (v +k) 7*2 — 4v RO j'T(velebel) ” 


and, if we compare this expression with the right side of eq. (14), with v 
replaced by v +1, we obtain 
d (A(x) _ Jy (X) 
dx| qv) 
By performing the indicated differentiation on the left side, we can 
prove formula (22). Formula (21) can be verified in an analogous fashion. 


x" 


2. Certain particular cases of Bessel functions 
The most frequently encountered Bessel functions in mathematical 
physics are 
Jo(39 , HE), Yo(x) and Jin ail) , 


where n is an integer. 
The first two of these are represented by the series 


2 A x6 
Jaex 21-* + - +... 24 
olx) 22 22x42 22x42x62 (24) 
x x2 x4 x8 
Ji1(x) == (1 - - +...). 25 
19 a ( 2x4  2x42x6 2x42x62x8 ) (25) 


Detailed tables of these have been made. The graphs of the functions 
Jo(x), J1(x), and Yo(x) are shown in figs. 33 and 34. 


Fig. 33. Fig. 34. 


It is clear from formula (23) that calculation of the functions J9(x), 
Ja(x), and so on, reduces to calculating the corresponding values of the 
functions Jo(x) and J(x). 

Let us now turn to the function Ju 4i(x), where n is an integer. Let us 
first find the values of the functions J1 x) and J-4(x). From the expansion 
(14), we see that 
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But it follows immediately from formula (11) that 


3,4 = 15355... (2k+1) na 
ree = AAAS), 


where 

T(z) =v". 
Thus, oo R 2k41 
nly -VZ > pe eet 
2 TX k=0 (2k + 1)! t 


This last sum is the expansion of sin x in a power series, so that 


2 . 
Jala) = yz sin x. (26) 
In an analogous way, it follows from the expansion (15) that 
2 
J ax) = VÆ cos Xx. (27) 


If we now apply formula (23), we easily see that 


2 sin x 2 f. 1 1 1 
Jala) = yz (- cos x+ =y ) = V [sin (x - 37) + 5 cos (x - i ; 


Js(x) = yz |. sin x + H [sin (x - 87) + t cos (x - inj 


- VK - 5) sin (x-1) +Ž cos -n |. 


In general, the function J,,1(x) for an integral value of n is expressed 
in terms of the elementary functions; specifically, 


/2 [y (1l. 1 
J, 40) = y "x P) sin (x - inr) + Qn-1(5) cos (x - nn) | ; (28) 
where P,(1/x) is a polynomial of degree n in 1/x and Q, j(1/x) is a poly- 
nomial of degree n - 1. P,(0) - 1, and Qj ,(0) = 0. It follows from this that 


for large values of x, we obtain the asymptotic representation of the Bessel 
function 


Jy(x) = yz [eos (x - 2v - 17) + 00-3) (x> 0), (29) 
where O(x-1) denotes a magnitude of the order of 1/x. 
We note that the asymptotic formula (29) is valid not only for v =n + 1, 
but for all values of v. 


3. The orthogonality of the Bessel functions and the voots of these functions 


Let us examine the equation 
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x2y" + xy! + (k2x2-v29 = 0, (30) 


where k is some non-zero constant. 
We introduce, instead of x, the new independent variable / = kx. Then, 
eq. (30) becomes 


2 
d dy 
f2 "IE + ((09-»23, 20, 


di 


which is Bessel's equation. Consequently, the function y = Jy(kx) will be the 
solution to the equation 


dJ (bx) dJ (kx) 
dx2 +x dx 


or, dividing by x, we may rewrite the given equation in the form 


d le a (ex - e plk) 20. (31) 


xà + (2x2 - v2) Ju (hx) = 0 


dx dx 


Let us take two distinct values of k and write the corresponding differ- 
ential equations 
a f alkia) 3 
dx E et (5 x- p) Jy (24) =0, 


= EIE (kg? 9^x - p Jy(kox) = 


Let us multiply the first of these equations by Jy(k3x) and the second 
by Jj(&(x), and subtract the first from the second. After some manipula- 
tion, we obtain 


dJ, (k4x) dJ, (P ox): 
ww] d (32) 


d 
(ley? - k12) xd (43) Ju (9) = ds [va i - yn) 


If we now apply formula (14), we can easily see that the expression in 
the square brackets can be expanded in powers of x; in such an expansion, 
the lowest power of x will be 2(¥+1). It is clear from this that the above 
expression will vanish for x - 0 if v > -1. With this in mind, let us inte- 
grate eq. (32) over the finite interval [0,7]. We then obtain 


l 
(52 - 142) [ die Jp (eg) dx = L[1Jp UD Julka) - Kod (lod Ju 0610]. (33) 
Q 


where the prime followed by parentheses denotes, as usual, differentiation 
with respect to the argument. For/ = 1, this formula becomes 


1 
(53 - 33) f alkid Fy llega) dx FU) Jolko) - dog) JUS (34) 
o 


Let us now show that if v >--1 the Bessel function Jy(x) cannot have 
other than real roots. Suppose that it has a root of the form a + ib, where 
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a #0. In the expansion (14), all coefficients in the expansion are real and, 
consequently, the function Jy(x) must have, in addition to the root a + ib, 
the conjugate root a - ib. Let us set ky =a +ib and ko =a - ib in formula 
(34). Here, k12 + ko? and the formula gives 


1 
f xJy(R1x) Jy (kox) dx =0. 
o 


The quantities Jy(&1x) and Jy(kox) will be complex conjugates; conse- 
quently, in the preceding formula, the integrand will be positive and the 
equation cannot be valid. Let us now show that the function Jy(x) cannot 
have purely imaginary roots. If we substitute + ib in formula (14), weob- 
tain an expansion containing only positive terms: 


oo 
1 p?* 


EDO b'T(v obo 1) Qtek’ 
since, as is indicated by eq. (8), the gamma function has only positive 
values for positive values of x. 

Let us now show that the function Jy(x) does have real roots. To do 
this, we use the asymptotic expansion of a Bessel function (29): 


Jy(x) = yz [cos (x - gum - 47) + 06-3) (x» 0). 


It is clear from this formula that, as x increases without bound, the 
second term in the square brackets will approach zero and the first term 
will oscillate infinitely between -1 and +1. It follows immediately that the 
function J,(x) has an infinite number of real roots. 

Thus, we arrive at the following result: if v > -1, the function Jy(x) 
has all real roots. 

We further note that it follows immediately from the expansion (14), 
which contains only even powers, that pairs of roots of J,(x) will be iden- 
tical in absolute value and opposite in sign. Thus, we need only examine 
the positive roots. Suppose that kq = u;/1 and ko = uj/l, where uj and uj are 
two distinct positive roots of the equation 


Jy(x) 20. (35) 


Then formula (33) directly yields the following property of orthogonality of 
the Bessel functions : 


f xJy (ki 2) Jy(uj 2) dx-0 (ij. (36) 
o 


Now suppose that k = u/l, where u is a positive-root of eq. (35). Let us 
set ky = k in formula (33), and let us assume that kg is a variable that ap- 
proaches k. We then obtain 


IJ, (RI) Ju (R31) 
kg? -k2 


l 
f xJy(kx) Jylkox) dx = 
o 
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As ko approaches b, the right side of this equation becomes indeter- 


minate, since the numerator and denominator both approach zero. By using 
l'Hopital's rule, we obtain 


I xJy? (s *) dx = HJ 2(y) . (37) 
o 


Setting x = u in formula (22) and remembering that u is a root of eg. 
(35), we obtain 


Jy(u) = - Jv+1(H) , 


and formula (37) can be rewritten in the following form: 
l 
f xJy2 (s ?) dx = iB Wu) . (38) 
o 


We thus obtain 


l 0 for j*i 

x x E 
xJy (ug 7) Jy (ug 7) dx = 2. (39) 

J (41) 47) MPU) =u) for fi, 

(v ? -1) , 
where p; and j are positive roots of the equation Jy(x) = 0. 
Let us now examine the more general equation 

aJy(x) + BxA(x)=0 (v»-1), (40) 


where a and $ are real constants. 
Suppose that k1 = u;/1 and ko = uj/l, where u; and pj are two distinct 
roots of eq. (40); that is, 


aJy(bl) + Be3lJU(b4l) 20, — oy (Eol) + 8kolJy (Eg!) 40. 
It immediately follows that 
hyd (kyl) Jy (Rol) - Rody (kal) Jy (Ri) 20, 


and, consequently, in this case, the right side of formula (33) is equal to 
zero and we have, as before, the condition of orthogonality (36). 
Just as above, it follows immediately from the condition of orthogonal- 
ity that eq. (40) cannot have complex roots of the form a + ib, where a # 0. 
Eq. (40) also cannot have purely imaginary roots + ib (with the exception of 
the case in which a/8 +v<0, when it does have two purely imaginary roots). 
It is easy to show that eq. (40) does have real roots. Let us set 


2 
»-4209) + (1-25) o). 
x 


Then, after certain simple calculations, we obtain 
d m my 
ax |Jp@) | ^ 52,. ° 
ve Jy(x) 
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It follows from this that between any two consecutive roots mj and uj,1 
(where p;,1 > Mj ? v) of the function Jy(x) the derivative 


d EL <0. 
dx | Jy (x) 
Consequently, the function ady(x)/Fy(x) decreases monotonically from 
+ to -« as x is increased from H; to uj;,1, and therefore, it takes on every 
value once and only once. It follows from this that eq. (40) has one and only 
one root in the interval (uj, u;,1). Thus, we have the following result: 
If v > -1 anda/f+v is non-negative, all roots of eq. (40) will be real. 
Suppose now that k = u/1, where p is a positive root of eq. (40). Let us set 


kı =k in formula (33) and let us assume that kg is avariable that approaches 
k. We then obtain 


I IRJ (u) Jy (Ro) - kod (kp) J,(u)] 

f xJ (kx) Jylkox) dx = (ka 2 2 2 

o k2" - 
As ko approaches k, the right side of this equation becomes indeterminate. 
By using l'Hépital's rule, we obtain 


n t - J' 
f xJ? (s DER _ He (u) - Jy (u) 200) uJy(u) Jy(u)] 


or, by using the equation 
1 2 
Solu) +7 Jut) + (1- 75) lu) - 0, 
H u 


we arrive after certain simple manipulations, at the formula 


f xJy*(u 7) ax - i? uw «Q -%) Iu). 


and, by remembering that 
Jy) = -= ga 7v (9 , 


we finally obtain 


l 
x _ 192 a2 - B2p2 
f x (u 7) dx = 327 (1 + Po a) (41) 
o 
where yu is a positive root of eq. (40). 


4. The expansion of an arbitrary function in a series of Bessel, functions 


Suppose that an arbitrary function f(x) is represented in the form of a 
series 
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oo 
fo) = 2. ay, Hj) (> -1) (42) 
ia? » i 2) , 
where 41,42,43,... are positive roots of the equation Jy(x) = 0, numbered 


in increasing order. 

To determine the coefficients aj, we multiply both sides of eq. (42) by 
XJ, (u;x/I) and integrate the result over the interval [0,7], assuming such 
termwise integration is possible. Then, taking formula (39) into considera- 
tion, we obtain 


l 


2 x 
= ———R———— xf(x) 4 Mig dx. (43) 
Paz ud J ol 2 


The expansion (42), in which the coefficients a; are determined in ac- 
cordance with the formula (43), is called an expansion of the function f(x) 
in a Fourier-Bessel series. 

In mathematical physics, one frequently encounters the following series 
in Bessel functions: 


a 


oo 
x 
fe) = 2 (at), (44) 
t= 
where 41,42,43,... are the positive roots of the equation 
ay (x) + Axdy(x) = 0, (40) 


numbered in increasing order, where a/B+v > 0. 
On the basis of the orthogonality of the Bessel functions and of formula 
(41), the coefficients b; are determined by 


bi = 2 ftm ty ur) an (45) 
) [e] 


The expansion (44), in which the coefficients b; are determined by the 
formula (45), is called the expansion of the function f(x) in a Dini-Bessel 
series. 

If o/8- v 2 0, then, as will be shown below (see eq. (49)), x” will be 
orthogonal to the functions Jy(ujx/l), with weight x, over the interval [0,!], 
and, therefore, expansion (44) must be replaced by 


oo 
o » 
= v . X 
f(x) = box p bid, (ui ) (46) 
In this case, eq. (40) can be rewritten as 
1 V 
Jy(x) => Ju(x) 


or, on the basis of formula (22), 


172 BESSEL FUNCTIONS (Ch. XII 


vd, (x) 
x ? 


Jy(x) = - Jy44(9 + 


we obtain 
Jy 4109 = 05 (47) 


that is, 41,49,43,--- Will be roots of eq. (47). 

To determine the coefficient 59, we multiply both sides of expansion 
(46) by +1 and integrate with respect to x from 0 to J, assuming that 
termwise integration is possible. Then, we obtair 


1 by 2v +2 l 1 x 
; Jeep + A ti rm Jy (us 7) ax. (48) 


We already have the formula 
or 1 
t 
Integrating this identity, we obtain 


vel 
f xV*1 J (xt) dx = E Jy 10 . 
o 


If we now set ¢=y,/l, where u; is a root of eq. (47), we obtain 


l 
Í wy, (us 7) dx =0; (49) 
o 
then, it follows from eqs. (48) and (49) that 
L 
_2(v+ 1) v4l 
o = (yi) ] xV"** fx) dx. (50) 


The coefficients b; (¢ = 1,2,3,...) are determined from tormula (45), 
which follows immediately from eq. (49). 


5. Some integral representations of the Bessel functions 


Bessel functions admit various representations in the form of definite 
integrals and line integrals. One of the simplest integral representations 
was given by Poisson. It can be obtained in the following manner: 

We have 

(13 +2k 
T(k«1)Tr(v-k«1)" 


TORPAT (51) 
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We multiply the numerator and denominator of the general term of this 
series by T'(v - 3)P (b - 2) and, since 
T(k+1) T (kel) - /m 272k (22)! , 
we obtain 
C-0*G3"?* — GAY  Co* 2f r+) r(t) 
T(k-l)r(v-b«-1) J/mr(v«li) (22)! T(v+k+1) 


or, on the basis of a well-known formula, 


ni cos? sintte ap = 1 T (m1) T (n 
SL = 1 

a 2 T +3 
(-D* Gaye? — — ads Cae 
T(k-l)T(v-h-1) Vt T(v+d) (22)! à 


cos Wg sinko dp. (52) 


As a consequence of eq. (52), the series (51) takes the form 
i 


2049 S (huh 
2v, 2k 
Jr T(v+4) 0 (28): f cose sine de . 


JyG) = 


Interchanging the summation and the integral, we obtain 


|| 26x" Qu (-1)* «2% sin Re yp 
Ja) = B (" coso > (2h)! (53) 


This last manipulation is permissible because of the uniform convergence 
of the series under the integral sign. This series is easily summed: it is 
equal to cos (x sin 9). Thus, we finally obtain Poisson's formula 
1 
2(hg" — ge 
(23) f cos (x sin €) coso dp , (54) 


Jy(x) “Ted i 


where the real part of v must be greater than -3 for the integral to con- 
verge; in this case, x can take any real or complex value. 

Introducing a new variable of integration (making the substitution f= 
sin €), we may rewrite eq. (54) in the form 


E CN 


1 1 
f (1 - 2)" ? cos xt dt. 
Jn T(v +3): 


o 


Ju(x) = 


1 
Since the integrand here is even and the function (1 - /2)"72 sin xf is odd, we 
may also write 


GO" P aud uet 
Jy(x) =-= l-t dt. 55 
v(x) Fro |, | ) *e (55) 
With Poisson's formula, it is easy to evaluate Jy(x) for any real x. For, 

recalling that | cos (x sin o)| < 1, we obtain from (54) 
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1 
2|àx|" pa? 


2v, 
JA TU. tur) cos^"o dp. 


The right side of the last inequality, as can be seen from (52), is nothing 
more than the absolute value of the first term of the expansion of J)(x). 
Thus, we obtain a simple inequality that is valid for every real x and for 
every V that exceeds -2 


| Jy(x) |< 


axl” 
T(v«1)' 
Among the other representations of Bessel functions, let us consider 


one that is suitable only for functions J,,(x) of integral order. Let us multi- 
ply the two series 

ixt 5 (3x)§ x / at S (àx)* k 

axe LP: 7 - -p& EU. ,- 

eT Sos Fe * E) Oe 
which converge absolutely for |/| > 0, so that the multiplication is permis- 
sible. If we group the result in powers of £, we obtain 
o0 


exp CC -2 2] - 2, ay, UP, (56) 


where, for non-negative m, 


RAOIR 


G xy m+2k 
-2 (- 1)” k! (m k! (m+k) ma » 


and for negative m, if we set -m =n, 


2 (439-2 2 dyyn+2s 
Am = dy = D (-1) rca = 2. (-1)9** e s = (-1)"In(x) = Jgs(x) 


Now, the expression (56) can be rewritten as 


exp [x(t 5)]= Y Jg (0) £^ (57) 


The function on the left side of this "equation is called the generating 
function for Bessel functions of integral order. 
Since J (x) = (-1)? J m(x), we may rewrite eq. (57) in the form 


exp ise - 1 | = Jo(x) + P Ty (x) [£^ + (97 17] . 


If we now set / = e, we obtain 


oo 


exp [ix sine] = Jo(s) + È Imla) [eb + (-1)? ebm] 
m= 


Let us multiply both sides of this equation by e-i?, where n is some 
positive number, and let us integrate with respect to o from -7 to 7. Then, 
since 
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T . 0 for mtn, 
Í exp [i(m -x)e] de = 
“7 27 for m=n, 
we obtain 
au 
Ja(x) = an | 9p [i(x sin e - 2€)] de . (58) 
E 


Separating the real and imaginary parts on the right side, and making 
use of the properties of the integrals of even and odd functions, we easily 
obtain 

m 


Jy (x) -1f cos (x sine -no) de . (59) 
0 


We note that formula (59) is not valid if n is not an integer. In such. a 
case, we have a more complicated expression, namely, 
m 


Jy(x) = lj cos (x sing - wo) de 
o 


sin vT 


T f exp[- w - xsinhe] de , (60) 
ò 


which is valid for arbitrary v and any x whose real part is positive. 


6. Hankel's functions 


Besides the Bessel functions of the type J,(x), other particular solu- 
tions to Bessel's equation are of great significance in applications. Among 
these are Hankel's functions of the first and second kinds, denoted respec- 
tively by Hy) (x) and Hy (2)(x), and defined by 


By x) = yd) «ivy , — ny) = Jy(9 - iYy(x) . (61) 


For real values of x and v, Hankel's functions have complex conjugate 
values: 


Hy (x) = n OQ) . 
If v is not an integer, we replace the function Y,,(x) in the definitive 
equations (61) with the expression for it given in eq. (17). We then obtain 
. Jy(x) ec" - J (x) . dy(x) ei" - J (x) 
! sin vr 1 sin vT 


B, (x) = Hy (2)(x) = - (62) 


, 
Formulae (62) remain valid for integral values of v =, if we interpret 
the right members of these equations as the limits to which they tend as V 
approaches n. If v =n « i, Hankel's functions can be expressed in finite 
form in terms of elementary functions. In particular, if v = 3, we have 


(x)) -i zu (cos x+ i sin x) = - i yz eir . 


n) = i[- iJi(3) - J TX 


a 


Similarly, 
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H,(2)(x) =i VZ ei . 


E 
From formulae (62), it immediately follows that for pairs of Hankel 
functions with subscripts of opposite sign, 
Hy) = e" g (Dp), — p l)(x) = ei" p (205 , (63) 
Furthermore, since Hankel's functions are linear combinations of Jy(x) 


and Yy(x), they satisfy the same recursion formulae as do these functions; 
specifically, 


SM Ly a(n) +% my Heo , 
ane) = = Hy a0) «I Hy (0) 
mel, qae tag, 
arty) - yy - 2 Ay, 


Bua) = n Di) - yea), 


Hy D = Z nj) - n, 4009. . 


We conclude this section with the asymptotic representations of Han- 
kel's functions, which we give without proof: 


n, Oo) = VŽ exp [iv - vs - i] [10675] 
(x»0). (64) 


Hyld = /Ž exp [- ile vn - 1] [100675] 


7. Bessel's functions with imaginary argument 


In many problems of mathematical physics, we encounter the equation 
x2y" 4 xy! - (32 «92)y - 0. (65) 


It is easy to show that this equation is obtained from Bessel's equation if 
we replace x by ix. Consequently, the function Jy(ix) is a particular solution 
to eg. (65). Since eq. (65) is homogeneous, the product of Jy(ix) and an ar- 
bitrary constant is also a solution to that equation. We let the constant be 
i-V and we define 


h(a = i" 49. (66) 


With this choice of constant, the particular solution to eq. (65) that we are 
examining can be expressed by the series 
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æ 1,49442h 
I(x) = > x e . 
pao RIT (V k^ 1) 
The function 1.,(x) is also a solution to eq. (65), and if v is not an in- 
teger, then Ip(x) and I_,(x) are two linearly independent solutions to eq. 
(65). If v = n is an integer, the functions I,(x) and I_,(x) are linearly depen- 
dent because 


(67) 


I(x) = Ly), (68) 


which follows immediately from eqs. (66) and (16). 

To obtain the general solution of eq. (65), we need to find another par- 
ticular solution, one that is linearly independent of I(x). Such a particular 
solution, which is called Macdonald's function, is 

7 Ly(x) - ly(x) 
Ky) = 5 us 


If v =n, the right side of eq. (69) is indeterminate, which follows easily 
from the relation (68). By using l'Hópital's rule, we obtain the following 
expression for the function K,(x) for arbitrary n : 


n-1 


sin vf (69) 


Ky(x) = - I(x) In ix i à (-1)* (n7 5-0: (19 "25 
1 S G02 rout) Teens) 
+2 à E (ken) T(ke1)  T(kenm«l) |. (70) 


In particular, 
(4x)22 T'(k+1) 
=- EAE! MEM LO 
Kola) = = Ib In x + 2, TET (71) 
We note that K,(x) approaches +o as x approaches zero. 
Since 4 (x) and Ky(x) are two linearly independent solutions to eq. (65) 
for arbitrary v, the general solution to this equation can be written in the 
form 


y = Cyy(3) + Coky(x) , (72) 


where Cy and C3 are arbitrary constants. 

In conclusion, we note that (x) increases without bound as x tends to 
+o, and that Ky(x) tends to zero as x tends to +o. This is clear from the 
asymptotic representations of the two functions, which we give here without 
proof: 


Iy(x) T [1+0(x-})] 
(x > 0). (73) 
Ky (x) = Ve [1 * o(x-1)] 
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Problems 


. Prove the formulae 


[nera]. xD yea , 


i p 2,42) = - den Jy% . 


. Find the general solution to the equation 


y «Dy «y-0. 


Method of proof: Introduce a new function u by setting u = x2y. 
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Answer: 
_ C1J9(x) + Ca Yal) 
xà 
. Expand the function f(x) = x" (for 0 « x «1) in a Fourier-Bessel series. 
Answer: 
v — Jy(upx) 
Pa 2 —— (w> -1). 


bat Hey AQ) 
. Expand the function f(x) = 1 in a series of functions 
Jo(u12), Jo(u22), .. . , 
where 41,45, 43, ... are the positive roots of the equation 
HJi(g) - eJg(u) =0 (9 >0), 


in the interval (0, /). 
Answer: 


20 — Jo(ugx) 


(x) = 
k-l uy? «2. Jo(uy) 


. Prove that 


exp[ix sing] = Jg(x) + 2 2. Ja4(x) cos 2np + 2i 2, J95,1(x) sin(2n + 1)o 
n= n= 


and then derive Bessel's formulae 


1f 
Ton(*) = 1f cos (x sin €) cos 2up dp 
o 


T 
Jog 4109 -1 sin (x sin o) sin (2z +1) o do 
o 


Method of solution: Use formula (57). 


(n =0,1,2,... 
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6. Prove that 
m 2a(2b)" T (v «3 
I e79* Jy (bx) xV*ldx- 2a(2b) Te +2) 
ô JT (a2  p2)^ *? 


eo 
P 
Í e-G?x2 yv+l Jy (bx) dx = —$ — e-b?/4a? 
a (2a2)¥+1 


". Prove that 


f XI g(x) dx = xJ1(x) , 


[t] 


(v> -1). 


f x3Jo(x) dx = 2x2 (x) + (x3 - 4x) Ty(x) . 


[t] 
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Method of solution: Use the differential equations for the function Jo(x). 


Chapter XIII 


SMALL-AMPLITUDE VIBRATIONS 
OF A THREAD SUSPENDED FROM ONE END 


1. The free vibrations of a suspended thread 


Let us examine a heavy, homogeneous, pliable thread of length /. The 
thread is fastened at the upper end (at the point x = 1) and it vibrates under 
the action of gravity. The maximum displacement of its lower end x=0 from 
the vertical is equal to k. We take our x-axis in the vertical direction, so 
that it coincides with the initial position of the thread, which, under the 
action of its own weight, hangs straight downward. We denote by u = u(x, £) 
the displacement of the points of the thread from this equilibrium position 
at the time ? (fig. 35). 


U 


Fig. 35. 


Let us consider vibrations of small amplitude, so that we may neglect 
the square of the derivative àu/àx in comparison with unity. Then, 


tana(x) _ dud x "EL 
Ji + tan(x) /1 + (0u/0x)* ox" 


where a(x) is the angle between the positive direction of the x-axis and the 
tangent to the thread at the point whose abscissa is x at the time /. 

The tension T o£ the thread, at a point N whose abscissa is x, is equal 
to the weight of that portion of the thread that is lower than N; that is, 
T = gpx, where p is the linear density of the thread and g is the accelera- 


sin a(x) = 
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tion due to gravity. Let us take an arbitrary element of the thread MM1 of 
length dx, which, at equilibrium, occupies a position NN (fig. 35). The 
horizontal component of the resultant of the forces of tension that are act- 
ing on the ends of the element MM4 is expressed by the difference 


CMEC- 
EP ax. My BPX 3x. M’ 

which, with accuracy up to infinitesimally small terms of higher order, is 
equal to the expression 


ô "E 
83x V ox dx. (1) 


The vertical component is equal to 
(gpx cos a(x))Mi - (gpx cos o(x))M = gp dx , 


Since, due to the smallness of the amplitudes of the vibrations of the 
thread, 


cos a(x) =— ! s» 1. 


V1 + (0u/ ax)2 

The motion of the element MM, can be regarded as free, provided we re- 
tain the forces of tension acting at the points M and Mj and compute the 
force of gravity (which is directed downward and is equal to -gp dx). The 
vertical component of the resultant of thetension is exactly counterbalanced 
by the force of gravity. Therefore, we may assume that the element of the 
thread MM, moves under the action of the horizontal component of the force 
(1). If we equate this force with the product of the mass p dx of the element 
of thread and its acceleration 824/012, we obtain the desired differential 
equation for small-amplitude vibrations of a suspended thread 


a 1 92 
ox («5 22)" a2 ae d (2) 
where a =./g. 


The problem of the vibrations of the suspended thread is reduced to 
integrating eq. (2) with the boundary condition 


and initial conditions 


ou 
at no (4) 


Since we wish to apply the Fourier method to the solution of problem 
(2) - (4), let us transform eq. (2) by introducing a new variable 
t=/x, 


so that the transformed equation is now 


«| 1-0 = fo) , 
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1 3 (¢ 3) - 1 225 


TET Er 
Let us seek a solution to this equation in the form 
u = wl) T(0) . (6) 


Substituting in eq. (5), we have 


A x s ae) = ze. 


Denoting the common value of the two sides of this equation by -42, we ob- 
tain the two equations 


d (, dw) 2 
dE ( ag) tu -0, (7) 
T(t) + (3a)? T(t) = 0. (8) 
The general solution to eq. (7) is of the form (see Chapter XII, section 1): 
w(&) = Cyd 9 (8) + Co Yo (àE) . (9) 


Since 
YoQaé)7 9 as € 70 


Co must be zero. The boundary condition (3) gives 
Jo 1) = 
We showed in Chapter XII that the transcendental equation 
Jolu) = 0 


has an infinite number of real roots 41,42,43,... . From this, it follows 
that the eigenvalues of the problem are determined by the equation 


Ap? = upe/l (k= 1,2,3,...). (10) 

The eigenfunctions corresponding to these eigenvalues are of the form 
wgl) = Jolupv xf) . (11) 

If we now turn to eq. (8), we see that its General solution is of the form 


. auki 
Tp(t) = Ap cos te + Be sin 


and, consequently, the series 
oo 
_ augt . augt 
u(x, i) = à (Ap cos of + B, sin 2T) Jo(upvx/l) (12) 
gives the solution to eq. (2) with the boundary condition (3). 


It now remains to determine the constants Ap and By that satisfy the 
initial conditions (4). If we set / = 0 in the expansion (12), we find that 
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= D Apo (up x/l) . (13) 


By comparing this expansion with eqs. (42) and (43) of the preceding chap- 
ter, we easily see that 


Ay = DUM f Aa) Joll x71) dx (14) 


By a similar reasoning, we find the expression for the coefficients Bj, 


namely, 
l 


2 
= F Ji 1) dx. 15 
- otup | (x) Jo(ug/ x71) dx (15) 


If we now define Np and pk by 
Áp-Npsinop, Bp = Np COS Ok, 


we can rewrite the solution (12) in the form 


æ upt 
u(x, t) = à NyJo(up/x7l) sin Ca +p)» (16) 


from which it is clear that the small-amplitude vibrations of the suspended 
thread may be regarded as a composite motion of an infinite number of 
harmonic vibrations. 

The period of the fundamental frequency of these vibrations is ex- 
pressed by the formula 


Jg , (17) 
where 
Hy = 2.40483. 


Eq. (16) also shows that the amplitude of the k-th harmonic vanishes at 
those points at which 


Jo(ug | x/1) =0 
from which it is clear that we have & nodes: 


X47 (44 /up)? l, x9= (45/15)? Ly see, Mpg (a4 1/89? D, Xjp-l. 


2. Forced vibrations of a suspended thread 


Let us now suppose that a horizontal force #(x,/), distributed uniformly 
per unit length, is applied to a suspended thread. Then, the equation for 
the forced vibrations takes the form 
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s = ga 2 (x 22) + Y(x, $), (18) 
where 
V(x, i) = 2, t) 
Let us combine this equation with the boundary and initial conditions 
w| yp =O, (19) 
ulos fa), Si 9 = FA) (20) 


To solve this problem, we apply the method explained in section 1 of 
Chapter IX; in other words, let us seek a solution to the problem (18) - (20) 
in the form of a sum 


U = u] + ug, (21) 
where u1(x, 2) is the solution of the non-homogeneous eq. (18), satisfying the 
boundary condition (19) and the zero initial conditions 
au 


wlio =O, Ge] =O: (22) 


t=0 
and the function g(x, I) is the solution to the homogeneous equation 
au 29 ( du 


ad ^ ax “axl? 


(23) 


satisfying the boundary condition (19) and the initial conditions (20). The 
problem stated by eas. (23), (19), and (20) was examined in section 1, and 
its solution was obtained ia the form of the series (12). 
Let us seek a solution u(x, 4 in the form of the series 
oo 


uy = 2. Tye) Jolupve) , (24) 


such that the boundary condition (19) will be satisfied. Substituting the se- 
ries (24) into eq. (18) and remembering the equation 


Mo (upv/x/l 1 uy? 
ge EORR. si E Jota , 


dx |* dy 4 
which was a consequence of relations (7) and (10), we obtain 
eo 
à [TRO + wp? TH] Jo(ugs/ 271) = YG D , (25) 
where 
Apa 
Wp = 241 . (26) 


Let us now expand the function Y(x, /) in a series of the eigenfunctions 
Jo(ug V x/1); that is, we set 
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Y(x, 1) SOLE Jog x/) . (27) 


This expansion coincides in form with the expansion (13) and, conse- 
quently, the coefficients H (4 are determined from formula (14): 


Hyd = aga | EREE (28) 
Equating eqs. (25) and (27), we obtain 
TÀ + wp? T,() = Hy) , (29) 


which the coefficients 7,(¢) must satisfy. When the coefficients Tj(/) are 
thus determined, the function (24) will satisfy the differential eq. (18) and 
the boundary condition (19). For the initial conditions (22) to be satisfied, it 
will be sufficient to impose on the functions T;(!) the conditions 


T,(0)=0, TO) =0. (30) 


The solution to eq. (29) that satisfies the initial conditions (30) is given 
by 


Ł 
T4 =op 7 H, (1) sin wp(t- T) dT 


Substituting, in this equation, the expression for Hz(T) given by eq. (28), we 
obtain 
TK) = —l— f dr f Y (6,7) JgupvE7) sin wlt- T) dé. (31) 
wua 5 
It now follows that the displacement of the suspended thread from its 
vertical equilibrium position is expressed by the formula 


) = à Ty(0) Jo ug 71) 


5 aul _ Oui 
* à (Ar cos -z7 + By sin 3/7) Joupx/l) , (32) 


where the coefficients Tz(t), Az, and By are determined by eqs. (31), (14), 
and (15) and u1,42,43,... are the positive roots of the equation J,(u) = 0 

Let us examine in greater detail the case in which the external force is 
harmonic, that is, in which 


Y(x,t) =A sin wt. 
In this case, the coefficients Tz(/) are determined from the formula 


t 
A — Í sin wg(t-1) sin wr dr f Jo (1/71) d£ . 


Ty) - —A— 
EU T lephiIug) b o 
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Let us now take the formula 
f Sox) dx = 24x J1U/9) , 
o 


which is easily derived from the expansions of the functions Jo(x) and J3(x) 
in power series. By means of these formulae, we see that 


i Joa 71) d£ = ÈE Jale) , 
and since 
f tr) a wk sinw? w sin wp 
sin gp(£ - T) sin wT d7 = - 
ò k wp2-w2  wyj2-w2^"' 
we have 
[1 A wp sin w w sin Wp 
Tet) - 4 5 — [ - 7]. (33) 
8 upalu) Log? - o? — wp2-w 


Let us suppose that there are no initial displacements or velocities in 
the case in question, and that the thread is vibrating only as a result of the 
disturbing force. Then, it follows from eqs. (32) and (33) that the deviation 
of the thread from the vertical equilibrium position will be expressed by 
the formula 


= elo 
u(x,t) - 4| ŁA sin wt à : 
E k=1 (wp? - o?) HE Ta) 


Jo(ups x/1) sin pt 


- 4Ào . (34) 
Ve R=1 (wk? - w2) upei (up) 
The first term on the right side of this equation can be simplified. 
Let us seek a solution to the equation 
a%u 2 (, ou 
B^ ax (s +Å sino, (35) 
satisfying the conditions 
u| y-o = finite value, — wl, 5-0, (36) 
in the form of a product 
u = X(x) sinwt. (37) 
Substituting eq. (37) into eq. (35), we obtain 
d (,dXy wy? A 
CR) 0) X 44-0. (38) 


Its general solution will be of the form 
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X(x) = Cido 5) + cav, C2 Jz) - 4 . (39) 


On the basis of the boundary conditions (36), we have 
QA 1 
we Jolwa) ' 


It follows from these results that the solution (34) can be put in the 
form 


Cg =0 


2 — J, 1) si 
A [olev n7) l sin wt - saw V L > oltiw/#/1) sin wp! (40) 


u(x,t) = -1 ` 
00 = 5 y Ga 172) E k-1 (wp? - w2) wey up) 


We note, in conclusion, that when the frequency w of the external dis- 
turbing force is close to one of the frequencies of the natural oscillations of 
the thread, the phenomenon of resonance will be observed. We note also 
that a comparison of formulae (34) and (40) will give the following expansion 
of the function J,(é)/Jo(#) in rational fractions: 


Jo(tx) Ş 8 Jolen 
=1+2 B 41 
Jo) "A up? - 2 wply (up) “D 


where the summation is made over all positive roots of the equation 


Jo(x) =0 


Problems 


1. A completely pliable thread of length Z is suspended from the end (x = 1) 
and a weight P is fastened to the other end (x = 0). The linear density of 
the thread varies according to the equation 


A 
P =r? 


where the constants A and Z] are related to the mass m of the weight by 
the relation 


m = 2A Vl]. 


Show that the equation for small-amplitude vibrations of the thread 
around its vertical equilibrium position will be of the form 


du 1 22, i 
au Lou ansia 
302 a2ar2 wr 
where 
8 =vl]+ - ly+x. 


Method of solution: The tension in the thread at the point M(x, u) is de- 
termined by the formula 
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- Agdx _ 
T= mgs f" ET Aene. 


2. The linear density of a suspended thread varies according to the equation 
p-ax" (m> -1). 


Derive the equation for the free vibrations of such a thread, and show 
that its displacement from its vertical equilibrium position is given by 


v Jmk 
u(x,t) = à Ny Tb sin (1 / TRY ut * ox) o 
= x? 


where 1,49,#9,... are the positive roots of the equation 
Ja) =0 (m > -1) " 
Method of solution: The problem is reduced to solving the equation 


au m1 ðu  m«l 22, 


2x? + x x Bx og 
under the conditions 
ðu 
ul yo = 9, ul io = Aa), at | eg PH - 


When we apply the Fourier method, we need to seek a solution to this 
equation in the form 


u = ET 
gm 
where Ẹ =x. 


3. A heavy homogeneous thread of length /, fastened at the upper end (x = 2) 
to the vertical axis, rotates around this axis with a constant angular ve- 
locity w. Derive the equations for small-amplitude vibrations of the 
thread, and show that its displacement from the equilibrium position is 
expressed by 


u(x, & = 2 (Ap cos apt Bj sin Apt) Joíu /x/I) , 


where 


1 
Ap= J, dx, 
k= Bap | M0 Teva a 


y: 2 2 
1 F(x) Iola, /x/1) dx , Ap = dr - (2) , 


Bp = ——— 
arplI1*(up) o 
and 11,49,4g,--. are the positive roots of the equation Jolu) = 0. 
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Method of solution: The problem is reduced to solving the equation 


au 22 


ou 
2n ax * wen, where a-4g, 


and where 


wx-20, ulpg= Ax), at | pep LE 
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Chapter XIV 


SMALL-AMPLITUDE RADIAL VIBRATIONS OF A GAS 


1. Radial vibrations of a gas in a sphere 


Suppose that we are dealing with a gas contained in a rigid impenetra- 
ble spherical container. Let us examine the small-amplitude vibrations of 
the gas around its equilibrium position. 

It was shown in Chapter VI that the velocity potential satisfies the wave 
equation 


a% , 22) 
zx ees 8y2 + age () 


In this section, we shall examine the so-called radial vibrations of a 
gas that take place when the initial conditions are expressed by the equa- 
tions 


= F(r) , (2) 
t=0 
where v is the distance from the vibrating particle of the gas to the center 
of the sphere. 

Since the surface of the sphere is rigid, the normal component of the 
velocity is equal to zero, which leads to the boundary condition 


au 
ar 


uli-0 = f, at 


=0, (3) 
r=R 
where R is the radius of the sphere. 

Since the velocity potential 4, in the case of radial vibrations, depends 
only on y and ¢, we can use the expression for the Laplacian operator in 
spherical coordinates (Chapter XVII, section 7) and can write eq. (1) as 


aw  29u 1 3% 
ar2 rar aat? 
Thus, our problem is reduced to solving eq. (4) with the initial condi- 


tions (2) and the boundary conditions (3). Let us seek particular solutions to 
eq. (4) in the form 


(4) 


u = T(t) wlr}. (5) 


Substituting this expression into eq. (4), we obtain 


T" (è) w" (r) + 2 wt (v) 


ar) er) 
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Denoting the common value of the two sides of this equation by -»2, we ob- 
tain the two equations 


T(t) + 2a2T (0 = 0, (6) 
w'(r) + 2 w'(v) +r»2(7) = 0. (7) 


If the function (5) is not to be identically equal to zero, and is to satisfy 
the boundary condition (3), it is obviously necessary that the condition 


du: 
dr g^? (8) 
be fulfilled. The general solution to eq. (7) is of the form 
wlr) = Cy sinar +C3 cos Av (9) 


where Cy and C» are arbitrary constants. 

Since, by the nature of the problem, the function u(y, £) that we are 
seeking must be bounded at all points within the sphere, including the cen- 
ter (that is, for v = 0), we must set C9 = 0 in eq. (9). With no loss of gen- 
erality, we may assume that C4 - 1. Thus, 


w(») = sinar, (10) 


Substituting this value into the boundary condition (8), we obtain the equa- 
tion 


AR cos AR - sin AR = 0 (11) 


for determining the eigenvalues of eq. (7) under the boundary conditions (8) 
with :(0) finite. If we set 


AR =u, (12) 
then eq. (11) can be rewritten in the form 
tany =u. (13) 
To find the real roots of this equation, we construct graphs of the functions 
y-tang, y=H. 


Obviously, the abscissae of the points of intersection of these curves 
will give the desired roots (fig. 36). 

It is clear from the figure that the absolute values of the roots up of 
eq. (13) increase without bound with increasing k. Also, the difference 
up - (2+) tends to zero. It then follows that for sufficiently large b, we 
may set 


up - (k+). (14) 
We may compute the first roots as follows. Let us set 


Hp = (ke) - €p. (15) 
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Fig. 36. 


Substituting this into eq. (13), we obtain 
cot €p = (k+3)m - €p (16) 


Let us take the first two terms of the expansion 
1 
cot Lir -iep - hept.. . 


Then, eq. (16) can be rewritten in the form 
2 
2 4€, 
€k ^ (2g «1)n * 32k e i)a ^ (17) 
By applying the method of iteration to this last equation, we find an approx- 
imate value for ¢ and, consequently, from formula (15), an approximate 


value for the roots uy (where k = 1,2,...). 
For example, we obtain, correct to four decimal places, 


My = 4.4935, 45-2 7.71250, ug = 10.9044. 


We denote by 41,#9,H3,... the positive roots of eq. (13). Then, by eq. 
(12), the eigenvalues will be 


Ap? = (up/R)2  (-1,2,8,...). (18) 
To each eigenvalue à n corresponds the eigenfunction 


sin (upr/R) 
= Y — . 


Wp Y) (19) 
We note that ào =0 is also an eigenvalue of the problem (7) - (8), to which 
corresponds the eigenfunction wo(7) = constant. 

For A = Az, the general solution to eq. (6) is of the form 
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ukat . Bat 
Tp(t) = a, cos + bp sin- > 
where aj and bp are arbitrary constants. 
For Ag = 0, we have 


To(t) = ag + bot . 
On the basis of eq. (5), we see that the functions 
upat Peah) sin (upv/R) 


k' 
upr, t) = (ar cos—p- + bp sin-g- 7 


H 


ug(r, f) = ag + bot 


satisfy eq. (4) and the boundary condition (3) for arbitrary values of ao, bo, 
Gp, and bp. 
Let us now set up the series 


eo 
men . Bat, sin (ugr/R) 
ulr, t) 2 ag + bot + à (ar cos -p + bp sin R) r (20) 
For the initial conditions (2) to be satisfied, it is necessary that 
<S sin (upr/R) 
sin (ukr, 
fl) =a) + 2, ag —— (21) 
ome or 
S in (ugr/R) 
- y uk | sin (Mkr 
Fo) = 09+ 2. be y (22) 


Assuming that the series (21) converges uniformly, we may determine the 
coefficients ap by multiplying both sides of eq. (21) by v sin (u4v/R) and in- 
tegrating with respect to r from 0 to R. We then obtain 


oo 
m m HEY My? 
[Ponte in ar = ag ren ar + > af sin sin dr. (23) 


Let us show that 


mes 
fr sin ar so. (24) 


[t] 


We integrate by parts, obtaining 
me 2 R2 cos u 
p r sin -= dr = -25 (Hn COS My - sin Ly) -—— ^ (tan by - En); 
o Hn Hn 


from which eq. (24) follows on the basis of eq. (13). Furthermore, from the 
formula 


Sin —— sin — dr = iR 


f BnY | BRY in(&,-uy) sin (u, +p) 
R R mE un * Uk l ' 


o 
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it follows that 


R - BaY HRY R cos pj sin u, (up tan i, - us tan uj) 
f sin -p sin -g- dr = 


R 2 usd - ug , 
but, since up and yw», are roots of eq. (13), we obtain 
R 
_ Mn 0 HRY 
J sin sin-g- dr = 0 (b * n); (25) 


that is, the functions sin (u&*/R) are orthogonal in the interval (0, R}. How- 
ever, if n= k, 


R in2 
pr sin?u 
f sin? dv = jR(1 - ai , 
o Hk 
and since 
2 tan2y, me 
Sin*^up = 2.7 2 
1-tanéup iu 
we have 
m R a? 
f” sin? x dr = k X (26) 
o 21-gu, 


Taking (24), (25), and (26) into consideration, we obtain from eq. (23) 
R 
2 1 [14 
ap =£ (1+—5 Yf(r) sin- dr. (27) 
TET 


To determine the coefficient ag, we multiply both sides of eq. (21) by 
r2 and integrate with respect to r from 0 to R. Then, 


R 2 R m 
| f(r) dr = R3 ag + > ap | r sing dr. 
k-1 o 


It follows from eq. (24) that the integral under the summation sign in 
this expression is equal to zero. Consequently, 


3 R 
do 7 —34 f v?f(y) dr (28) 
R` ð 
In an analogous manner, we obtain 
_ 2 1 f NL d 
bp ^ aap 1 +p l yF (r) sin R dr, (29) 


b, -5 f r2F(r) dr (30) 
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Thus, all the constants appearing in the solution (20) are found. We now 
show that the term 


ag + bot (31) 


in this solution can be discarded. In determining the process of motion of 
the gas, we must first of all determine the velocity v with which the parti- 
cles vibrate. The projections of the components vy, vy, and vz of this ve- 
locity onto the coordinate axes are computed from the formulae 


du du 


du 
Ux = "3x! vy =- ay? vz = - Jz? 
where the potential 4 is expressed by the series (20). But the term (31) ap- 
pearing in this series is independent of x, y, and z. Therefore, the distri- 
bution of velocities in the vibrating gas does not change if we discard the 
term (31) in the series (20). 
Let us now set 


ap =AkSİINPk,  bp= Ák COS Pk. 


Then, expression (20) for the velocity potential can be rewritten as 


u(v,t) = sin (i^g +p) - (32) 


y sin (#kr/R) . kt 
Ak 
k=1 Y 

This formula shows that the general radial vibration of a gas can be 
considered as consisting of an infinite number of natural harmonic vibra- 
tions whose periods are 


T _ 27R yj Po 
FU up | Ybo 


Ek 


The first term of the series (32) gives the fundamental frequency of the ra- 
dial vibrations of the gas, and its period is determined by the formula 


27 R 1/ Po 
Ty = — y= 
1 H1 YPo ’ 


where p4 is the smallest root of eq. (13). 


2. The radial vibrations of a gas in an infinite cylindrical tube 


Suppose that we have an immovable tube that is so long that we may 
consider it as extending infinitely far in both directions. We denote the ra- 
dius of any cross section of this tube by R. 

Let us suppose that this tube is filled with a gas that performs small- 
amplitude vibrations about its equilibrium position. Let us investigate these 
small vibrations, confining ourselves to radial vibrations, where the ve- 
locity potential 4 depends only on the distance 7 of the vibrating particle of 
gas from the z-axis (which is the axis of the cylinder) and on the time f. 

In this case, the wave equation 
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92u 18u 1 8?2u 2824 1 824 

are + rar. yà 892 + az2 = a2 at?’ 

written in cylindrical coordinates 7, o, and z, acquires a simpler form: 
a2u 18u 1 a2u 

372 var alae” 


Obviously, we can solve this problem of the small-amplitude vibrations 
of the gas if we find the solution to eq. (33) satisfying the initial conditions 


(33) 


au 
uleo= fn, FF "nh F(v) (34) 
and the boundary condition 
ðu 
ar eR 0. (35) 


Using the Fourier method, we seek particular solutions to eq. (33) in the 
form 


u(r, t) = T(t) wlr) . (36) 


Substituting this equation into (33), we obtain 


w"(v) + 1 w'(») 


- T(t) 222 
w(r) a2T(t) 
and, consequently, 
T(t) + a2r27(2) =0, (37) 
w'(r) + i w'(r) + A2w(y) 2 0 . (38) 


If the function (36) is not to be identically equal to zero and if it is to 
satisfy the boundary condition (35), we must obviously require that 


dw 
dr RC 0. (39) 
The general solution to eq. (38) is of the form (see section 1 of Chapter XII) 
wlr) = CqJgO.v) + C3Yo làr) , (40) 


where C4 and Cg are arbitrary constants. 

The second solution Yar) to Bessel's equation becomes infinite at 
* =0. Since, by the nature of the problem, the desired solution must re- 
main bounded at all points of the cylinder (including those points on the axis 
where v = 0), we must set Co = 0 in eq. (40). With no loss of generality, we 
may assume that C1 = 1; that is, we may set 


wr) = JgQv) 


so that the boundary condition (39) gives 
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JAR) = 0 (41) 
or, by using the equation Jo(x) = -J1(x), eq. (41) can be replaced by 
JHAR) -0. (42) 


This equation determines the eigenvalues for eq. (38) subject to the boun- 
dary condition (39) and with w(0) finite. 
It was shown in Chapter XII that the equation 


J1(u) = 0 (43) 
has an infinite number of positive roots: 51,492,43,... . It then follows that 
the eigenvalues of the problem are determined by the formula 

2 -(uyR)?. (44) 
To each eigenvalue n corresponds the eigenfunction 

wy(v) = Jo(agv/R) . (45) 


We note that A2 = 0 is also an eigenvalue to the problem (38) - (39), to which 
the eigenfunction w.(7) = constant corresponds. 
For \ = Ap, the general solution to eq. (37) is of the form 
upat 
R , 


t + by sin—— 
where aj and bp are arbitrary constants. 
For à = 0, we have 


Bp at 
Tp(t) = ay cos 


Tol!) = ag + bot . 


On the basis of eq. (36), we see that the functions 


upat 


k HRY 
Ug 709 + bof , uptr. t) = (ap cos -p + be sin E R B 9 ( (+) 


satisfy eq. (33) and the boundary condition (35) for arbitrary values of ao, 
bo, k, and by. We now seek a solution to the problem in the form 


L t 
ulr, t) = ag + bot + » (ap cos a + bp sin a) IEA . (46) 


For the initial conditions F to be satisfied, it is necessary that 


flr) = a5 + I adr) (47) 
F(r) = bg + PE: a bp J, z (E. (48) 


These series are expansions ot the given functions f(r) and F(r) in 
Bessel functions J,(up7/R) in the interval (0,R), where the uy are positive 
roots of eq. (43). However, we studied expansions of this kind at the end of 
Chapter XII. Here, we have the case in which aœ =v = 0. Applying formulae 
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(45), (46), and (50) of Chapter XII to the present case, we find the values of 
the coefficients a9, bo, ap, and bp: 


R R Y 
2 2 k 
conga] MA, tuns OOR) wn 
R R 
2 2 BR? 
bom ga] POA. berad mmn) en 


Thus, all the constants appearing in eq. (46) are determined. Noting, now, 
that u is the velocity potential, we may discard the term ay + bof, since the 
velocity distribution in the vibrating gas it not changed by this term. If, in 
place of the coefficients ap and by, we substitute new constants Ap and op, 
defined by 

ap =Apsing,,  bp-Apcoso,, 
we rewrite the series (46) in the form 


z t 
u(r, t) = à Alo 2) sin (= +p) 5 (51) 


from which it is clear that the radial vibrations of the gas are of a har- 
monic nature. Here, the period of the fundamental frequency is determined 
by 
= 2R y Po 
Bi | Po’ 
where pj = 3.83171 is the smallest root of eq. (43). 


Problems 


1. An ideal gas is contained between two motionless concentric spheres of 
radius Ry and R» (where Ry < Rg). Find the small-amplitude vibrations 
of the gas between the spheres caused by an initial radial disturbance in 
the density given by 


p(v,0) - Pg = f(r) (Ry < 7r< R9). 


Answer: 


oo 
> COS ÀY + yg Sin Aur 
Án 


sin aAg«t, 
k=1 r 


where 
ÀyRo Sin A,Ro + cos ÀnR9 
Yn = X ,R2 cos A4Fg - sin ApR3 ’ 


and \4,9,-.. are the positive roots of the equation 
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X(R2 - R1) 
tan (Ro - Ry) ne n? 
1+ A“R RQ 
a R2 
An=— vf(v) (cos Ayr + Yy sin yr) dv , 
Porndn Ry 


2_ (2 2 
ôn | (cos Anr + Yn sin A«v)^ dr. 
1 


Method of solution: The problem is reduced to solving the equation 


a2u — 9(829u 23u 
«2^ (55 trar) 


with the conditions 


a = 2u 0 
Y |y=R1 or v-R9 , 
ou a? 
u(r,0) 20, at lio Po (v) (Ry <7< Ra). 


2. An ideal gas is contained between two concentric spheres SR and SR 


The radius of the internal sphere SRi varies according to the equation 


R(t) =R] +€ sinw? (0< e< Ry), 


and the external sphere remains motionless. Find the steady-state vi- 
brations of the gas between the spheres. 


Answer: 
wR wR 
RyRow cos 2 aRı sin —2 cos or 
uly, f) = a a a 
, «(R3 - R1) 
(Rg - R1) cos — —— 
wR wR 
wRyRo sin — + aR cos -— sin = 
+ (Ra - Ry) 2€ cos wt. 
(Rg - R1) cos ———— 


Method of solution: The problem is reduced to solving the equation 
dwu 2au 1 ðu 
+o — = 
3r? var a2ar2 
with the boundary conditions 


du = ew cos wl Qu = 
ar v-Ri ? ar v-R 
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3. A homogeneous gas fills an infinitely long hollow tube whose internal 
radius is equal to R1 and whose external radius is equal to Ro. Find the 
small-amplitude vibrations of the gas if the initial disturbances are ra- 
dially symmetric. 

Answer: 


oo 
uly, t) = à (ag cos adpt + bp sin adpt) Rer) , 


where 


1" 1 1 
Rplr) = Job) HD Ra) - JR) HoP age) 
and where the Az are the positive roots of the equation 


J1QO 4R1) Ho()'(xpRe) - Jo(.gR3) Ho G4R4) = 0, 


2 2 
ap = wel, vf(r) Ry(») dr, bp = sm. vF(») Ry(») dv , 


2 
Np f r Ry?(r) dr 
R1 


4. Find the vibrations of a gas in a round closed cylinder of radius R and 
height Z that are caused by transverse vibrations of the upper face that 
begin at the time / = 0. The velocities of the particles at this face are 
equal to f(r) cos wt. The lower face and the lateral surface of the cylin- 
der are motionless. 

Answer: The velocity potential is equal to 


_ am w Hm 
u(v,z,t) = p A m cosh zl "E Jal R ) cos wt 
9o 


noz bm? Um" n2 
+ P Bnm cos —— J(=) cos 5 *3 at, 
where 
2 R Bm? 
Am = - : [mna )ar, 
m" w m wfo 
AL ag i| pa m 
l m" w? nm 
Bum = - 7 ET 2 7m °° 7 £> 
A, pt H 2 
m mM w 
Bom = - 7 cosh z 3 -4 , 
o R a 


and u1,u2,13;-.. are the positive roots of the equation J1(u) = 0. 


Chapter KV 


LEGENDRE POLYNOMIALS 


1. Legendre's differential equation 


Legendre's equation is an equation of the form 


a 2, d» - 
ize gosse, (1) 
where A is some parameter. This equation has singular points x= -1 and 
x1. 

Let us consider the following boundary problem. Find the values of the 
parameter à for which there exists, in the interval [-1,1], a non-trivial 
solution to eq. (1) that is bounded at the singular points x = -1 and x = 1. 

Let us seek a solution to Legendre's equation in the form of a power 
series 


y= > apx. (2) 
n=0 
Substituting eq. (2) into eq. (1), we obtain 


2, ((7+2)(m+l)ay,9 - n(n- 1)a,, - 2nay + Aap] X= 0. 
n= 


It then follows that 
(n +2)(n *1)ag42 - [n(n+1) - Alan =0 
or 


(n+1) - 
nea = DD ĉn: (3) 


The coefficients a) and a; are arbitrary. For a9 #0 and a4 = 0, we 
have a particular solution to eq. (1) that contains only even powers of x; for 
Gg = 0 and ay #0, we have a particular solution containing only odd powers 
of x. 

For à = n(n-1), eq. (1) has a solution in the form of a polynomial of 
degree n that is bounded at the two singular points. Let us now find the cor- 
responding solutions to the equation 


& [a E enm en»-o, (4) 


that are of the form of polynomials of degree 7. 
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Let us examine the polynomial of degree 27: 
z=(x2-1)”, 


It is easy to see that this polynomial satisfies the following differential 
equation 


2.0584. - 
(x^ - 1) dx 2nxz - 0. 


If we differentiate both sides of this equation x times with respect to x, we 
obtain 


dz(”) 


dx + n(n4 1)z(n-1) 2 0. 


(1 - x2) 


If we differentiate this equation once more with respect to x, we see that 
z(?) satisfies eq. (4). 
Thus, eq. (4) has the solution 


(xA. ])* 
y= Cz «c d^(x^ - 1)" ; 
dx” 
where C is a constant. Setting 
C= 1 , 
2” n! 
we obtain 
1 d^(x2-1) 
y = Pala) = SD (n=0,1,2,...). (5) 


These are the Legendre polynomials which are solutions to eq. (1) for 
à = n(n^ 1). 


j^ 
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Eq. (5) is called Rodrigues' formula. 
Thus, the Legendre polynomials are the eigenfunctions of the problem 
in question, corresponding to the eigenvalues 
=n(n+1) (m=0,1,2,...). 
By using Rodrigues' formula (5), we obtain 
Pol) 21, Pil) =x, Po(x) = 3(3x2 - 2, P3(x) - 3 (5x3 - 3x) , 


Pg(x) = $(35x4-30x2+3), P(x) = $(63x9 -70x3 + 15x) , 


and so on. 
The graphs of the Legendre polynomials of the first six orders are 


shown in fig. 37. 


2. The orthogonality of the Legendre polynomials and theiy norm 


Let us show that Legendre polynomials of different orders are ortho- 
gonal in the interval (-1,1). Let us write eq. (1) for two distinct Legendre 
polynomials: 


E. [(1-x2) Pin(x)] +> mPm(x) = 0 
d (m * m). 
à [(1 -x2) Py(x)] + AnPylx) =0 


Multiplying the first of these equations by P,(x) and the second by 
P,,(x), subtracting, and integrating over the interval (-1, 1), we obtain 


Ama | Pale) Pras) d 


1 
= f m) gs LO 759 PAN - Pals) gy [A - 2%) Pinal} ds 


Ji E (1 - x2) [P440 Pule) - Pul) Pin) ] dx 


= (1- x2) [Pml Ph(x) - Pal) Pat [A1 = 
Thus, 


Am - An) jf n(x) Py(x) dx = 0 


or 
1 
| Pal) Pme) dx-0 (msnm; 
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that is, the Legendre polynomials are orthogonal in the interval (-1, 1). 
Let us evaluate the square of the norm of the Legendre polynomials 


1 


By using Rodrigues' orm we rewrite this integral in the form 


1 an x2 - 1)^ q(x? - 1)” 


In = gm dx” dx dx. 


Integrating n times by parts and noting that the term outside the inte- 
gral is each time equal to zero, we obtain 


2n(42 - 
2 yr (x^ - 1)” 
f Py’) d per yi n aan ¥ 
or 
1 1)” (an): f! 
f Py2(x) dx = 2) E f (x2 - 1) dx . 
26" (nt) 71 
We know that 
1 
2_4\n -in 2x4... 2n 
J, (48 - 1)" dx = (-1)" 2 nme) ’ 
so that the preceding formula finally gives 
1 2 2 
I, Py (x) dx = m,i’ 
Thus, we obtain 
1 0 mén 
[54 Pudet g? , (6) 
-1 5L» m=n 
2n«1 


Suppose that an arbitrary function f(x) is represented in the form of a 
series of Legendre polynomials 


= > ay P4). (7) 
n=0 


The coefficients a, of this expansion can be formally determined on the 
basis of the property of orthogonality of the Legendre polynomials. Specifi- 
cally, by multiplying the series (7) by P,,(x) and integrating over the inter- 
val [-1,1], we obtain, on the basis of eq. (6), 


1 
ay = it 1 J fle) Pale) dx . (8) 
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Let us now show that the system of orthogonal Legendre polynomials 
(5) in the interval (-1,1) is a closed system. The system (5) contains poly- 
nomials of all degrees. Therefore, an arbitrary polynomial Q«(x) of degree 
n can be represented in the form of a linear combination of Legendre poly- 
nomials of orders from zero to n: 


n 
Qnl*) = à Ch P(x) . 


On the other hand, the Weierstrass theorem states that an arbitrary 
continuous function defined on the closed interval [-I, 1] can be uniformly 
approximated by a polynomial Q,(x) to any desired degree of accuracy. 

Consequently, for an arbitrary € > 0, it is possible to find a linear 
combination of Legendre polynomials such that 

n 
| Aa) - 2, Cy eil «Mt, 
from which it follows immediately that 


f | )- > Ch Pol dx « e, 


If, instead of the coefficients Cp, we take the Fourier coefficients of 
the function f(x) with respect to the system of Legendre polynomials (5), 
this inequality will still be satisfied. Since « >0 is arbitrary, we may as- 
sert that the mean square error in the representation of the function by a 
partial sum of its Fourier series in Legendre polynomials, approaches zero; 
that is, the Legendre polynomials do form a closed system, hence, a com- 
plete system. From this, we easily conclude that eq. (1) does not have 
bounded solutions at the singular points x = -1 and x = 1 other than the Le- 
gendre polynomials. For if there were such a solution, it would be ortho- 
gonal to all the Legendre polynomials P,(x), which is impossible since the 
system ( P4(x)) is complete. 


3. Certain properties of Legendre polynomials 


1) The n-th degree Legendre polynomial is an even function if n is even 
and an odd function if n is odd: 


Py(-x) = (-1)* Pal) . (9) 
This assertion follows immediately from Rodrigues' formula if we note 
that (x2- 1)” is an even function and that each differentiation changes it 
from even to odd or vice versa. 
2) 
(2n)! 


yb (10) 


P94-1(0 7*0, — Po,(0) = (-1)? 
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The first of these equations follows immediately from eq. (9). To prove 
the second, we note that the value of a polynomial for x = 0 is its constant 
term. Since the degree of each term is lowered by n when the expression is 
differentiated » times, the constant term P2,(0) is obtained upon differen- 
tiation of the term containing x2” in the polynomial (x2- 1)27, Obviously, 
this term is equal to 


1)” (2n)! an 
(n!)2 
Differentiating 2» times and multiplying by 1/22"(21)!, we obtain the second 
of formulae (10). 


3) 
P&(1)-21, = Ppl(-1) = (-1)”. (11) 
To prove this, we rewrite Rodrigues' formula (5) in the following form: 
n 
P(x) - —L— 9^ [+0 (x - 1) 


E TET 
and by using Leibnitz' formula, we obtain 


01 d'(x-1)?  d(x«1)" d"-i(x- 1)" 
Py = am [wen de ^C" aye — amd ^c 
Then, obviously, 
-Dn in-k -17 
P-D m an 9*^56-0"| Lo eH1,2,...,n), 
dx” dxt-k | yay 


from which it immediately follows that 
P,(1) 21. 


The second of eqs. (11) is obtained from the first by means of eq. (9). 

4) All zeros of a Legendre polynomial Py» are real, distinct, and less 
than unity in absolute value. 

This assertion follows easily from Rodrigues! formula (5) and Rolle's 
theorem. For the polynomial d(x - 1)?/dx of degree 22 - 1 has zeros x = +1 
of multiplicity n- 1 and, by Rolle's theorem, has still another zero x = £1 
within the interval [-1,1]. These are all of its roots. The polynomial 
d2(x2 - 1)%/dx2 of degree 2n- 2 has zeros x = +1 of multiplicty n- 2 and, by 
Rolle's theorem, it has two other real roots: one within the interval [-1, £1] 
and the other within the interval [£1, 1]. By continuing in this fashion, we 
see that P,(x) has n distinct zeros within the interval [-1, 1]. 


4. Integral representations of Legendre polynomials 
Besides the differential formula of Rodrigues (5), there are a number 


of integral representations of the Legendre polynomials. Thus, Schläfli 
represented the Legendre polynomials in the form of complex integrals: 


Ch. XV] LEGENDRE POLYNOMIALS 207 


- 1 (?-1" 
Pp(x) = = il» Gonna dz , (12) 


where L is an arbitrary closed curve drawn around the point x. 

To prove eq. (12), we note that Cauchy's theorem implies that the inte- 
gral is equal to the residue of the integrand corresponding to the unique 
pole z 2 x, The coefficient of (z - x)" in the expansion of the polynomial 
(z2 - 1)” in powers of z - x is equal to 

1 d* 
n! dx” 
and, therefore, the desired residue is 
1 d^(x2-1) 
Qn n! dx” 


(x2 - 1)” 


3 


which is P(x). 
From Schläfli's formula, we may obtain Laplace's formula: 


T 
P4(x) = i f (x +/x2-1 cos g)” dg. (13) 
o 


Suppose that x is a real number greater than unity. Suppose that the 
curve L in eq. (12) is a circle with center x and radius /(x2-1). Then, we 
may make the change of variables 


z2xc4xÀA-1el9, 


where ¢ runs from 0 to 27. 
We thus have 


22-1 = (x «x2 - 1 e19)2 - 1 = (x2- 1)(14 e219) + 2x,/x2 -1 ei? 


= 2432-1 el P(x +./x2-1 cos g). 
Substituting this into eq. (12), we obtain 


2T 
.1 1 an x4 - 1 eip)” (x -/x2 - 1 cos o)” ; (2-1 ei 
Pal) = g5 à gn (/x2-1 eigyn+1 “Lei? dg 
1 27 
== | (x «Ix? - 1 cos eae -1f'( x * x7 - 1 cos g)" dg . 
o o 


Formula (13) is thus verified for values of x that are greater than unity, 
but since P,(x) is a polynomial, it must be valid for all values of x. The 
choice of sign in front of the radical is completely immaterial, since, when 
we expand the integrand by the binomial theorem and then perform the inte- 
gration, the terms containing radicals drop out. 

From Laplace's integral formula (13), we may obtain the following in- 
equality: 


|P&(x) <1 for -isx=<1 (14) 
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In fact, 


a 
| P409] < HI |x + i/1 - x2 cos g |" do 
o 


T 
= 1f (/x2 + (1- x2) cos2p)” do 

o 
-l[ xsin? 25) T doc 
ak (/x4 sin^p + costo)” do «s a] det. 


We note that we cannot strengthen the inequality (14) for the entire in- 
terval [-1, 1] because P,(1) = 1. 


5. The generating function 


The function 
1 


JA - 2xz 22 


is the generating function for the Legendre polynomials; that is, these poly- 
nomials are the coefficients in the expansion of this expression in a series 
of positive powers of z: 


— > Pala) 2” (15) 
Jl- L3 n-0 ” 
for arbitrary values of x and for values of z that are sufficiently small: 
jej < |x (x2 - 1). 
Under the above assumptions, if we use Laplace's formula (13), we ob- 
tain 


2 Py(x) 2% = Le >. [(x +/x2-1 cos y)z]” dg 
ò 


n=0 n=0 
a ag 
"T6 1 - (x J| x2-1 cos g)z 
1 T do 
z - . (16) 
ual 1-x - cos o 


Remembering that 
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(where it is assumed that ¢ does not lie in the interval[-1,1] and that the 
value of /(/2 - 1) is fixed in such a way that the inequality |t -/(/2 - 1)| <1 is 
satisfied), we see that the right side of eq. (16) equals 1//(1- 2xz + 22). 

We note that the series (15) converges uniformly for -1 < x « 41 and 
z|« 1, because |P,(x)| <1 for -1«x « «1 and, consequently, that 
Pg (x)z^| < ||”. 

If |z] > 1, we define z1 = 1/z. Then, |z1| « 1 and we obtain 


"o ao 
1 21 > Py(x) 
—————— -——————————— = 24 P,(%) z” = . 
J1-2xz429 J/1- 2x21 +242 n=0 n-Q zn*l 
Thus, 
oo 
2 Ppl)” for  l|z|«1 
1 n=0 
Aaa = RO (-c1s5xs1). 
x 
1-2xz+2z > n for je|>1 


n=0 zn*l 


6. Recursion formulue relating the Legendre polynomials and their deriva- 
tives 


Beginning with the generating function, we can easily obtain recursion 
relations between the Legendre polynomials. Specifically, if we differen- 
tiate eq. (15) with respect to z and then multiply by 1- 2xz+22, we obtain 

9o 


x = (1- 2xz +z?) 2, nPy{x) gn-1 
n= 


JA - 2xz 422 


or 
Ce] 


(x-2) 2. Ppl) 2” = (1-2x2422) 2. npp) 21, 
n=0 n=1 
Therefore, if we equate the coefficients of like powers of z, we obtain 
(n-1) P4,1(x) - (2n+1) Paulx) + nPg-.1() =0 (2 =1,2,...), (17) 


Pila) - ¥Po(x) = 0. (18) 


Similarly, if we differentiate eq. (15) with respect to x and then multi- 
ply by 1- axz+ 22, we obtain 


dP4,1(x) dP4 1(x) d P, (x) 
Pal) =—ax +~ ax —-?* dx (19) 
or, by combining this equation with eq. (17), we obtain 
dP,(»X dP, (x) 
nP,(x) = x — 2 -at (20) 


dx dx 
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By eliminating xdPy(x)/dx from eqs. (19) and (20), we obtain 
dP, 1 (x) dP, _4(%) 


(2n + 1) P4(x) = dx - —dx (21) 
This formula remains valid for n - 0 if we set dP_1(*)/d« = 0. If, in 
formula (21), we set n = 0,1,2,...,» and add, we obtain 
dP, ((xX) dP,(x) 
n+1 n 
P» (2k « 1) ) Pr(x (x) = EN + dx (22) 


7. Legendre functions of the second kind 


To find the general solution to eq. (4), we need another solution thàt is 
linearly independent of the Legendre polynomials P,(x). We omit the proof, 
but point out that such a solution is of the form 


N 
x+1 2n - Ab +3 


Qux) = 2Pp(x) In x-1 g4Qk-i)n-k«1) Pr-2k+1(*) , (23) 


where N = in for even n and N = 3(n+1) for odd n. In particular, for n = 0, 
1, 2, and 3, we have 


Q(x) = 1(3x2 - 1) In RE - 3x, 


Q3(x) = 1(5x3 - 3x) In E - 5x242, 


Since the functions P,(x) and Q(x) are linearly independent, the gen- 
eral solution to eq. (4) can be written in the form 


y = CyPylx) + C2Qn(%) , (24) 
where Cy and C9 are arbitrary constants. 


8. Small -amplitude vibrations of a rotating string 


As a simple example of the application of Legendre polynomials, let us 
examine the problem of a vibrating homogeneous string of length / that is 
fixed at one end and that rotates freely around the point at which it is fixed. 
If we neglect gravity and air resistance, the equilibrium position of the 
string will take the form of a straight line that is rotating with angular ve- 
locity w in a plane passing through the fixed point. The string may vibrate 
around this equilibrium position when displaced from it. In studying the 
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vibrations, we need not study the uniform motion of the line of equilibrium, 
but only the displacement of the string from that line. The displacement u 
is a function of the time / and the distance x from the fixed point; we shall 
assume that 4 is perpendicular to the plane of rotation of the string. 

In the case of a rotating string, we need to find the acceleration of the 
point represented by the sum of two vectors: one vector being of constant 
length x, and the other (perpendicular to x) of variable length v. Both these 
vectors rotate with angular velocity w. 

Since u is parallel to the axis of rotation (perpendicular to the plane of 
rotation), the acceleration of this point will be -w2y along the x-axis and 
a2u/at2 along the z-axis. The force acting on an element of length dx of the 
string at a distance x from the fixed point will be equal to 


pdx- wx ; 
where p is the density of the string. 


The tension at the point x is determined by the sum of the forces acting 
on all elements of the string from the point x to its free end: 


T(x) = f pw2x dx = tpw2(12 - x2) . 
x 


From this, it is easy to obtain the equation for the free vibrations of a 
rotating string, namely, 


92u |, 242.2, OH 1,202 — 42) 9" 
pdx 2^ [pow ue) oss L ror ri 


or 


k = a2 Z e - x2) A (a2 = 142) . (25) 


Obviously, we can solve the problem of the small-amplitude vibrations 


of a rotating string by finding the solution to eq. (25) that satisfies the boun- 
dary condition 
u | x-0 =0 (26) 
and the initial conditions 
ou 
"bof. 3) FA (27) 


Let us seek particular solutions to eq. (25) satisfying condition (26) and 
of the form 


u = T(t) X(x). (28) 


Substituting this equation into eq. (25), we obtain 
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T(t) _ i [g2 = x2) X'(x)] 
a?T() | X(x) 


Denoting the common value of the two sides of this equation by -A, we obtain 
the two equations 


T(t) + a2X1(0 20, (29) 


d 


à [(22 - x2) x'G)] + AX(9) = 0. (30) 


Setting x = 1, we transform eq. (30) into 


4 la pa E = 
ái la E ex 0. (31) 


This is Legendre's equation. 

The physical meaning of the problem implies that the displacement of 
the string u(x, t) must remain bounded throughout the interval [0,/]. There- 
fore, we need to find solutions to eq. (30) that are bounded throughout this 
interval, including the end points. At the beginning of this chapter, it was 
shown that for \ = n(n+1), where n is a positive integer, Legendre's equa- 
tion (31) in the interval [-1,1] has a solution that is bounded at the points 
£ - £1. This solution is the Legendre polynomial P,(£). Consequently, re- 
turning to the variable x, we may assert that 


X(x) = Py(x/l) (32) 


is the solution to eq. (30) that is bounded at the points x = l for à = n(n +1). 
Satisfying the boundary condition (26), we obtain 


P,(0) =0. 


This is possible when 2 = 2k-1, where £ is a positive integer. 
Thus, non-trivial solutions to eq. (30) with the boundary conditions 


X(0 20, X(2) is bounded (33) 
are possible only at values 
àp -2k(2k-1) (k=1,2,3,...). (34) 
To these eigenvalues correspond the eigenfunctions 
Xy(x) = Pop 1(x/I) , (35) 


which form an orthogonal system of functions on the interval [0, /]. 
For à = Ak, the general solution to eq. (29) is of the form 


T&(f) = ag cos V2k(2k- 1) at + by sin v 2k(2k - 1) at. (36) 
On the basis of eq. (28), we find that the functions 
up(x. l) = [ap cos /2k(2k - 1) at + bp sin /2k(2k - 1) at] Pog. 1(x/1I) (37) 


satisfy eq. (25) and the boundary condition (26) for arbitrary values of ap, 
and bp. To solve this problem, we set up the series 
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u(x, t) = à [ag cos v 2k(2k - 1) at + by sin /2&(2& - 1) at] Pop.y(x/l) (38) 


and, in order for the initial conditions (27) to be satisfied, we require that 


u(x,0) = 2 ap Pgg G0) = flex) , (39) 
aul e au(x, 0) SLE /2k(2k - 1) ab, Pop.y(x/l) = F(x) . (40) 


Assuming that the series (39) converges uniformly, we can determine 
the coefficients a, by multiplying both sides of eq. (39) by P», .1(x/I) and 
integrating with respect to x from 0 to /. Then, remembering the ortho- 
gonality of the eigenfunctions, we obtain 


I l 1 
[ 702) Pop-1(2/1) dx = ay | Phy 1/0 dx = Yay f Pj, 1() dt = zz 4 a, . 
[*] o > 
Hence, 

L 
ap = &-1[ f(x) Py _y(x/1) dx . (41) 
Q 


In an analogous way, we obtain 


I 
4k-1 
bp = ——_. F(x) Pop_1(x/l) dx . (42) 
k” ais 2h( 2k ~1) J 2k-1 
Thus, the solution to the problem is given by the series (38), where ap 
and b, are determined by eqs. (41) and (42). 
Rewriting eq. (38) in the form 


u(x,t) = à Ap sin (IRR - 1) at + pp) Pag 1(x/l) , (43) 


we see that small-amplitude vibrations of a rotating string are a composite 
of harmonic vibrations. The frequency wk of the vibrations of the k-th 
harmonic is expressed by the formula 


= /2k(2k - 1)a = /k(2k - Dw . 


It follows from this that the frequencies of the vibrations depend on the 
angular velocity w and not on the length of the string or its density (so long 
as the density is constant). When the length or the density is increased, the 
mass of the string is increased, which tends to decrease the frequency; the 
tension is also increased, which causes an increase in the frequency. These 
two factors counteract each other. 
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Problems 
1. Show that 
1 for n=0 , 
1 
f P(x) dx = 0 for n=2k, k>O0, 
o (2k)! 
-1k — h for n=2k+1. 
22k ht (k +1)! 
2. Show that 
1 0 for k=2n+1 (n>0), 


xPp(x) dx = ' 
] — CD" (27-2)! for k=2n  (n»0). 


22^ (s - 1)! (n 1)! 
3. Expand the function f(x) defined by 


0 for -1<*x<0, 
fa zt, for O<x<1 
in a series of Legendre polynomials. 
Answer: 
1 3 7x2! 11x4! 
X)-z--—,P -————— Po(x) + ————— Pa(x)-... 
=a 22 19) 24x 21x 1! 20) 26x 31x29! 362 


4. Show that the series 
P (cos 8) + Py(cos 0) +... + Py(cos 0) +... 


converges for 0< 6 « 7. 
Method of solution: Use Laplace's formula. 


5. A homogeneous thread whose density varies according to the formula 
a 
[b2 -x2 


(where « > 0 and b > Z are constants) is fastened at the end (x = 0) to a 
motionless axis and is fastened at the other end (x = l) to a sphere whose 
mags is given by the formula 


M - f /b2-12, 


p(x) = 


Show that when the thread rotates around the above axis at constant an- 
gular velocity w, the equation for small-amplitude vibrations will be of 
the form 


where 
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= arcsin (x/b) . 


Method of solution: The tension of the thread is given by the formula 


T(x) = aw? (ze + w2q/b2 - 12 
x fb rae 
6. A homogeneous string is rotating as indicated in section 8 of this chap- 
ter. It is subjected to a force pY(x,¢) that is continuously distributed 
along its entire length. Show that the forced vibrations of the string are 
given by the equation 


u(x, t) = 2 Ty(t) Pop 4(x/1) , 


where 
i i 
4k -1 
S——À —— | dr| Y(£,7) sin wp(t-7) Pop. 1(E/D) d 
"mox rf £ sin welt 7) Pap-a(t/ 


Chapter XVI 


THE APPLICATION OF THE FOURIER METHOD 
TO THE STUDY OF SMALL-AMPLITUDE VIBRATIONS 
OF RECTANGULAR AND CIRCULAR MEMBRANES 


1. Free vibrations of a rectangular membrane 


Let us examine the small-amplitude vibrations of a homogeneous rec- 
tangular membrane which is fastened along the edges and has sides of 


length P and q (fig. 38). 


Fig. 38. 


It was shown in Chapter VI that this problem amounts to solving the 


wave equation 


2 2 2 
a "z g2(@ ua 2) 
012 ax2 y? 
with the boundary conditions 
wly-9 =0, ulx-p-20, wly-g=0, ul yag = 0 


and the initial conditions 
ul po fe», at _ = (x, y) . 


Let us seek particular solutions to eq. (1) of the form 
u(x, y, t) = TU) v(x, y) , 
satisfying the boundary conditions (2). 
Substituting eq. (4) into eq. (1), we obtain 
T"(f) _ "xx * "yy 
aru) | v7 


(4) 


(2) 


(3) 


Obviously, this equation can be satisfied only if both sides are equal to 
the same constant. We denote this constant by -k2, and, when we consider 


the boundary conditions (2), we see that 


Ch. XVI] APPLICATION OF THE FOURIER METHOD 217 


T(t) + (ak)? T(t) = 0 (5) 
Uyy t Uyy tkw =0, (6) 


viyso =0, Ul yap =0, a 


v1y-9 =0, vl yng = 0. 
Let us solve the boundary problem (6) - (7) by the Fourier method, setting 


v(x, y) = Xx) YO) . (8) 
Substituting eq. (8) into eq. (6), we obtain 
Y'(y ,9. X" 
vo '*7 x9" 
so that we obtain the two equations 
X"(x) + kj? X(x) -0,— Y") + Ry? Y(y) = 0, (9) 
where 
ko2-k2 -ki2 or k^ = hy2 + hy? (10) 
The general solutions to eqs. (9) are, as weknow, of the following form: 
X(x) = Cy cos kqx + Co sin 1x ,— Y(y) = C3 cos kay + C4 sin koy (11) 
From the boundary conditions (7), we obtain 
X(020, X(p)=0; Y(0 -0, JY(g-0, (12) 


from which it is clear that Cy = C3 - 0 and if we set C9 = C4 - 1, we see 
that 


X(x) = sin k1x , Y(y) = sin koy , (13) 
so that 
sinkyp=0, sinkgg=0. (14) 
It follows from eqs. (14) that k] and ko have an infinite set of values: 
kim = mu/p,  koq 72 nn/qg (m,nz21,2,8,...). 
We then obtain from eq. (10) the corresponding values for the constant k2: 


2 n2 
m^ n 
Rane = kim? + kon? = "CS + 2) (15) 
Thus, the eigenvalues (15) correspond to the eigenfunctions 
Uy X, y) = sin vs sin P (16) 


of the boundary problem (6) - (7). 
Turning now to eq. (5), we see that, for every eigenvalue k2- bn, 
its general solution is of the form 
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T mn(!) = Amn COS akmnt + Bmn sin akmnt . (17) 


Thus, on the basis of (4), (16), and (17), the particular solutions to 
eq. (1) that satisfy the boundary conditions (2) are of the form 


Uy X^ Y» 9 = (A mn COS ARyyt + Bmmn Sin abu) sin a sin ra . (18) 
To satisfy the initial condítions (3), we set up the series 
eo e 
u(x, y, t) = P 2 (Amn COS akmnt + Bryn Sin akmnô) sin vu sin a (19) 


If this s series and the series obtained from it by twice differentiating 
termwise with respect to x, y, and £ all converge uniformly, its sum will 
obviously satisfy eq. (1) and the boundary conditions (2). To satisfy the 
initial conditions (3), it is necessary that 


_ mmx, NT 
u| t0 = fo») = "X p Amn sin > sin ms ; (20) 
ou > > max in., 
Ll = F(x, y) = akmnBmn sin —— sin —— 21 
at | 4-0 (x, y) mel nel mn? mn b q (21) 


Assuming that the series (20) and (21) converge uniformly, we can de- 
termine the coefficients Amn and Bmn by multiplying both sides of egs. (20) 
and (21) by 

mi7X  ngy 
sin 
b q 
and integrating with respect to x from 0 to p and with respect to y from 0 to 
q. Remembering now that 


sin 


f H . mix | nay , Mynx nany 0, itm * m1 or nny, 
sin sin sin sin -- dx dy =} . 
o0 b q b q <bq, if mj-m,nj-n, 
we obtain 
_ 4 P TX ny 
Amn = gg] | f(x, y) sin dx dy 
(22) 
4 and mmux nTy 
B = F(x, y) sin —— sin — dx dy. 
mn akan | f (x, y) si p Sng 
The solution (19) can be rewritten in the form 
oo 
u(x, y, t) = > > Mpm Sin MTX sin 5. sin (akut * 9 yn), (23) 
m=1 n=1 P q 


where 


Mmn= Amn? + By? >» mn = arctan (Ay / By) - 
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When we examine eq. (23), we see that its individual terms express a 
harmonic vibrational motion and that, consequently, the overall vibration 
of the membrane is a composite of an infinite set of natural harmonic vi- 
brations of the type of standing waves. 

The frequency of each natural vibration can be determined from the 


formula 
y 2 2 
wmn = aT 2*4 (24) 
q 


and the period of the vibrations can be determined from the formula 


2pq ( 
==... 25) 
as m?q? + n2p2 


We note the difference between a membrane and a string. In the case 
ofthe string, for every frequency of natural vibrations there is a corre- 
sponding shape of the string, and the string can easily be divided at the 
nodes into several equal portions. In the case of the membrane, however, 
each frequency may correspond to several shapes of the membrane, with 
different positions of the nodal lines along which the amplitudes of the natu- 
ral harmonic vibrations are equal to zero. This is most easily seen in the 
example of a square membrane 


Tyan = 


b-2q-. 
In this case, the frequency w mn is computed from the formula 
Wyn = 0^ m3 4. x2 


It is clear from thís formula that the fundamental note, which is determined 
by the expression 


u411 = M11 sin (211/941) sin x sin y, 


has a frequency w11 = 442; here, it is clear that for each frequency the 
nodal lines coincide with the sides of the square occupied by the membrane. 
In these cases, when 


m=1, m=2 or m-2, n=1, 
we have two overtones: 


u19 = M19 Sin (wyof+¢19) sin x sin 2y, 


ug] = M91 sin (w21ł+ 991) sin 2x sin y 
with the same frequency 
w 74197991 = 445. 


Clearly, for this frequency, the nodal lines are determined from the 
equation 


a sinxsin2y« B sin 2x sin y=0, 
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or 
æ cos y+ Bcos x - 0. 


The simplest of the nodal lines are indicated in fig. 39 by the dashed 
lines. More complicated nodal lines are obtained with the same frequency 
when @ + 38 and a, # 0 but we do not show them. 


a=0 


p=0 a= a=-f 
N “ 
N “ 
N ^ 
Fig. 39. 


We can study these nodal lines and the resultant overtones in a manner 
analogous to that above. 

Forced vibrations of a rectangular membrane are studied in the same 
way as were the forced vibrations of a string, except that the external force 
$(x, v. f) is expanded, not in a single, but in a double Fourier series. 


2. Free vibrations of a circular membrane 


Let us examine the problem of the vibrations of a circular membrane 
of radius Z that is fastened at its edge. This problem is reduced to solving 
the wave equation in polar coordinates: 


82 law 1 824 1 82u 


ar2 rar z ap2 a2 ate (26) 
with boundary conditions 
ull =0 (27) 
and initial conditions 
uloin, St ag FO): (28) 


It is clear from the physical nature of the problem that the solution 
u(y, Q,1) must be a single-valued periodic function of o with period 27, and 
must remain bounded at all points of the membrane, including the center, 
where vy = 0. 

Applying the Fourier method, we set 


ur, p, D = TU) vv, 9 . (29) 
We obtain the equation for T(t): 
TÐ + a2r27() 2 0, 
its general solution 
T(t) = Cy cos adi + C» sin art, (30) 
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and the following boundary problem for the function v(v, g): 


aw Lav, 1 02v e 


0, 31 

"UM rr PPM 61) 

v| r=l =0 3 (32) 

v| y=9 = finite value, V(r, 9) = V(r, p+ 2m) . (33) 


Let us seek a solution to eq. (31) in the form 
u(r, p) = R(v) &(o) . (34) 
Substituting this equation into eq. (31) and separating the variables, we ob- 
tain 
e"(p) — v2R"(y) + vR'(r) + A22 Rv). _ | p 
$(o) . R(r) g , 


from which, by considering (32), (33), and (34), we obtain the two boundary 
problems: 


B"(y) + paly) =0, (35) 
$(g)-9(op«27 ,  &'(p)- P(p«2mn) ; (36) 
R'(9)4— Ig (n+ (2 - 5) R(» -0, (37) 
R()-0, R(0) = finite value. (38) 


It is easy to see that non-trivial periodic solutions to problem (35)-(36) 
exist only if p = n (where n is an integer) and that they are of the form 


$,(9) = A, cos ng + Bp sin no  (n-0,1,2,...). 
Let us return to eq. (37). Its general solution for p= is of the form 
RAY) = DyJy( Xv) + EnYrQ”) . 


It follows from the second of the conditions (38) that €n = 0. The first con- 
dition gives 


J4(M) 20. 
Setting Xj = u, we obtain the transcendental equation for determining u 
Jv) 20 , (39) 


which, as we know, has an infinite number of positive roots 
14), uod, ug, 
to which correspond the values 
am = um /L (m =1,2,..., 20,1,2,...) 
and the corresponding solutions to the problem (37) - (38) 
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Ram) = Jf s 0 v/1) . 

Turning to the boundary problem (31)-(33), we see that two linearly 
independent eigenfunctions correspond to the eigenvalue nm? = (uml) /2)2 > 
that is, 

Jnl tm ™r/2) cos ny, In( ug, 0 v/1) sinng (m=1,2,..., 2 0,1,2,...) 


From the above, it follows that we may set up an infinite number of 
particular solutions to eq. (26) that satisfy the boundary condition (27) and 
that are of the form 

aus t . aps t 
Un, Py) = Gum cos —,—— + By sin —1—) cos ng 


au (n); au (n)¢ u (n), 
* (Cam cos —— + Dym sin =) sin 2] Jy ( m ) 


To satisfy the initial conditions (28), let us set up the Series 


2» % aumt aumt 
u(r, 9,1) = > > [um cos —j;— + Bum sin ——) cos ny 
n=0 m=1 


a us Dt au (n): 5 m 
+ (Cum cos —TL— + Dnm sin —1—) sin ne In ( " ) . (40) 


The coefficients Anm, Bum, Cnm, and Dnm are determined from the 
boundary conditions (28). For if we set ¢=0 in the series (40), we obtain 


MUI <, X ug, 
"a (24 Anm In ( m N) cos ngo 


fly, p) = P Aom Jo ($n 


(n) 
t ic ( 3 Cnm In ( (er *)) sin ng. (41) 


This series is the expansion of a periodic function f(r) in a Fourier 
Series in the interval (0,27); consequently, the coefficients of cos ny and 
sin ng in this series must be the Fourier coefficients. In other words, 


Qn 2 (0) 
1 u T 
z J fr, edes 2, Aom Jo (1 —). (42) 
Qn - (n) 
1 H Y 
3l Kr, o) cos ngo do = p Anm Ja ( m ) , (43) 


ey aa 


Em 


f fir, €) sinng dg = p Cnm In ( 
o 


When we examine these equations, we see that they are expansions of 
an arbitrary function (7) in a series of Bessel functions: 
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= (n) 
= È mJ (me). 


It was shown in Chapter XII that the coefficients a,, are determined by 


the formula 


2 i 


"pL — [ vé(r) dr 
m 17, 42 m) o 
We then obtain without difficulty 
(0) 
m 
Aom Lx 7858 frg) ) Jo (Ë i ) rar do , (45) 
nl^J1 U am 
1 „2m (n) 
2 Hy" Y 
Anm = —s —5-—— La. Fro) Jn 4 ——,— ) cos nov dv do , (46) 
7127, 13 (uy, 0) J J ' nl I ) 
2 T u (n), . 
Cum = => f f fv,q) In ( "T ) sin nov dy dp . (47) 


7127, 4*( "oy o 0 


By a similar process, we can determine the coefficients Bom, Bym, 
and Dnm; we need only replace f(v,9) by F(v,q) in the formulae (45), (46), 
and (47), and divide the corresponding expressions by aH, (1)/1, Thus, all 
the coefficients in the expansion (40) are determined, and we can rewrite 
the solution obtained for the problem (26) - (28) in the form 


MO (nat 
u(v,o t) X p Mym)n (em 7 ) sin (n9 + Yym) sin (em — + vnm) , (48) 


where the constants Mum, Vnm, and vym are related in an obvious way to 
the constants Anm, Bum Cum; and Dnm 

It is clear from eq. (48) that the overall vibration of a circular mem- 
brane is a composite of an infinite set of natural harmonic vibrations of 
frequency 


where Tg is the tension and c is the surface density of the membrane. 
For 4 0 and m = 1, we have the fundamental note with lowest fre- 
quency 


a01 = ^-^ To/o. 


Formula (48) also shows that, in the case of a circular membrane, the 
standing waves of varying frequency have nodal lines. The simplest of these 
lines are determined by the equations 

hmr , 
Jn (+> ] )* 0, sin (n~+Wyym) -0. (49, 
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The first of these equations determines m - 1 circles, which are con- 
centric with the edge of the membrane, and which have the following equa- 


tions 
uy” pol”) Hy 


ar) "atu eir cor oe T0, qe) 


The second of eqs. (49) determines n diameters of the membrane with 


equations 
_a Vn .(n-1) "nm 
25a à f 00 )9nT 0g n | 


917-7 n! 
Fig. 40 shows several simple cases of the positions of the nodal lines. 


nz2 naQ 
at m=2 


nz0 DESI 
msi mzi m 


n23 
meat 


Fig. 40. 


In the case of radial vibrations of a circular membrane, the initial 


functions depend only on 7: 


ð 
ulos FEl 


It then follows from formulae (45), (46), and (47) that we have the ana- 
logous formulae 


=F(r). (50) 
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- 22,5, Ti fr) Jo(- 
2 i H (0), 


_ m 
Bom = alum OI Cum) | TEC) Jo ( I ) dr, 


and for positive n, the coefficients Any, Bum, Cnm, and Dym are equal to 
zero. The series (40) then becomes the series 


u(r, t) = > (Ao om cos am im N + Bom sin aim My y 4, (5n ny , (51) 


where the "n are the positive roots of the equation Jolu) = 


Problems 


1. A homogeneous square membrane that, at the initial instant / = 0, has a 
shape represented by Axy(b- x)(b- y) (where A is a small positive num- 
ber) begins to vibrate with no initial velocity. Investigate the free vibra- 
tions of the membrane, which is fastened at its edges. 


Answer: 
"v 9 gin (2n tins sin (2m E 
ux, y, = j : 
T n,m=0 (2n « 1)? (2m +1) 


x cos J (2n « 1)2 + Qm «12 77. 


2. A homogeneous rectangular membrane 0 x x x /, 0 «x y x m is fastened 
at its edges and, at the initial instant £ = 0, receives a blow in the neigh- 
bourhood of the center, so that 


m | | vo ae ay - =A, 


€^0 


where Ug is the initial velocity and A is a constant. Determine the free 
vibrations of the membrane. 
Answer: 
oo 
anml k y-1  Hkv 


u(x, y, t) = Vp y(X. y) sin uppat , 


where 


Vg, 0o 3) = sin sin ™ ue, = fi] + (v/m)? . 


L 


3. A liquid with density q is poured into a vessel that has the shape of a 
circular cylinder of height k. The bottom of the vessel is a thin film of 
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surface density p that is subjected to a uniform tension T. Show that the 
equation of the radial vibrations of such a film has the form 
994 lau | ,9 1 32u — LA 
—9*-- + b*(uch) =- — a -4T b -4q/Tg. 
ar2 rər ( ) a2 ot2 ’ o/P , v4/To 
4. A homogeneous membrane that has the shape of a circle of radius R 
lies on the surface of a liquid with density q. Show that the period of the 
fundamental note of the radial vibrations of such a membrane is given by 
the formula 


2nl/T oP 


= ^^ a a na? 

JHT? + g?n? 
where u is the smallest positive root of the equation Jolu) = 0. 
Method of solution: In the derivation of the differential equation for the 
small-amplitude vibrations of the membrane, remember that an element 
do of its surface is subjected to a hydrostatic pressure -qudo. Neglect 
the (apparent) additional mass of the water at the surface of the mem- 
brane. 


5. A homogeneous membrane that is fastened at the edges has the shape of 
a ring formed by concentric circles of radii Ry and R2. Show that the 
fundamental note of such a membrane is determined by 


u = AlJo(ugr) Yo(u1R1) + Yo(H17) Jo(u1R1)} cos aut , 
where uy is the smallest positive root of the equation 
Jo(uR1) Yo(uR92) - Jo(uR2) Yo(uR3) 2 0. 


6. Find the natural vibrations of a homogeneous circular membrane of ra- 
dius R that is fastened along the edge, if its shape at an initial instant is 
that of the surface of a paraboloid of revolution, and the initial velocities 
are equal to zero. 

Answer: 


oo 
Ja (uv/ R Gul 
u(r, ) = 8A > oc n/B) cos — (A = constant) , 


where 41, H2, ug,... are the positive roots of the equation Jg(u) = 0. 


7. A circular homogeneous membrane of radius R that is fastened along the 
edge is in a state of equilibrium with tension Tg. At the instant /- 0, a 
uniformly distributed harmonic force pA sin wt is applied to the surface 
of the membrane. Find the radial vibrations of the membrane. 

Answer: 


oo 
utr. = Ae | 2Aw RS y sin (u4at/R) Jo(uyr/R) 
r J 
w2 Ldo(wR/a) ? wl ug? (u2R- aup) (uy) 
where 11,42, 43,-.. are the positive roots of the equation Jo(u) = 0. 


1| sin wt - 


8. A homogeneous membrane fastened at the edges has the shape of a ring 
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formed by circles of radii /!; and 7/9. Show that, when the initial condi- 
tions of vibration are 

du) 
the displacements of the membrane from the equilibrium position are 
expressed by the formulae 


u| 9 = (1:0) , =0, 


oo oo 
utr, g, N = 2, 2, Ward?) (Anm Cos ne + Bay Sin nv) cos Ryyat , 
n-0 m=1 
1 
Anm = 3L ri as, P) Ward’) cos nor drdo , 
[o 
1 27 i 
Bam = M we Wam(r) sin nor dr de , 
where 
(r) = Jig) Yukam”) = [E Jy) Yolkam) 2 
Wam Jnlknm!i) Ynlknnl1) ' 2 Jakum!) Fanni) , 


and kym are roots of the transcendental equation 
J (kli) Yl) - J, (Rl) Y, (Rly) 20. 


PART HH 


DIFFERENTIAL EQUATIONS 
OF THE ELLIPTIC TYPE 


Chapter XVII 


INTEGRAL FORMULAE THAT ARE APPLICABLE 
TO THE THEORY OF DIFFERENTIAL EQUATIONS 
OF THE ELLIPTIC TYPE 


1. Definitions and notations 


Integral relationships, to which the present chapter is devoted, have a 
wide application in mathematical physics, especially in the theory of ellip- 
tic equations. The study of these equations will be begun in the next chap- 
ter. 

We begin by introducing a new system of notation, which will be more 
convenient for what we are about to do. We have been denoting the Carte- 
sian coordinates of a point in space by x, y, and z and the point itself by a 
capital Roman letter. In what follows, we shall frequently use the following 
system of notation: points in space will be denoted by lower-case letters, 
for example, x, E, and so on, and their coordinates by the same letters 
with subscripts 1, 2, 3. For example, we denote by x1, x9, x3 the coordi- 
nates of the point x; we denote by £1, £5, £3 the coordinates of the point £, 
etc. We shall call the respective coordinate axes 1, 2, 3. We shall denote 
by |x|, ll, etc., the distance of the points x, £, ete., from the coordinate 
origin, and we shall denote by |x-£|, | y- 5l, etc., the distance between 
the points x and £, y and 7, etc. If it is clear from the context what points 
we are speaking about, the distance between them will be denoted by vr. 

The integral and other relationships that we shall examine will be 
taken over certain volumes, surfaces, or curves. Completely rigorous 
definitions of the concepts of surface and curve are given in topology and 
are rather difficult. Just as above, we shall rely basically on an intuitive 
approach to these concepts. A curve, for example, can be thought of as the 
locus of a moving point; a surface can be thought of as the figure swept out 
by the motion of a curve or as the boundary of a solid. 

A region (which may be either three- or two-dimensional) is that por- 
tion of space or of a surface that satisfies the following conditions: 

(a) Two arbitrary points of the region can be connected by a curve, 
every point of which belongs to the region (the property of connectedness) *; 

(b) To every point x of the region corresponds a number 7 - 7(x) such 


* Regions in space or in a plane can be defined also in terms of the concept of a 
broken line, that is, without resorting to the general concept of a curve, which is 
not sufficiently rigorously defined above. When we confine ourselves to an exami- 
nation of two-dimensional regions in a plane, we do not have to use the general 
concept of a surface, 
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that all points of space (or of the surface) whose distance from x is less 
than 7 also belong to the region. 

We shall call a region in a plane a plane region. 

The set of points in space (or on the surface) that are at a distance less 
than any arbitrary number both from points belonging to the region and 
from points not belonging to the region is called the boundary of the region. 
We note that points of the boundary of a region do not belong to the region. 

The set of points of a region and its boundary is called a closed region. 
The points of a closed region that do not belong to the boundary are called 
interior points. 

We shall always assume the boundaries of regions to be surfaces (or 
curves). The boundary may contain several closed surfaces (or curves). 
For example, the boundary of a sphere from whose interior portion a 
sphere of smaller radius has been deleted consists of two spherical sur- 
faces. 

In connection with the properties of boundaries, we shall make certain 
assumptions that will give a precise meaning to all the relationships that 
we use. Unless the contrary is stated, the boundaries of regions will be 
assumed to be continuously smooth. This means, for example, that every- 
where on the boundary of a three-dimensional region, except possibly for a 
finite number of curves of finite length, there exists a unique normal (a 
unique tangent plane) with direction cosines thai are continuous functions of 
the points of the boundary. The boundaries of two-dimensional regions will 
interest us only in the case in which these regions are plane. In this case, 
to characterize the local properties of the boundary it will also be sufficient 
to examine only the normal to the boundary and its two direction cosines. 
On a continuously smooth boundary of a plane region, the direction cosines 
of the normal are continuous and the normal is unique, except possibly at a 
finite number of points. 

A portion of a curve that is connected and that consists only of interior 
points (for example, a straight line segment without its end points) is ana- 
logous to a region (one-dimensional region). The two end points of such a 
one-dimensional region constitute its boundary. These end points (such as 
the end points of a segment) are not considered as belonging to the region. 

When we consider the boundaries of three-dimensional regions, we 
shall sometimes also assume that, at each point x of the boundary, we may 
introduce a local Cartesian coordinate system with origin at the point x 
such that the portion of the boundary that lies within some sphere with cen- 
ter at point x can be represented by the equation 


Eg = AE E9) > 


where the function /(E1,£9) and its first-order derivatives are continuous 
and vanish at the point x. We shall see in section 6 of Chapter XIX that, un- 
der this condition, the boundary will be smooth. 

Any region containing a point is a neighbourhood of that point. Depend- 
ing on the type of problem that we are studying, we may consider regions of 
a different number of dimensions that constitute a portion of space, of a 
surface, or of a curve. 
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If all the points of a region belong to a bounded portion of space (for 
example, if they can be included in a sphere of finite radius), then this re- 
gion is said to be bounded or finite. In the opposite case, the region is said 
to be infinite. Every closed surface S partitions that portion of space con- 
taining points not belonging to S into two regions, one finite and the other 
infinite. The infinite region is said to be situated outside S and the finite 
inside S. The surface S is the common boundary of these regions. A normal 
to the surface S that is directed toward the infinite region (outside S) is 
called the outer normal. A normal to S with thv opposite direction is cor- 
respondingly called the inner normal. In what follows, we shall use only the 
outer normal to a region. 

A plane partitions space into two infinite regions, each of which is 
called a half-space. Analogously, a straight line divides a plane into two 
infinite plane regions (half-planes). 

We shall use the following notations: 

V, S, L are three-, two- and one-dimensional regions, respectively; 

dV, dS, dL are the dimensions (volume, area, length) of infinitesimal ele- 
ments of the corresponding regions *; 

FV, FS, FL are the boundaries of the corresponding regions. 

When it is not likely to cause confusion, we shall, for brevity, speak 
simply of the "region V" instead of the "closed region V", and so on. To 
show that a point belongs to a particular region or boundary, we shall use 
the symbol e. For example, the expressions 


xeV, xe V-~FV, xe TV 


denote respectively that x is a point of the region V, that x is an interior 
point of the region V, and that x is a point of the boundary of the region V. 


2. The Osirogradskii -Gauss formula and the Green theorem 


Suppose that Aj(x), where i = 1,2,3, are functions with continuous first 
derivatives in the region V. Let us represent the integral over the region V 
of the derivative 3A 1/9x, in the form of an iterated integral: 


3A 

HJ sop av = | Jara dry | Li as, 

l(xo,x3) 

where c is the region in the plane of the axes 2 and 3 that is formed by the 

projections of the points of the boundary FV of the region V; and /(x2,x3) is 

the set of segments of the straight line passing parallel to the axis 1 through 

the point with coordinates x9, x3 ino that are in the region V. The line in- 

tegral of 041/2x] along any segment of the set /(x2,x3) is equal to the dif- 

ference in the values of À1 at the ends of the segment (corresponding to the 
upper and lower limits of integration). 

We now note that the surface FV can be partitioned into three parts - 


* For measure concepts multiple integrals. and so on. see V.I.Smirnov 1). Vol- 
ume 2. p. 88. 
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S1, Sg, and S3. Here, S1 and S5 are formed by the ends of the segments of 
the set /(x9,x3) that correspond, respectively, to the lower and upper 
limits of integration (the points at which straight lines parallel to the axis 1 
enter or leave the region V); 53 is made up of points which lie on the tan- 
gent (to FV) parallel to the axis 1 and which are not ends of the segments 
examined above. We denote by (”,,*1) the angle between the axis 1 and the 
outer normal, to FV at the point x e FV. We also introduce the function 
sgn q *, which is equal to 1 if g is positive, to -1 if q is negative, and to 
zero if q is zero. It is easy to see that 


-1 if xe$, 
sgn cos ,x])-1 1 if xeSo, 
0 if xeSs. 


Let us now examine the integrand in the integral over c. After inte- 
grating over /(x2,x3), the integrand takes the form of a sum, each of whose 
terms is computed from the value of the function Aj at the boundary FV; 
specifically, each term takes the form Aj(x) sgn cos (4,x1). The total 
number of terms is equal to the number of intersections of the correspond- 
ing straight line (parallel to the axis 1) with boundary FV. Thus, to every 
point x on Sy and Sg there corresponds the quantity A 4(x) sgn cos (44,x1); 
using the set of values of this function on Sy and S9, we can completely de- 
termine the integrand being considered. This makes it possible to trans- 
form the integral over c into an integral over the surface ¥V. To do this, 
we note that 


dxg dx4 = dS(x) |cos (zy, x4)| = dS(x) cos (14,x1) sgn cos (4,x4) , 
where dS(x) is an infinitesimal neighbourhood of the point x e FV on the 
boundary FYV (an element of FV). Carrying out the corresponding substitu- 
tion and extending the integration over all points x e 54 « 55, we obtain 


ðA 
yy dX» dxg "" n dx1 


- ff Ay sgn cos (#y,%4) icos (ny, x1)! dS(x) = H A1 cos (n,x4) dS. 
S1*89 $1*55 
For brevity, the argument x is omitted in the integrand. But the integration 
can also be taken over 54, since there cos (2,xj) = 0. Consequently, 
` 2A ` 
J [Job acy = | [A1 cos mxn as. 
yv ol FV 
By replacing the subscript 1 by the subscripts 2 and 3, we obtain ana- 
logous relationships for the functions Ag and Ag. By adding all these rela- 
tionships, we arrive at the Ostrogradskii-Gauss formula: 


3 3 
HT 2, Aa dy = JÍ 2 4a cos (n. xa) dS . (1) 


* This is an abbreviation of the Latin word signum. meaning "sign". The abbrevia- 
lion is read "signum". 
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In the derivation of the Ostrogradskii-Gauss formula, we did not take 
into consideration the fact that the normal may not exist on isolated curves 
of the surface FV. This is justifiable since the measure (area) of the set of 
points belonging to these curves is obviously equal to zero, as a conse- 
quence of which the exclusion of these points does not affect the value of the 
limit to which the integral sums tend. If we wished, we could derive eq. (1) 
by partitioning the region V into subregions, such that in each of these sub- 
regions the integration would be carried out only over the smooth portion of 
the boundaries. By adding the results, we would again arrive at the for- 
mula for the entire region V. 

Our first application of the Ostrogradskii-Gauss formula will be to de- 
rive Green's theorem, which play an important role in mathematical phys- 
ics. 

Let us examine the second-order linear differential expression 


3 3 
32u du 
Mu = > 2u ĵo» z—— + CH 2 
a,B=1 “ap Oxy 9X8. q-1 9 $xa , (2) 
where Gag, bo, and c are functions of the point x. If the functions agg and 
the functions 3 


ag 
ca = ba - à T 3) 
have continuous first derivatives, we may put the differential expression 
Wc in the form 


3 3 
ð ou Ou 
Wat = > =<—a ou > ey x + CH. 4) 
a;8-1 a 9B axa gat 7 OXg ( 
The differential expression 
3 3 
V 9 (eu) 
‘Hu = 2. ô du Dy ra) + CH (5) 


=a - 4 
a,pe1 Xa ap xg ol da 


is called the conjugale of the differential expression Mu. Putting the ex- 
pression X; in the form 


3 9 a 3 $ de 
- 3 du y ole 
Hiu = =a 26 De —-de- >) u 
agl 9Xa 9P 8x; get xg ( NEP ) 
we easily see that this property is mutual; that is, that the expression Mu 
is the conjugate of Xu. 

If Wu - Xu, the differential expression Mu is said to be self -conju- 
&ale. Necessary and sufficient conditions for the differential expression 
Mau to be self-conjugate are that 


3 3a 
ea = bo- >. 
p=1 


Let us set up the differential expression 


ap | - 
às; -0 (@=1,2,3). 
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3 
a ou QU ð 
vYlu - uoto = > U -u ‘y+ 2 eu . 
i aj8-1 9^ og ( dxa 5 0xy a 9x» X. 


If the functions u and v and their first and second derivatives are contin- 
uous in the region V, then, by integrating this expression over V and apply- 
ing the Ostrogradskii-Gauss formula, we obtain Green's theorem: 


| | ] eate -uOCv) dV 
V 


3 3 
, ou av 
dA eem meum m 


Green's theorem is also valid when the functions « and v have integra- 
ble second-order derivatives that are continuous only inside the region V *. 
To show this, let us examine the region V' that is contained within the re- 
gion V together with its boundary. Since the expression vu - uv is in- 
tegrable, as V' ~V the limit of the integral over V' does not depend on the 
path by which V' approaches V and, by definition, is the integral over the 
region V. The integrand on the right side of eq. (6) is continuous in the re- 
gion V, right up to its boundary. Therefore, as V' approaches V, the inte- 
gral of this expression over the boundary FV' of the region V' changes 
continuously and converges to a limit that must be the integral over FV. 
But since V' * V, eq. (6) is valid; consequently, as V' approaches V, its 
left and right sides tend to the same limit. 

An important special case of Green's theorem is the case in which 


2 2 2 
We - 0-4 , 97 , om 
8x12 0x9? 8x3? 


tcu. 


This differential expression is self-conjugate, so that 
82v . 82v | 22v 
8x1? 0x9? 8x42 


Cu = 


TCU. 


The expression 
3 3 


y 2 y, 9.4 


Ha ya a = "a xc 
a, 8-1 BOB ax, pel B axg dn 
is, in the present case, a differential operator ** in the direction of the 


* For example. the second derivatives of the functions « and v may increase without 
bound as they approach the boundary of the region V. thus having an infinite dis- 
continuity at points of the boundary. 

** An operator is a rule of correspondence such that to any function belonging to 
some specified class of functions there corresponds some new function belonging 
either to the same or to 2 different class. In the present case. the rule of corre- 
Spondence is clear [rom the expression for the operator. and the specified class 
of functions over which the operator in question is defined is indicated in the de- 
rivation of Green's theorem. namely. the class of functions that are defined in the 
region V. that have continuous second derivatives within the region V. and that 
are integrable throughout the entire region up to its boundary. 


Ch. XVII] INTEGRAL FORMULAE APPLICABLE TO THE THEORY 237 


outer normal n to FV, as a consequence of which Green's theorem takes the 


form 
He Au -u^v) dV- Ir Á - u SP) dS, (7) 


where A denotes the Laplacian operator: 


92 a2 a2 
+ + . 
8x1? 0 x9? 0x42 


If S is a plane region, we have 


f f wom - uv) ds 
S 
2 


> du av > 
ng Agglv —- u z— Ea ng uv| dL . (8 
“UL, p aap DE ad ^7 | ) 

This formula is analogous to eq. (8) and is also called Green's theorem. 
When 


2 2 
at - 95. 2, 
3x1? 0x9 
it takes the form 
f f œ an -u s as -J vy dL, (9) 
S 


where d/dz is the differential operator in the direction of the outer normal 
to the boundary ‘FS of the region S. 


Problem 


Derive Green's theorem (9) for a plane region. 


3*. Transformation of Green's theorem 
Green's theorem (6) can be transformed into a simpler form. To do 


this, we set up a correspondence between every point of the boundary JV 
and the straight line passing through that point with direction cosines 


3 
2 aif ng , (10) 


* The material in sections 3-6 of this chapter is used only in Chapter XXVII. 
Hence. these sections can be omitted until one begins Chapter XXVII. 
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where 
2 (X an] 
a= a n (11) 
p (2 ap "5) | 
We shall call this straight line the conormal. Noting that 
3 

> ð > 0 d 
nj Aga zZ =a = Fat, 12 
aj-i P 3x, "qq 8xy "dv (12) 


where d/dv denotes differentiation in the direction of the conormal, and de- 
fining 


3 
b= 2 Eg na> 
a=1 
we reduce Green's theorem (6) to the form 


> . 1 
| Nm - uNv) dV = I] fe v t -u 25) * bn dS. (13) 
Vo Hu vota u ve 


By introducing the notations 


ME" "EET. 
Pu =a pte Qv - agp t (B-b)r, (14) 


where 8 is an arbitrary continuous function, we may likewise reduce 
Green's theorem to the form 


| | m7 - wv) dV = Nm - «Qv) dS. (15) 
V gv 
In the case of a plane region, formulae (13) and (15) take the form 
| | atte - uNa) dS = J fe v du u dry, Zi dL. (18) 
S gs dv dv 
fi (Mu - uNa) dS = | (vu - uQv) dL, (17) 
S gs 


where the differentiation in the direction of the conormal is defined by for- 
mulae analogous to formulae (10) - (12). 


4. Lórv' s functions 
In this section. we shall study functions that play an important role in 
the theory of elliptic differential equations of general form. 


Let us suppose that the differential expression (2) is of the elliptic 
type. that is, that there exists a positive number « such that the condition 


3 
È agl 
a=1 
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implies the inequality 


> aug ^g ^g 7€. (18) 
aci b P 
On the basis of this inequality, the determinant 

“11 412 113| 

A(x) = |491 422 493 

a31 2032 833 
of the coefficients a;; = aj; does not vanish. We denote by &;j the cofactor of 
the element ajj divided by the value of the determinant A. By a well-known 
property of determinants, 


i (1 for isj, 
ig Čaj = bij = | 0 for ij. (19) 


Furthermore, it is easy to see that the inequality (18) implies the inequality 
s 

Gag àa ^a^ 0. (20) 
oper BaB 
To see this, it is sufficient to reduce the quadratic form in the inequality 
(18) by means of an orthogonal transformation to the form 

C11 Hy? + Cog Hg? + c33 Ug? ; 

then, the form appearing in the inequality (20) becomes 


2 2. 


C29 C33 1? + C11 633 H2? + C11 622 H3 
Since, on the basis of the inequality (18) c11, €22, and c33 are all positive, 
the assertion is obvious. 
We denote by x and & two points with coordinates x1, x2, x3 and £4, £9 
£3, respectively, and we consider the function 


3 l4 
2 
HE, x) = j | AG) P , dante) arm xad - xg) (21) 
F 2E, 
or x *£ P " 
)zc——-0. 
apes PO Bbq ok (22) 
This is proved as follows: first, 
3 
2 Hie Voy 
oH 1 ; ae] 
Ln -3,|40l * (a 0003 (23) 
a Cap Ya ra) 


where, for brevity, we use the notaion 
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ti- xiri (i = 1,2,3). 


Furthermore, 
> din Ty T 
a fia iB *a TB 
H a laol o a ., 
dj Ej — 4m 3 i 3 3 
( 2 dap ra ra) ( 2 , 708 o "g) 
@,B= 1 a,ß=1 
3 3 3 
Y Hol aay? | Y agg ta re 
ype 75 dy 85” aga 6 "P 


“0 “va 868 Ta Tp 


y - 1 
x >. ay Qyb ~ 32 Bry B= 3- . (24) 
y,6=1 T ` 
a dog vo và 


Remembering that aij = Aj and dij - dj, we obtain, on the basis of the 
identity (19), the following eawations: 


H 5 56 =3, 
3 3 5 
Lo Aa Yay Ta = > lyy yg Va Ya = Gag Ya rg. 
6 “ya 6B Ya Yp adl ya lyp Ta VB adl of Ya Tp 


a, y ,671 , 
It follows from these relationships that the right side of eq. (24) vanishes, 
and this proves eq. (22). If the coefficients ajj - 0 for i + j and ajj-2 for 


i = j, then 


1 1 
H(E, x) = dir? 
where r = |£ -x| is the distance between the points x and £. In the general 
case, we have the following relations in every bounded closed region con- 
tained in the region V: 
pi | 32H | . P2 
Eo 3 > (8b, OE; 73? 


where 2, j = 1,2,3 and B, By, and B» are positive numbers. These relations 
are proved in an analogous fashion. Let us prove, for example, the second 
of them. We have 


B 
Hl < - (25) 
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3 
WD. ñata- 


oH 1 -i a= 
a a AO ^ —3,— 3 
h DR Gog (Eo - xo) (Eg - z 
f 3 
1 A 2 ioa Ha 
-ž a= 
= cas AG? M 3, 
PEL 
where 
| i-i 
Hi = y 


are the direction cosines of the straight line passing through the points x 
and £. Since the form Zag yg Yq rg is positive definite, there exists a 
h 


positive number C* such that 
Š 
fing Yao T3? C* , 
ag fa "à 
so that 3 
aH| 1 -i » 3 
? ar; 34,1400] * 2 Fig ra (C*) *. 


The right side of this inequality is bounded. Let By be its greatest value in 
the region that we are considering. Dividing both sides of the inequality by 
r, we obtain the second of the inequalities (25). 

Suppose that a function q(£, x) and its first and second derivatives are 
continuous for £ + x in the given region V (with respect to the coordinates 
of the point £). Suppose, in addition, that in every closed region contained 
in V, o(E, x) uniformly satisfies the inequalities 


C C 2 C 
| el < 1 ) | 29 < 2 3 2 ? < 3 , H 

MESS QE; ^ ,2-A 06; djl 3-A 
where 7,j = 1,2,3 and Cy, C9, C3, and à are positive numbers not depend- 
ing on the choice of the point x. Then the expression 


L(E, x) = HE, x) + ol, x) 


is called Lévy's function. The function H(E,x) is the principal part of Lévy's 
function. 


(26) 


Problems 


1. Show that if the coefficients aj; are constants, the function H(£,x) is a 
solution to the equation 
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3 2 
a ou _ 0 
ajj-1 Fades 


2. Show that for x » 6, 


3 
32H B(b 
au [4yg (2 - 49g (£)] Sag ^ ^b 


where B(6) and 6 are positive numbers. 


5. The Green-Stokes theorem 


We denote by J(x.p) the neighbourhood of the point x defined by the in- 
equality 3 


2. apl) Ea- xa) Eg - xg) < p? (27) 


As we know from analytic geometry, such a neighbourhood is an ellipsoid 
whose volume is equal to 


a 

Vy -ís[AQ0]* p. (28) 
Suppose that V is a closed region and that x is an interior point of it. 
We choose p small enough so that the neighbourhood J(x,p) lies entirely 
inside V. In the region V-J- FV, Lévy's function L(£,x) and its first two 
derivatives are continuous. Consequently, in the region V -J we may apply 
Green's theorem (15), by setting v(E) = L(E, x) in this region. We then obtain 

fH (LM çu - uN, L) dV, = 
V-J g 


If (L9tu - uQgL) dS, , (29) 
V+ Ft £ E : 


where the subscripts indicate that the differentiation and integration are 
with respect to the coordinates of the point £. 

Our intention is to take the limit of this expression as p approaches 
zero. We note that the integrands increase without bound in the neighbour- 
hood of the point x. 

Setting 


L(E, x) = H(E, x) + le, x) 
and keeping the relationship (14) in mind, we may write 


LP yu - uQeb = - ualt) E e (5,2) , (30) 
where 
V(2) =~ ua $2  [(- b) + Pu) Ur 9) . 


Since the functions x and Pu are bounded, the inequalities (25) and (26) im- 
ply the inequality 
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BY BT Bj 
lwe,x)| «—— + + 
ve ) yank yl r , 
whered, B*, Bi, and B$ are positive constants. For a sufficiently small 
neighbourhood of the point x, the first term on the right side of this in- 
equality becomes overwhelmingly large in comparison with the remaining 
terms. Therefore, there exists a positive number 5 such that 
* 


lult, x)l < - fo r<6. (31) 
r 


Let us now consider the expression LWu - u(L. Recalling (21), we 
reduce this expression to the form 


3 
3 22H ; 
LM pu - uNEL = - Za aagl®) aga agg t Vasa, (32) 


where y1(£,x) is a function not containing derivatives of the function v/(£, x) 
with respect to £; higher than the second or derivatives of the function 
H(E,x) higher than the first. Therefore, in a sufficiently small neighbour- 
hood of the point x, 
ci 
lyi l < z- for 7r< 6, 

where C1, A, and 5; are positive constants independent of the choice of the 
point x. Furthermore, on the basis M the identity (22), we have 


3 
22H 
P api) we a à ; Uo - &ag(x)] Sig Ox 
With an accuracy up to higher-order terms in 7, 
aij 
ajs(5) - ayl) = 5, - r, (33) 


where 3/ðr denotes differentiation in the direction of the straight line con- 
necting the points x and E. Since the derivatives of the functions ajj(£) are 
continuous by hypothesis and, consequently, are bounded, the last of the 
inequalities (25) implies that, for sufficiently small values of v, 


3 
2 aapt) oH 
a,f=1 Eo 0Eg 
When we consider the estimates that we have found for the terms on the 
right side of eq. (32), we conclude that, for sufficiently small positive 6*, 


* 
C? 


P C520. 


| LWu - u%Ll < S ; d r«5*, (34) 
where C* and à< 1 are positive constants, independent of the choice of the 
point x. 

In the integral relationships (29), let us pass to the limit as p ap- 
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proaches zero. On the basis of the inequality (34), the integral on the left 
side of eq. (29) converges to a finite limit 


f HE aat. - uN gL) dV; = lim f f [wore gu - ure L) dV; . (35) 
V p"0 y-J 
Furthermore, on the basis of eq. (30), we obtain 


Ia» - uQgL) dS = - f fea SE aS; + E ds . (36) 


From the inequality (31), the second of the integrals on the right side ap- 
proaches zero as p approaches zero. For 
( [dS Sy 
J Jute. ase] < | T Iu nl asy< o = BY 
FI FJ r 


S 


c 


where S; is the area of the surface FJ and *,, is the shortest distance be- 
tween the point x and points on FJ. As p approaches zero, the ellipsoid 
(27) becomes smaller but keeps the same shape, since the coefficients d;j(x) 


do not depend on p. Therefore, the area of its surface 
Sy = Bry? 


7 


where the number B does not depend on p. Thus, 


ffen dS, 
gJ 


< B* Br pò . 


As p approaches zero, the right side of this inequality will also approach 
zero because p and *,, vanish simultaneously. This proves the assertion 
made above. 

Let us now examine the first integral on the right side of the inequality 
(36). From eq. (12), 


3 
dH 1 3H 
dv ~ a€é) P ng Qag( gp; 


where the m (with 7 = 1,2,3) are the direction cosines of the outer normal 
to the boundary FJ. When we write the expressions for the derivatives 
8 H/8 £j in explicit form, and when we recall that, on the surface FJ, 

3 

2. dag(9 (La xa (£g - xg) = p? , 


„B= 


we obtain 


3 
9H 1 ut) 1. v 
-MO AD 3y Ba TAG) 98 yi 


For small values of v, 


ng Gag(£) &ey(X) (&y -x,) . (37) 


me) = Ws) + Sp, T= He) + OOM 5 
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where O(*) denotes the set of terms that become infinitesimally small 
simultaneously with *. Furthermore, from (33) and (19), for small values 
of v, 

3 3 

2 ayil E) a(x) = > [40:9 Čox) , ai Y gil) = 5;; + Olr) 

ae aad aj aj | oj ar [rox oj ij . 
Summing over o in eq. (37), and substituting the expression for «(£), we 
obtain 


[Jue alk) 3 A- 3H as. =i E 1 E r) I | A ng(Eg - xg) dSg . (38) 


The sum zia ng(E g^*p in the integrand is equal to the projection 


r cos (r,n) of the segment r drawn from the point x to the point — along the 
outer normal z to the surface FJ at the point £. This projection is negative, 
since the outer normal to FJ, which is the boundary of the region V -J, is 
directed out from V-J, that is, inside the ellipsoid J (fig. 41). We note 
also that the volume of the cone constructed with the element dS as its base 
and with vertex at the point x, is, with an accuracy up to higher-order 
terms, equal to 3r| cos (2, »)| dS. Since the union of all such cones is the 
region J(x, p), we conclude that the integral on the right side of eq. (38) is 
equal to three times the volume of the ellipsoid J(x, p). Therefore, from 
eq. (28) and from a consideration of the sign of cos (r,x), we obtain 


ff > ng(Eg - xg) dSr = - 47 ./Á(x) p? 
FJ B-l 
JAC) 
from which, after substituting in eq. (38), we obtain 

Ho ) «(D 45 2H as, = = u(x) [12 0(7)] . 

gJ 
On the basis of the calculations that we have made, we conclude that, as o 
approaches zero, the expression in (36) approaches the limit 


im [JaPa -uQ L) dS¢ç = - u(x). 
no SI E E E 


Fig. 41. 
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In the light of the limit relationships that we have obtained, when we 
pass to the limit as p approaches zero in the integral relationship (29), we 
obtain the Green-Stokes theorem 


u(x) = [woe - UQg L) dS; - f [Tasa -wXQL)dVg, (39) 
gv V 


which plays an extremely important role in the theory of differential equa- 
tions of the elliptic type. 
In the frequently encountered case in whtch 


(that is, when aj = 0 for i * j and aj; = 3 for i = j), the Green-Stokes theo- 
rem takes the form 


ua- [IG a ds - HE eau nan dV, (40) 
where 
L-4 +. 6.x. (41) 
Problem 


Assume that the function 4 satisfies the equation Au = 0 in a finite re- 
gion with boundary S. Then derive the formula 


«LE i Oe. 


6*. The Green-Stokes theorem for two dimensions 


The construction of the Lévy functions and the derivation of the Green- 
Stokes theorem for a plane is almost the same as for the three-dimensional 
case. Let us consider the function 


T2 


2 
1 -4 » 
H(E,x) = 57 A] A aa õa lt) Eq-%a) 6g -Xx3)) > 


defined in a closed bounded plane region S. The notation on the right side is 
analogous to the notation used in section 4. The identity, 


2 
(x) _ 02H =0 
apa1 P M dg” 


is valid and, in an arbitrary closed region contained in S, we have the in- 
equalities 
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aH| Pı |_a7H | 22 
SEU <r? raz 
where 7,j = 1,2 and B, By, and B9 are positive numbers that are indepen- 


dent of the choice of the point x. 
We shall call a function of the form 


L(E, x) = H(£, x) + (£, x) 

Lévy's function, if the function ¢(E,x) is bounded in the interval in ques- 
tion, if for £ # x it and its first and second derivatives with respect to the 
coordinates of the point £ are continuous, and if, in an arbitrary closed re- 
gion contained in S, it satisfies the inequalities 
a Cy 920 NEZ 
ak; y^! et obj yard 
where ¿i,j = 1,2 and ^, C1, and C2 are positive numbers that are indepen- 
dent of the choice of the point x. 

With this definition of Lévy's functions for a plane, the Green~-Stokes 
theorem, 


u(x) = | (LP pu - u Q gL) dS - | | ants - uKgL) d3r , (42) 
FS S 


| H| < Blin 


< 


where S is a plane region, is valid. 


Problem 


Assume that the function 4 satisfies the equation Au = 0 in a bounded 
plane region with boundary L. Then derive the formula 


u(x) a) (njun dLẹ. 


7. Representation of certain differential expressions in orthogonal coordi- 
nate systems 


A number of integral formulae used in mathematical physics contain 
differential expressions. We have thus far been expressing these in ortho- 
gonal Cartesian coordinates. For example, in the Ostrogradskii-Gauss for- 
mula (1) and in Green's theorem (7), we found the expressions 

3A] 9À$ Ag 

— 4l 4L 

0x]  Ox9  0Ox3" 

au au au (44) 
8x12 8x99 0x4? 


(43) 
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One also comes across Stokes' theorem (which we give here without 
proof *) 


f fe, as = Ja, dL, 
S Fs 


where 5 is a continuously smooth two-sided surface (in space) with a con- 
tinuously smooth boundary FS and the functions B, and A, are expressed in 
terms of the given functions A1, A», and Ag by the formulae 


9A3 dA g 0A, dAg 
By = 3x3 - Bx. cos (”, x1) + Gu az) cos (n, x9) 
@Ag 941 
oxi - 3) cos (n, x3) , (45) 


A, = Ay cos (T, x1) + Ag cos (T, x9) + Ag cos (T, x9) . 


Here, cos (z, x;) and cos (7,"j) for i = 1,2,3 are the direction cosines of the 
norma] z to the surface S and the tangent 7 to its boundary FS. The positive 
direction of the normals to S can be chosen arbitrarily; then, the positive 
direction for the line integral fes A, dL around the boundary FS must be 
counterclockwise, looking from the end of the vector of any normal to S. 
The functions Aj, Ag, and Ag are assumed to be defined in the region V 
containing the surface S; these functions, together with their first deriva- 
tives, are assumed to be continuous. These functions can be chosen as the 
components of some vector A. Then, the function B, can be regarded as the 
projection onto the normal z of the vector whose components are 


9A, 9A; " 523, 
Bi == 73. i,j, = f2 l, 
ax; xk 3,1,2. 


This vector is known as the curl of the vector A (that is, B = curl A). 

Let us determine the form of the differential expressions (43) - (45) in 
arbitrary orthogonal coordinate systems. 

Let us recall the definition of orthogonal coordinates. Here, we shall 
examine only coordinates in space, leaving the matter of coordinates in 
two-dimensional regions to the reader. 

Let us suppose that the point x is defined in terms of the three pa- 
rameters 7T], 79, and 73; that is, 


x = X(T], 72, 73) 
or 
x1 = x4(T, To, T3) > X9 = Xo(T1, T2; T3) , xg = x3(74, T9, T3) . (46) 


If these three functions, which define the coordinates of the point x in terms 
of the parameters Ti, are single-valued, then, to every set of values 7, 
Tg, and 73, there corresponds one definite point x. Let us suppose not only 


* See V. I. Smirnov D, Vol. 2, pp. 64 and 70. 


Ch. XVII] INTEGRAL FORMULAE APPLICABLE TO THE THEORY 249 


that the [unctions (46) are single-valued, but that they also have continuous 
partial derivatives. Let us examine the system of equations 
ax. Ox; Ox; 
d7Tg+ 


D i 
dx; = 37071 + 373 313 dr3 (47) 


with respect to the differentials dry, dro, drg. The determinant D of this 
system, which is composed of the partial derivatives dx;/dT;, is called the 
Jacobian or functional determinant of the system of functions (46). Obvious- 
ly, the Jacobian of the system (46) is a function of the parameters 71, 72, 
and 73. 

The following proposition is proved in the theory of differential equa- 
tions *: If the Jacobian of the system (46) does not vanish in some neigh- 
bourhood T of the values of the parameters T1 = 7191, 72 = 799, 73 = 799, to 
which the point x9 with coordinates x1 = x91, x9 - x99, xg = x93 corre- 
sponds, then, in some neighbourhood X of the point x9, the system (46) ad- 
mits a set of single-valued inverse functions 


T1 = T1(x1,%9,%3), 79 = T2(x1,%2,%3), 73 = T3(x1,x2, x3) , 


and these functions 7j = Tj(x1,X2, x3) have continuous first derivatives with 
respect to x1, x2, and x3 in the neighbourhood X and they assume the val- 
ues 79; at the point x9. 

Thus, under the above conditions, to every point x e X there corre- 
sponds a definite set of parameters 7j, 79, 73, which, when substituted 
into eqs. (46), gives the Cartesian coordinates of the point x. In other words, 
there exists a one-to-one correspondence between the points x and the 
triples of the parameters T1, T2, and 73; because of this correspondence 
we may regard these parameters as coordinates of the point x. If at least 
one of eqs. (46) is non-linear with respect to x1, x2, and x3, these coordi- 
nates are said to be curvilinear, since they correspond to a curvilinear 
coordinate grid. 

It is general practice to choose curvilinear coordinates which are in 
one-to-one correspondence with the points of the region to be studied, ex- 
cept possibly at certain points or lines where the Jacobian of the system of 
functions (46) vanishes. These points (or lines) are called the singular 
points (or lines) of the corresponding coordinates. 

Surfaces on which one of the curvilinear coordinates takes a constant 
value are called coordinate surfaces. A surface on which the coordinate T; 
is constant will be referred to as the surface 7;. The set of surfaces T7; 
forms a system of surfaces 7;. There are three systems of coordinate sur- 
faces, corresponding to 71, T2, and T3. An intersection of coordinate sur- 
faces forms a coordinate curve; the set of coordinate curves constitutes a 
coordinate grid. Only one coordinate varies along a coordinate curve. 
There are also three systems of coordinate lines. Along a curve of the sys- 
tem T; only the coordinate 7; varies. Three pairs of coordinate surfaces, 
one pair from each system, form a curvilinear coordinale parallelepiped, 
whose edges are segments of coordinate curves. 


* See V. I. Smirnov D. Vol. 3. Part 1. p. 19. 
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If every pair of coordinate surfaces of different systems intersects at a 
right angle, the curvilinear coordinates are said to be orthogonal. Obvious- 
ly, in this case, the coordinate curves also intersect at right angles. 

Let us examine the displacement of some point x along the coordinate 
curve Tj passing through it, over a distance corresponding to an increment 
in the curvilinear coordinate of d7j. It follows from the system (47) that the 
Cartesian coordinates of the point x then receive the increments 

8xj . 
dri = gz (îi = 1,2,3). 
Consequently, the direction cosines of the tangent to the curve at the 
point x are proportional to the partial derivatives 3x 1/07j, 9x2/3 Tj, Haa dTi. 
We then arrive at the following orthogonality condition: 


-9 A0 if j#k. 


The displacement corresponding to the increment in the curvilinear coordi- 
nate d7j is equal to 


Ox (= 0X4 
3 ar, lr 1 2 DE 
8j =vdxy * dx? «dx? = Gay. G2). Gy =hj dīj, 


ds 


where 


090x142 (my 0x4. 2 
hj = (5 + (575) + (55) 
The quantities hj (where j = 1, 2,3) are called the Lamé coordinate parame- 
ters. 


The volume of an infinitesimal curvilinear coordinate parallelepiped 
is obviously equal to 


ds dSq ds3 = hyhohg dry dro d73. 


The product /142/3 of the Lamé parameters is (except for sign) equal to 
the Jacobian of the transformation. To show this, it is sufficient to take the 
square of the Jacobian, using the rule for "column by column" multiplica- 
tion. As a result of the orthogonality, we obtain 


ty? 0 0 
D?- 0 hy? 0 | = (hy hg hg)? 
0 0 A 


Thus, at the singular points of the coordinates, at least one of the Lamé 
parameters will vanish. 

In what follows, we shall use only two types of curvilinear coordinates, 
cylindrical and spherical. 

The cylindrical coordinates v, o, z of a point x are defined by the sys- 
tem of equations 


xy=recosg, Xo-rsing, %*3=z (0 <@ <2n). 
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The Lamé coordinate parameters have the values 
h =h,=1, ho = ho =r, hg = hz =1. (48) 


The coordinate surfaces v form a system of circular cylindrical surfaces 
of radius * with a common axis (coinciding with axis 3 of the Cartesian 
coordinate system). This axis is called the cylindrical coordinate axis. The 
coordinate surfaces g¢ form a system of half-planes; the boundary of each 
half-plane is the cylindrical coordinate axis. The coordinate surfaces z 
form a system of planes perpendicular to the cylindrical coordinate axis. 
The coordinate r represents the distance of the point x from axis 3 of the 
Cartesian coordinate system (or, equivalently, from the cylindrical coordi- 
nate axis); v represents the angle between the coordinate half-plane pas- 
sing through the point x and the coordinate half-plane in which axis 1 of the 
Cartesian coordinate system lies; z coincides with the Cartesian coordi- 
nate x3. 

Through every point x that does not lie on the cylindrical coordinate 
axis there pass one coordinate surface r, one coordinate surface y, and 
one coordinate surface z. On the cylindrical coordinate axis, the parameter 
ho = 0, and consequently, it is a singular line. On this axis, the coordinate 
€ does not have a definite value. 

The spherical coordinates v, 0, and 9 of a point x are defined by the 
System of equations 


xı =r sin cose, x*g=rsin@sing, x4-rcos6; 
O<O0<7, OSE. 
The Lamé. coordinate parameters have the values 
hy =hy=1, ho =hg=r, hg =hg =r sin 8 (49) 


The coordinate surfaces 7 form a system of spherical surfaces with a com- 
mon center at the point x = x9 = %3 = 0, called the spherical coordinate 
origin. The @ surfaces form a system of circular cones with a common axis 
coinciding with axis 3 of the Cartesian coordinates. It is called the polar 
axis. The ọ surfaces form a system of half-planes passing through the 
polar axis. The coordinate * represents the length of the radius vector of 
the point x; the coordinate @ represents the angle between the radius vec- 
tor and the polar axis; the coordinate o represents the angle between the 
coordinate half-plane passing through the point x and the coordinate half- 
plane in which axis 1 of the Cartesian coordinates lies. 

Through every point x not on the polar axis there pass one *-surface, 
one 6-surface, and one ~-surface. On the polar axis, the parameter hg = 0; 
consequently, it is a singular line. On this axis, the coordinate o does not 
have a definite value. At the singular point r - 0, the coordinate @ is also 
undefined. 

Let us now calculate the differential expressions in these orthogonal 
coordinates. 

We shall begin with the Ostrogradskii-Gauss formula (1), taking for the 
functions Ay, A2, and A3 the components of some vector A and for the re- 
gion V the curvilinear coordinate parallelepiped formed by the six coordi- 
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TTT 2,73) 


Fig. 42. 
nate surfaces: T], 74+471, 79, T9 * dTo, 73, 73 +479 (fig. 42). The lengths 
of the edges of this parallelepiped are equal to 
ds1 = ki dr}, dsg=hgdtg, ds3=hgd7q. (50) 


Breaking up the integral over the surface of the parallelepiped into the sum 
of integrals over its faces, we obtain 


es. 349 943 ZIP + JÍ Anasa), 


Oxy 0x2 3X3 
Sr Ta 


where Sra and Spotty are the faces formed by the coordinate surfaces 
Tq and rg dra, and A, = sa A g cos (n, x3) are the projections of the vec- 


tor A onto the normal to the corresponding faces. Note that, on three of the 
faces of the parallelepiped, the direction of the outer normal coincides with 
the direction of the coordinate axis normal to the face. However, on the 
faces opposite these, the outer normal is directed oppositely. Therefore, 
by the mean-value theorem, 
HH 9À1 342 0Ag - (21 NAM 9Às 
(sat 0x9 * 3x3) Y dc * xa * 3x3 


[ [asas - ffan asoan fy, a=1,2,3, 


Sty Sty 
fi Ay dSo = H Ar, dSa = Ar ndr S, da! a=1,2,3, 
T ytd TatdTo 


where V is the volume of the parallelepiped, 57, and 5,447, are the areas 


of the faces of the parallelepiped, and the values of the functions on the 
right sides of these equations are taken at certain internal points of the 
corresponding regions of integration. 

With an accuracy up to second-order terms, we may set 


a ATST 
Az ytdty ridi =A To? Ty + Ta Ta * 
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Substituting these expressions into the Ostrogradskii-Gauss formula, we 
obtain 
941 Ten aAg 


a.) V= > Goda + 52 Aad dro) -AgSa| 


xy | * 8x3 
^ - 
= 2 ? x dr, 
al Ta a 
Substituting the values 
V = ds1 dS% dsg = hyhohg dry dro d73 , (51a) 


Li 


1 E 
Sy = dsg ds, =hgh,dtgdt,, 8,7 = | 2 ; (51b) 


and taking the limit as V approaches zero, we obtain the desired formula: 
@A, 3A; Ag 1 
8x] + axg * axg — hihoha 


lis h9h3A1 + 5— 7; 9142 * 3zq DUE (52) 


Setting 
Aj = ðu/ðx; (@=1,2,3) 
and noticing that 


du o du 
aSqy hg 8tq 


(a= 1,2,3), (53) 


we also obtain the formula 
32u ðu 32u 
214? + 8x92 + xg? 
_ 1 [ 2 haha 2) 9 hahi e (a ou ) 
hyhohg (871 \ hy 874 hg OT? ATI ' 


hg aT 3 (54) 


We now apply Stokes' integral theorem to one of the faces of the paral- 
lelepiped that we are considering; let us take the face formed by the T1- 
surface (fig. 42). Breaking up the integral on the boundary into the sum of 
the integrals over its edges, applying the mean-value theorem, and keeping 
relationship (50) in mind, we obtain 


B15 = Ag dsg - Ag dsg + Ag dsg + 5; 43 ds4 dT3 - Ag dso - Agds2drT3 


2 

273 
z9 -2 z 

373 hg Ag dT3 d72 - $13 ho Ag dT2 d73 , 

where By is the projection of the vector B in the direction of 71. In this re- 

lationship, it is assumed that the normal to the contour is directed in the 


direction of increase of the coordinate 71. The corresponding path around 
the contour is shown in fig. 43. 
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Fig. 43. 


Let us substitute the value of the area $4 given by eq. (51b) into the 
above equation, so that 
ahgAg ah in 


133g ary EFI 


Hence, by means of a cyclic permutation ef subscripts, we see that, in 
general, 


1,2,3, 
a,g,y = | 2,3,1, 


any dd 


Ba = 1 Qr. b, (55) 
hgh, 07g 

When we project the vector B (with coordinates determines by these for- 

mulae) in an arbitrary direction » and equate the expression obtained with 

the expression given in eq. (45), we obtain the formula 


aAy 3A 


843 3 9A, 
Gs zd) cos (n,x4) + (5 a) cos (n, x9) +. G- 313 ) 08 (n, x3) 
0 h4A oh 0h4À 0h4A 
= ig ( I - 242) cos (m 73) + ii ( T 23 3) cos (n, T9) 
dhgAg ml 
* iho ( aT, T ;) cos (n,73) . (56) 


Problems 


1. Derive formula (54) by using Green's theorem (7). 
Method: Set v = -1 in Green's theorem. 


2. Show that in orthogonal curvilinear coordinates in a plane the relation- 
Ship (54) takes the form 
du 224. 1» É ha au), a (1 ou )) 
9x12 0x92 hhz 971 M 973/ ITa Mt2 IT 
where the parameters hy and hy have the same meaning as in the three- 
dimensional case. 
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3. Show that when we make the change of variables 
%y=(c+rcos 0) coso, xg=(c+rcos 0) sing, x=rsiné, 


the differential equation 


32u 4 32u + du — 
3x1? 3x9? 8x3? 
takes the form 
a auj 18 au ray 
Z [rte + r cos 8) $e ros [e +r eos 6) Solt cr cosi ape” 


4. Show that if the coordinate surfaces are given by the equations 
€ sinh T1 € sin 72 
coshT]-cosT2' x2 =xıtanhT3, x3 


1 
2 2)2 - = 4 
(x1%+ 2°)" = coshT1 -cos79Q’ 
we obtain an orthogonal curvilinear coordinate system with parameters 
h c k c sinh 71 
hy = 2 7 cosh 71 - cos 72 ! 3 = cosh 71 - cos 72" 


This coordinate system is called a toroidal system. Its coordinate sur- 
faces represent the surfaces of tori, spheres, and planes. 


5. Show that if the coordinate surfaces are given by the equations 
€ Sin T2 c sinh 71 


1 
(42 x92)? - cosh 7, - cos 72 » X= xy tants, 


*3 = cosh 71 - COS 79 ' 

we obtain an orthogonal curvilinear coordinate system with parameters 
c € sin T9 

h = ^2 = Cosh 7] - COS 79 ' h = Cosh Ty - COS 79 ` 


This coordinate system is called a bipolar system. 


Chapter XVIII 


LAPLACE AND POISSON EQUATIONS 


1. Laplace and Poisson equations. Examples of problems leading to the 
Laplace equation 


The equation 


Ou au au o, " 
Oxy x2 0x3 

where x1, x2, and x3 are orthogonal Cartesian coordinates, is called the 
Laplace equation. The expression on the left side is called the Laplacian 
function and the rule for forming this expression is called the Laplacian 
operator. The Laplacian operator is commonly denoted by the symbol A, so 
that eq. (1) may be written in the form 


^u =0. 


The non-homogeneous equation 


du Žu eu 
xp * axa * 0x3 =f (2) 


or 
Au =f, 


where f is a known function, is called the Poisson equation. 

The form of the differential expressions on the left sides of the La- 
place and Poisson equations are the same in all orthogonal Cartesian coor- 
dinates. When we change to curvilinear coordinates, this form may change, 
and, for orthogonal curvilinear coordinates, it may be defined in terms of 
the relationships of section 7 of the preceding chapter. In particular, by 
using eqs. (54), (48), and (49) of Chapter XVII, we see that in cylindrical 
coordinates v, o, Z, 


2 2 
_12 1 af 2 
SEIL 53392 922” (3) 
and in spherical coordinates 7, 6, 9, 
2 
2:19 (,22 sin 6 2t. 4 
e ar AG TE 2 sin 8 20 "n a)" Wade» e 


Numerous problems in the theory of heat flow, electrostatics, hydrodyna- 
mics, and so on lead to Laplace and Poisson equations. For example, let 
us examine certain problems which lead to the Laplace equations. 

1. The problem of a sleady thermal stale of a homogeneous body. Sup- 
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pose that we have a homogeneous isotropic body that is insulated from the 
surrounding space and whose thermal state does not vary with time. Let us 
denote the portion of space occupied by the body by V, its surface by FV, 
and the temperature at any point x e V by u(x). 

Let us show that at every internal point x of this body the function u(x) 
satisfies the Laplace equation. 

Let us take some region V4 inside the body that is bounded by an arbi- 
trary surface JV, and let us examine the amount of heat that flows through 
an element d54 of its surface per unit of time. From the Fourier principle, 
it is proportional to the area of the element and the normal derivative 
du/dn, where n denotes the direction of the outer normal to the surface. In 
other words, this quantity of heat is equal to the product 


du 
k in $91- 


The proportionality constant k is called the coefficient of internal heat con- 
ductivity of the body. 

Let us examine the flow of heat in the body. We know from thermo- 
dynamics that heat flows from points at high temperatures to points at low 
temperatures. Consequently, when the derivative du/dn is negative, heat 
will flow from the internal portion of the body bounded by the surface FV1 
into the region surrounding this surface. If this derivative is positive, the 
reverse situation will take place. 

From this it follows that the double integral 


k | d^ asy (5) 
gv, 


yields the algebraic sum of the amount of heat that flows through the sur- 
face FV per unit of time. A negative sign represents a heat loss anda 
positive sign a heat gain. 

If we assume that there are no sources of heat within the body and that 
no heat is converted into other forms of energy, the integral (5) must be 
equal to zero. Otherwise, heat would accumulate or be lost within the body 
and, consequently, the temperature of the body would change with time, 
which contradicts the hypothesis of a steady state. 

Thus, in the case in question, we have 


du 
Í | d, 25170. (6) 
FV, 
Let us apply Green's theorem, eq. (7) of Chapter XVII, to the region V1: 


Jj J ess -vaw dV = J/( E EPES dS1 


and let us set v = 1. 
Remembering now that the integral (5) is equal to zero, we obtain 
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H1 Au dV, - 0 


Since the region V4 is arbitrary, it follows that 
^u -0; 


that is, the function u(x) satisfies the Laplace equation. 

Let us now suppose that we know the temperature distribution over the 
surface ¥V of the body and that we wish to determine the temperature of an 
arbitrary point within the body. 

Obviously, we shall solve this problem if we find the solution to the 
Laplace equation that satisfies the boundary condition 


u-f() when xe9V, (7) 


where f(x) denotes the temperature at the point x on the surface FV. 

2. The problem of equilibrium for electric charges on the surface of a 
conductor. Let us examine a constant electric field that is created in space 
by some system of electric charges. If a discrete number of charges q1, 
425,...,dy are located at the points £1, E3,... , En, the potential of the field 
at a point x will be equal to 


qa 
u z= — 8 
PEE (8) 
where ra= | ta- xl is the distance from the charge gy to the point x. How- 
ever, if the charges are continuously distributed along a curve L, over a 
surface S, or throughout a volume V, the potential of the field at a point 
will be expressed by one of the integrals 


u= [3ar, u= Í Flas, «- f [[2av, (9) 
a S V 


where v is the distance from the element of the curve (surface, volume) to 
the point in question. In these formulae, the quantities p2, p1, and p denote, 
respectively, the linear, surface, and volume charge densities: 


Aq _ dq ^q _ dg - um A. 
02- im agar? P= Bm ass as? p= lim SP ay? (10) 
where A4 is the charge on the element of curve L (or of surface S or of 
volume V). In the general case, the potential of the field is equal to the sum 
of the potentials caused separately by each of these forms of charge distri- 
bution. 

Let us suppose that a finite volume V of space is occupied by a con- 
ducting medium, that is, one in which charges can move freely, and that 
the remaining portion of space is a dielectric, that is, a medium in which 
the charges cannot move. 

In a steady state, the potential of the field will be the same at all 
points of the region V including its boundary. Otherwise the electric 
charges would move so as to equalize the potential, and the field would 
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vary. From this, it is immediately obvious that in the region V the poten- 
tial 4 of the field satisfies the Laplace equation 


Au =0. (11) 


Within the conductor, the charges of opposite sign must neutralize each 
other. This is true because any excess charges (of either sign) within the 
conductor are displaced outward as a result of the repulsion between 
charges of like sign until all of them are uniformly distributed on the boun- 
dary of the conductor. Consequently, if a steady state is attained, the ex- 
cess charges are located on the boundary FV of the conductor in the form 
of an infinitesimally thin shell. 
The potential of this shell at the point x is given by the integral 


u= -Í [^ dS , (12) 
gy * 
where * is the distance from a variable point E on the surface of the con- 
ductor to the point x. 
If the point x is outside the conductor, the function 1/r satisfies the 
Laplace equation. For 
a1 ch o 021 , Citn? 1 
OxXi Y B O? axr 74 y» 


and hence, 


Consequently, the potential u determined by formula (12) satisfies the 
Laplace equation. To prove this assertion, it is sufficient to apply to the 
integral (12) the rule for differentiating with respect to a parameter (we 
may do this since, by hypothesis, the point x lies outside the surface S and, 
consequently, the integrand in eq. (12) is nowhere infinite). 

Thus, the potential 4 also satisfies the Laplace equation at every point 
outside the conductor. 

Let us now discuss the phenomena that take place at infinitely distant 
points of a space filled by a dielectric, and on the surface of the conductor 
itself. 

As we shall show below, the integral (12) (together with its first-order 
partial derivatives) vanishes at infinitely distant points. Thus, the products 
ru, Y 2(ou/axj (i= 1,2,3) remain bounded when the distance * from a point 
x to the coordinate origin increases without bound. With regard to the phe- 
nomena that take place on the surface of the conductor, it will be shown that 
the potential 4 remains bounded and continuous when the point x moves 
through the surface of the conductor. On the other hand, the normal deri- 
vatives of the potential have a finite discontinuity in this case. This dis- 
continuity is characterized by the equation 


du du 


dm dn S71» (13) 
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where du/dn; and du/dzg are the limiting values of the expression 


3 
ou 


—— cos (n, xg) 
a=1 axq 
as x approaches the point £ e FV along the inner and outer normals to FV 
at the point £, respectively. 

Let us use eq. (13) for stating the so-called electrostatic problem of 
finding the charge density of a layer that is continuously distributed on the 
surface of a given conductor (provided the conductor is in a state of elec- 
tric equilibrium). 

Let us suppose that for a given conductor this condition is fulfilled. 
Then, from the above, we see that the potential inside the conductor will 
have a constant value and, consequently, 


du/dn - 0. 
It follows from this equation and from formula (13) that 
1 du 


017745 ang? (14) 
that is, the desired charge density of the layer will be found if we deter- 
mine the potential v of this layer at points lying within the conductor. 

Thus, the problem that we have stated amounts to finding the function x 
which, at all points of the space surrounding the conductor, (1) satisfies the 
Laplace equation, (2) approaches zero at infinity, and (3) satisfies the con- 
dition 

u(x) = constant when xeJV. 


3. The problem of the motion of an incompressible liquid. Let us in- 
vestigate the steady-state motion of an incompressible liquid. Let us de- 
note by v the velocity vector of the liquid and let vy, v9, and vg be its pro- 
jections onto fixed coordinate axes. We shall henceforth assume that these 
projections do not depend directly on the time /. We shall call such a mo- 
tion of a liquid steady-state. 

Let us now suppose that the motion of the liquid takes place with a 
velocity potential 4; in other words, we shall assume that 


v = ðu/ðx; (i =1,2,3). (15) 
Let us show that this potential satisfies the Laplace equation 
5u-Q0. (16) 


It was shown in Chapter VI of Part I that the projections v1, vg, and vg of 
the vector v, and the density p of a liquid are related by the equation of 
continuity: 


Remembering that the density p of an incompressible liquid is constant, we 
may rewrite this equation in the form 
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A 
o-1 9X» 
Instead of vg (where o = 1,2,3), let us substitute their values as given by 
eq. (15). This gives us the Laplace equation (16). 
The boundary conditions will depend on the nature of the hydrodynamic 
problem in question. For example, for rigid walls of a basin, we have 


du/dn - 0, 


where n is the normal to the wall. If a rigid body is moving in the liquid 
according to some given function, then, on the surface of the body, 


du/dn - f(x), (17) 


where fx) is the given function. More complicated boundary conditions are 
obtained for a free surface of a liquid (see Chapter XXIV). 

Furthermore, we need to consider the conditions that must be satis- 
fied by the potential at infinity. In many hydrodynamic problems, it is as- 
sumed that a disturbance-causing motion in the liquid, if it acts in a bound- 
ed region of space, does not change the state of rest of the liquid at an in- 
finite distance from that region. Then, the partial derivatives 04/0x; vanish 
at infinity. It can then be shown that the quantities 


0. 


3229 | (q1,2,3) 


(rul, axa 


will be bounded when * increases without bound. 

The assumption that the liquid is at rest at infinity is made, for exam- 
ple, in the extremely important hydrodynamic problem of the motion of a 
rigid body in an incompressible liquid that fills all space. 


Problem 


Show that the problem of steady-state temperature distribution in a 
bounded homogeneous body in which the sources of heat are distributed 
continuously, reduces to integration to the equation 


Au =- 4rfi when xe V-FV 
under the condition that 


du 


an t +S =O when xe FV, 


where Vis the region occupied by the body and k, f1, and f are functions 
such that f] is given within the body and f and k are given on its surface. 
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2. Boundary -value problems 


We have examined a number of physical problems. Each of them was 
reduced to the mathematical problem of finding a function" that satisfies 
the Laplace equation A« - 0 at all internal points of a given region V and 
that satisfies some given condition on the boundary FV of the region V. 
This condition is called a boundary condition, and the mathematical prob- 
lem connected with it is called a boundary-value problem. 

There may be boundary-value problems not only for the Laplace equa- 
tion but for any equations of the elliptic type. 

There are three basic types of boundary-value problems, depending on 
the form of the boundary condition *: 

1. u(x) = y(x), when x e FV is the first boundary-value problem or the 
Dirichlet problem. 

2. du/dn = y(x), when x e FV is the second boundary-vaIue problem or 
the Neumann problem. 

3. du/dn + Bu = yx), when x e FV is the third or mixed boundary- 
value problem. 

Here, V and Bare continuous functions defined on the boundary surface 
FV and du/dz denotes the derivative at a point of the surface FV in the di- 
rection of the outer normal to it. 

The study of a wide class of steady-state physical processes and phe- 
nomena leads to boundary-value problems of this kind. In particular, the 
examples examined in the preceding section led to the Dirichlet and Neu- 
mann problems. However, problems with other boundary conditions are 
also encountered. Among these are, for example, hydrodynamic problems 
in which free surfaces of liquid media are examined. If the physical me- 
dium in question is non-homogeneous, but consists of several homogeneous. 
portions, certain coupling conditions, etc., must be satisfies on the boun- 
daries. 

If the region in which a solution to the equation is sought is bounded, 
the boundary-value problem is said to be internal. On the other hand, if 
this region is the portion of space lying outside some bounded region, the 
boundary-value problem is said to be external. If the boundary of the region 
is a plane, the boundary -value problem is said to be posed for a half-space. 
The problem of the thermal state of a homogeneous body that was formu- 
lated in the preceding section is an example of an internal Dirichlet prob- 
lem and the electrostatic problem is an example of an external problem. 

Let us now make precise the mathematical formulation of a boundary- 
value problem. As we stated in the introduction, a mathematical physical 
problem is said to be correctly stated if a solution exists that is unique and 
that is a continious function of the given conditions of the problem. 

The requirements contained in the formulation of the concept of cor- 
rectness reflect our general view that there are a wide class of physical 
phenomena; (1) which must arise when certain necessary conditions are 
met (a solution exists); (2) which are completely determined by these con- 


* See also Chapter XXVII, section 2. 
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ditions (the solution is unique), and (3) which are changed only slightly if 
the conditions are changed only slightly (the continuous dependence of the 
solution on the given conditions of the problem) *. A correct statement of 
the problem usually assures a physical meaning to the solution. 

The conditions assuring correctness of the statement of a boundary- 
value problem vary somewhat for the different types of problem. However, 
there is a basic group of conditions that enter into all these formulations. It 
amounts to the following: a function constituting a solution to a boundary- 
value problem (stated for a second-order partial differential equation) must 
(1) be continuous in the region for which the problem is posed, up to the 

boundary of the region, 

(2 have continuous second derivatives within the region and satisfy the 
given equation (for example, Laplace's, Poisson's, etc.), 

(3) satisfy the given boundary condition on the boundary of the region, and 

(4) (if the region is three-dimensional and infinite) approach zero as we 
displace a given point an infinite distance along an arbitrary ray con- 
tained 1n the region. 

Solutions to boundary-value problems in three-dimensional regions 
satisfying the conditions enumerated will be called regular solutions. 

As we shall show, regular solutions to the fundamental boundary-value 
problems are unique (sometimes under certain additional conditions) and 
they depend continuously on the boundary conditions. We shall not go into 
the existence of solutions, which would require the application of a special 
mathematical apparatus. We note only that regular solutions exist only 
when the given boundary condition is sufficiently smooth. In practice, this 
point is not especially important, because any boundary condition with a 
physical meaning can be approximated to any desired degree of accuracy by 
smooth functions. Within the framework of an idealized view of physical 
objects as being continuous, this approximation can have the same physical 
meaning as the origina] condition. A more theoretical solution to the prob- 
lem of the existence of solutions is given in the theory of generalized solu- 
tions, which we shall touch on in Chapter XXXIX. 

We note, in conclusion, that the solutions to correctly stated boundary- 
value problems for an arbitrary equation of the elliptic type are never less 
smooth (in the sense of having fewer continuous derivatives) than the func- 
tions that determine them (the coefficients in an equation and the given con- 
ditions of a problem). Usually, they are differentiable infinitely many times 
at all internal points of the region being studied. This property of the 
solutions of boundary-value problems is closely related to the fact that the 
study of steady-state physical processes — of equilibria that are the end 


* Of course, we may not assert that an incorrectly stated problem in the sense de- 
fined does not have a physical meaning. For example, we might wish that the last 
requirement (the continuous dependence on the given conditions of the problem) 
might not be satisfied in order to investigate the conditions of stability of the pro- 
cess, etc. However, in the overwhelming majority of physical problems (if not in 
all) that are studied by the methods of mathematical physics, the requirement for 
correct stating (as defined above) is a necessary part of the rigorous formulation 
of the mathematical statement of the problem. 


264 LAPLACE AND POISSON EQUATIONS (Ch. XVII 


results of a preceding equalization process — leads to boundary-value prob- 
lems. It is obvious from physical considerations that not only the solutions 
to a problem but also the boundary conditions (which rather precisely deter- 
mine the nature of the phenomenon) will in this case be extremely smooth. 


3. Harmonic functions 


A function u(x) is said to be harmonic at a point x if it has continuous 
second derivatives and satisfies the Laplace equation at that point. A func- 
tion u(x) is said to be harmonic in a closed region V if it 
(1) is continuous throughout that region, 

(2) is harmonic at all interior points of the region, and 
(3) (when the region V is infinite) approaches zero as we displace a point x 
infinitely far along an arbitrary ray belonging to the region. 

We note that on the basis of this definition, regular solutions to boun- 
dary-value problems for the Laplace equation are harmonic functions in the 
region in question. 

Let us establish some important properties of harmonic functions. 


AN EXTREME-VALUE THEOREM. If a function u(x) is harmonic in a re- 
gion V, it does not have maxima or minima within that region but attains 
its largesi and smallest values on the boundary. 


Proof: Let us suppose that the function u attains a maximum at a point 
xe V-FV. Consider a spherical surface c, with center at point x, lying 
entirely within the region V. The radius of the sphere can be chosen suffi- 
ciently small so that 


u(x) > tmaxt €, (18) 
where Umax is the maximum value of u on c, and € is a positive number. 


Also, we can find a sufficiently small positive number 7 such that at an ar- 
bitrary point & lying either on or within the surface c 


ni x-£|2 < te , 


where |x - £| is the distance between the points x and £. Then, on the basis 
of the inequality (18), the function 


w(E) = ul) + nlx - £|? 


will exceed its greatest value on c at the point ë = x. This means that its 
maximum must be attained within the surface c. But at the point where the 
maximum is attained, the second derivatives with respect to the coordinates 
of the point £ cannot exceed zero. However, 


92v | 302v 32v 


appe foo SU V, ^U parla -t2- 6n» 0. 
"^ eni oai oa? 5 


The contradiction shows the impossibility of inequality (18), from which 
it follows that the function u cannot have a maximum value within the region 
V. In a similar manner, one can show that the function 4 cannot have a 
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minimum within V. But like every continuous function, it has a maximum 
and a minimum in the closed region (Weierstrass' theorem). Since they 
cannot be within the region V, they must be on its boundary. 

Let us note a useful corollary. 


COROLLARY. If two functions u and v are harmonic in the region V, 
satisfaction on the boundary of the region of one of the inequalities 


usv or |u| <v 
implies the satisfaction of the same inequality within the region also. 


Prooy: If the function «-v, which is harmonic in the region V, is non- 
positive on the boundary of the region, it must be non-positive everywhere 
in the region, since within the region it cannot exceed its maximum value 
onthe boundary. The assertion thus follows in the case of «u <v. The in- 
equality |u| <v is equivalent to the two inequalities 4 $ v and -v <u. From 
what has been shown, the satisfaction of each of these on the boundary im- 
plies their satisfaction within the region as well. Hence, the assertion is 
also true in the case of the inequality |u| < v. 

By using the extreme-value theorem, let us prove the following lemma. 


REMOVABLE-SINGULARITY LEMMA. Suppose that a point £ = x is an iso- 
lated singular point of a function u(t) and that, at all points of some neigh- 
bourhood & of the point x, the function uft) is harmonic. Then, either the 
function u(t) increases no more slowly as — approaches x than does 1/r 
(where r= |x - El is the distance between the points x and £), or the func- 
tion u(t) has a removable singularity at the point x and can be redefined at 
that point in such a way that it will be harmonic there. 


Proof: Let us choose a positive number a sufficiently small that the 
sphere consisting of points r such that + < a belongs entirely to the region 
Q. We shall show in section 6 without using the present lemma, that it is 
possible to define a function that is harmonic in a sphere and that coincides 
on its surface with a given continuous function. We denote by v(£) a function 
that is harmonic in the sphere r <a, having the same values on its surface 
as does the function &(£). Let us consider the function 


It is non-negative within the sphere r <a and harmonic in the region Ve that 
is obtained by removing from the sphere * x a an arbitrarily small neigh- 
bourhood x < € of the point x. As E approaches x, the function increases in 
proportion to 1/7. Therefore, if the function u(t) increases more slowly 
than 1/r as £ approaches x (that is, if the product vu approaches 0 as £ ap- 
proaches x), then there exists a number 7, which approaches 0 as « ap- 
proaches 0 such that 


|a -v| s n(2-*) fo *-c and re=a, (19) 


For 7, we can take the smallest value of the expression 
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Ta 


lu-v| 7a 


with * = €. Since the functions u - v and n(1/r - 1/a) are both harmonic in the 
region Ve, then from the corollary to the extreme-value theorem, the in- 
equality (19) remains valid for € <7 <a. Let us fix the point £ by giving 
the left side of the inequality (19) and also the function (1/r - 1/a) certain 
fixed values; then let the radius € approach zero. The right side ofthe in- 
equality (19) will approach zero and, since its left side is independent of €, 
we have u =v for all E # x and Y <a. 

Thus, if the function w(£) increases more slowly than 1/r as E ap- 
proaches x, then, for £ * x, it coincides with the bounded function v and, 
consequently, it is bounded for £ # x. Then, since u =v for all £ # x, we 
may set u(x) identically equal to v(x) at the singular point £ = x; that is, the 
point x is a removable singular point for the function u(£). 

Thus, a function that is harmonic at all points of a region except for a 
finite number of isolated points x* (where i = 1,2,3,...), at which it has a 
non-removable singularity, increases at least as rapidly as 1/[&-x*| as 
these points are approached. The function has no other kind of singular 
point. An example of a function with a non-removable singularity at a point 
xt T is harmonic at all remaining points in space is the function 
1/| £- «|. 

To examine functions that are harmonic in infinite regions, let us place 
every point x in space in correspondence with a point £ with coordinates 


bp = xi = (= 1, 2,3, | x|2 = x42 + x9? * x32, a = constant). (20) 
x 
The transformation given by eq. (20) is called an inversion with respect to 
the spherical surface of radius a with center at the point x = 0. The points x 
and E are said to be harmonically conjugate with respect to the spherical 
surface referred to. 
Since the relations 


= 2G =1,2,3) 


have the same values for all 7, the two harmonically conjugate points x and 
E lie on a single ray drawn through the point |x| =0. Furthermore, if we 
calculate the distance |£| =./(£12+22+£32) of the point £ from the origin 
of the ray by use of eq. (20), we see that |Ẹ | |x| = a2. 

From this it follows that the geometry of the transformation in ques- 
tion is the same as if the space were reflected in the surface E of the 
sphere of radius @ with center at the point |x| = 0. Points lying on È are 
mapped into themselves and points lying outside (inside) X are mapped into 
points lying inside (outside) X. In particular, an infinitely distant point is 
mapped into the point |x| 2 0 and the point |x| = 0 is mapped into an infi- 
nitely distant point. It is easy to show that, with this inversion, curves are 
mapped into curves, surfaces into surfaces, and regions into regions. In- 
finite regions are mapped into regions containing the coordinate origin and 
regions containing the coordinate origin are mapped into infinite regions. 

Since the property of conjugacy of two points is mutual, that is, since 
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each is mapped into the other upon inversion, arbitrary sets of points also 
have this property. In particular, if a region V is mapped into a region V", 
then the region V' will be mapped into the region V. The regions V and V' 
are said to be conjugate to each other. 

Suppose that V' is conjugate to the region V under inversion with re- 
spect to the surface of a sphere of unit radius. Let us prove the following 
theorem. 


THEOREM (Kelvin). If a function u(x) is harmonic in the region V, the 


function 
1 £1 Eo Eg 
v(£) = , , (21) 
H ATE HE ie? 


will be harmonic in the region V'. 


Proof: Let us introduce the spherical coordinates v, 4, and o, with 
origin at the point |x| - 0. Then, the point £(r',0,9) e V', where v' = 1/r, 
will be harmonically conjugate to the point x(r,6,gy) e V. Therefore, eq. 
(21) takes the form 


1 


1 
p r 


y (22) 


1 
v(r,0,9) -vur 9,9) = u(5,8,0), r= 
Let us first assume that the region V' does not contain the point *' = 0. 
Substituting the function v in the Laplace equation in spherical coordinates 


(see formula (4)), we obtain 


_ 8 (29v 1 8 ¢.. av 1 39?» — 
ApU =a5 (r ) : sin 8 + =0, (23) 


ov! sin8 38 98 sin26 99? 
and since 
a or a 1 o0 29 
-— == — — = =- yi 
ovr! Ov! ar r2 ay ar’ 
we obtain 
a ð [1 1 
ar’ r2 ar! E u 5e) ^9 pu, 0,0 )] =r 2-( (r2? 37) » 
so that 


2 1 o Ou 1 3u 
ar 7 Se) + sino (Ga Sin 8 5g * anie o0) 


Since the function 4 is harmonic in the region V, this equation is identically 
satisfied when x(rv,0,9) e V, that is, when £(7',0,9) e V'. Consequently, 
the function v(£) satisfies the Laplace equation (23) when £ e V'. Then, as 
can easily be seen by direct differentiation, the existence and continuity of 
the derivatives of u(x) in the region V imply the existence and continuity of 
the derivatives of the same order of the function v(£) in the region V'. 
Thus, the theorem is proven for the assumption that the point r' = 0 does 
not belong to the region V'. 

Let us now suppose that the point *' = 0 does belong to the region V'. 
This point is singular for the function 
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v - 4u(4,,9) . 


Let us show that this is a removable singularity. 

Suppose that £' is an arbitrary point of the region V' that does not 
coincide with the point 7' = 0, and that w is a sphere with center at the point 
*' =0 and radius so small that the point &' lies outside the sphere. Then, 
the region V'-w does not contain the point r' = 0 and, from what we have 
shown above, the function v is harmonic within this region and, in particu- 
lar, harmonic at the point £'. Consequently, the function v is harmonic at 
all points of some neighbourhood of the point r' = 0, except for this point 
itself (where it is not defined). By the preceding lemma, as *' approaches 
zero the function v either remains bounded or increases at least as rapidly 
as 1/r'. However, the latter is impossible. For it follows from eq. (22) 
that 


vv, 6,9) -u(3,,6,9) . 


As *' approaches zero, the function u(1/r', 0,9) approaches a limit that is 
equal to its value at an infinitely distant point. But since the function 4 is 
harmonic by hypothesis, this limit is equal to zero, and, consequently, 
lim rw 20. 
r'-0 
Thus, the function v is bounded in a neighbourhood of its singular point and 
hence, it may be redefined so as to be harmonic throughout the entire re- 
gion V'. This completes the proof of Kelvin's theorem. 
A lemma on the behaviour of a harmonic function at infinity follows 
from Kelvin's theorem: 
A function u that is harmonic in an infinite region satisfies the inequal - 
ities 


pa 67553 Lal = War xg 4g? org), (0 
x 
where A and vg are properly chosen constants. 

Proof: Suppose that £ is a point that is a harmonic conjugate of the 
point x. The function v(t) = |x|u(x) is harmonic at the point & = 0 and in 
some neighbourhood |£| «« (on the basis of Kelvin's theorem); it is there- 
fore bounded there. This implies the first of the inequalities (24) for 
fo = 1/e and for some value A > Ag, where Ag is the maximum of the func- 
tion | v(é)| for |&| < €. Furthermore, noting that, for a = 1, the formula 

a aba 9 1 2  ?5á Xa ð 


Ox; acl dxi Oba € |x| 2 QE Ix|3 azi |x| aq 


lut] < 4 


NE raggi 
| x| dxi 


follows from eq. (20), we obtain by direct differentiation 
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3 
2xj w ə 
)- > 
|x|3 


ð 
mi [xi? ag EE d [x] Beg 1510) 
1 av 1 & 2x; ee av ‘a y 
= + v- 3 + vi. 
[x{3 ae; [xf2 lgl Ixl3 oci [xl lix] aq £l 


Since the ratios x;/|x| and £j/|£| (where j = 1,2,3) and also (in the neigh- 
bourhood |£| « €) the functions v and 0v/9Ej are bounded, there exists a 
positive number A; such that 

Aj 

|x|? 

If, for A, we choose the greatest of the numbers Ao, Aj (where j = 1, 2,3), 
we obtain all the inequalities (24). 


ou 
OX; 


Problems 


1. Show that if a point x is a harmonic conjugate of a point £, then the point 
E is a harmonic conjugate of the point x, that is, that the property of 
conjugacy is mutual. 


2. Show that Kelvin's theorem remains valid upon inversion of the general 
form 


aXx;-yi 
f= M+ > (i =1,2,3) , 
|x-yl 
where y is an arbitrary fixed point. 


3. Show that inversion represents a conformal mapping of space, that is, 
that angles between curves are preserved upon inversion. 
Method: Examine the mapping of elements of arc length. 


4. Generalize the extreme-value theorem to infinite regions. 


4. Uniqueness of the solutions to boundary-value problems 
Let us prove the uniqueness of the solution to Dirichlet's problem for 
the Laplace and Poisson equations. Let us sunpose that Dirichlet's problem 
Su=f when xeV-9gV, 
u-y when «xe FV ; 


(25) 


has two distinct solutions 41 and «2. Then, the difference w = u] -u9 is 
harmonic in the region V and vanishes on its boundary. 

If the region V is bounded, we may immediately apply the extreme- 
value theorem. Inside the region V, the harmonic function w cannot have 
values either greater or less than its boundary value, which is zero. There- 
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fore, it is equal to zero throughout the interior of the region; that is, the 
functions 41 and 42 coincide within the region in question. If the region V is 
infinite, we use Kelvin's theorem, setting 


w*(E) = |x| w(x), 
where £ is the point with coordinates 
i? xxl . 


The function «*(£) is harmonic in the bounded region V' (conjugate to the 
region V) and vanishes on its boundary because of the boundary condition 
for the function w. Consequently, on the basis of the above, w*(E) is equal 
to zero, and hence the function 


w(x) = | | w*(£) . 


is also equal to zero. This completes the proof. 

It is also easy to show that the solution to the Dirichlet problem in 
question depends continuously on the boundary condition. Suppose that uj 
and 49 are solutions to two Dirichlet problems for a single region, and that 
the boundary values of these solutions differ by not more than an amount «. 
Then, the function w, identically equal to 41-42, is harmonic and differs 
from zero by no more than c at points of the boundary of the region. If the 
region V is bounded, then, on the basis of the extreme-value theorem, the 
function 4| - «2 cannot differ from zero by more thane at an arbitrary 
point within the region. Consequently, throughout the entire region, 


luj -us| «€ 


from which the above assertion follows. If the region V is infinite but the 
point |x| =0 does not belong to the region, then, by using Kelvin's theo- 
rem, we obtain the function 


we(E) = |x] w) , 


which is harmonic in the bounded region V' conjugate to the region V. The 
boundary values of the function * do not exceed Ac, where A is the maxi- 
mum value of the quantity |x| on the boundary FV. Consequently, from 
what we have shown, w(x) < (A/B)e when £ is an element of V'. Hence, 
w*(£) < Ae, where B is the smallest value of the quantity |x| on the boun- 
dary FV. Thus, the assertion is proven. When the point |x| = 9 belongs to 
the region V, we translate the coordinate origin before applying Kelvin's 
theorem, after which we again obtain the required result. 

To examine Neumann's problem and the mixed problem, let us turn to 
Green's theorem (7) of Chapter XVII. By using the identity 


e (s + pu) - «(S + 8v) Bou au -u a , (26) 


where £ is an arbitrary continuous function, and by using the notation 


Z1 (27) 
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for brevity in writing, we obtain Green's theorem in the form 
fS eae - uP) dS = FP Peau - wav) av, (28) 
FV V 


where V is a bounded region. Setting one of the functions appearing in this 
formula equal to unity and the other equal to the square of the harmonic 
function w, we arrive at Divichlet's formula 


VG (25) "Gu dV = "E as- tL Jo? ds. (29) 


(325) * \ox3 


Let us use this formula to establish the conditions for uniqueness of the 
solutions to the interior mixed problem and the interior Neumann problem 
for the Laplace and Poisson equations. 

With the notation (27), both these problems can be written in the same 
form: 


Su=f when xeV-JV, 
Pu= yw when xe FV 


If 8 is not identically equal to zero, eq. (30) corresponds to the mixed prob- 
lem, and for 8 identically equal to zero, it refers to the Neumann problem. 

Let us suppose that the problem (30) has two distinct solutions «1 and 
ug, that are continuous and have continuous first derivatives throughout the 
region V. Then, their difference :?- 41-49 is a solution to the homo- 
geneous boundary problem for the Laplace equation: 


41:0 -0 when xe V-JV,  7w-0 when xe FV, 


(30) 


which satisfies the same continuity conditions. Then, for non-negative f, it 
follows from Dirichlet's formula that 


TG + Gay" « GS) Jen <o. 


8x3 


Since all the terms in the integrand are non-negative, and since the expres- 
sion itself is, by hypothesis, continuous, it follows that dw/dx,;=0 (for 
1- 1,2,3); that is, 


w = Uy - ug = constant . 


To determine the admissible values of the constant on the right side of 
this equation, let us turn to the boundary condition for the homogeneous 
problem that we are examining. If 8 is identically equal to zero (the Neu- 
mann problem), any constant satisfies the boundary condition. Consequent- 
ly, any constant is a solution to the homogeneous Neumann problem, and 
therefore, the solution to the homogeneous Neumann problem is determined 
except for an arbitrary constant. However, if B is different from zero for 
at least a portion of the boundary FV, then this constant will be equal to 
zero; that is, the solution lo the mixed problem is unique. 

Physical problems in which the appearance of a constant in the solution 
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is unimportant (if the choice of the zero value of the function u may be ar- 
bitrary) or in which this constant term can be determined from supplemen- 
tary requirements on the behaviour of the function u at the boundary, are the 
ones that usually lead to Neumann's problem. For example, we are often 
interested in à solution whose average value on the boundary of the region 
is equal to zero. This leads to the condition 


ffu dS=0. (31) 
FV 


Such a solution is obviously unique. 

Thus, supplementary conditions that yield a correct statement of 
Neumann's problem can be established, depending on the content of the 
physical problem that is being studied. 

Let us turn to the exterior problems. 

Suppose that V is an infinite region with a finite boundary FV. Let us 
take a finite portion V* of the region V that lies within a spherical surface 
£ containing the boundary FV. By applying Dirichlet's formula (29) to the 
region V*, we obtain 


MED GD GI Jn 
2L dS - 3 ML dS + ME (w d * igw?) dS. 


Let us increase the radius of the surface © without bound. On the basis of 
the lemma on the behaviour of a harmonic function at infinity, the terms 
(8:0/2x;)2 decrease (in the neighbourhood of an infinitely distant point) at 
least as rapidly as 1/74, whereas, with increase in the surface £, the vol- 
ume of the region V* increases only as v3, Consequently, the integral over 
V* is then reduced to an improper integral over the volume V. The integral 


REPE 


approaches zero with increase in the radius of the surface 2 since, on the 
basis of the same lemma, the expression wdw/dn then decreases on X as 
1/73, whereas the area of the surface X increases only as v2, Since we are 
interested in the values of the function 8 only on the boundary FV, we 
choose 8 so that, with increasing £, the integral 


| | ax? ds 
x 


will tend to zero. When we take the limit, we arrive at Dirichlet's formula 
for an infinite region : 


VIG) 2 + (28) +( aw) av = JJ wm as- $ f [pw2as. (32) 


22) Gs 3x3 gy 
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This formula coincides exactly with formula (29). Therefore, from the 
game considerations as were made above, we conclude that for non-negative 
B the difference w =u] -u9 of the two solutions «1 and ug of the exterior 
problem 


Su=f when xeV-gV, 
P (33) 

Pu = p PV when xe FV , 
satisfies the relations @w/dx; =0 (for i = 1,2,3); it then follows that w = 
constant. The constant on the right side of the last relationship must be 
equal to zero both for the exterior mixed problem and for the exterior Neu- 
mann problem since, at an infinitely distant point, all harmonic functions 
have the same value, namely zero. Thus, for non-negative B, the regular 

solution to the exterior problem (33) is unique. 

Let us turn now to the question of the conditions for the existence of 
Solutions to Neumann's problem for the Laplace equation. Setting v = 1 and 

Au = 0 in Green's theorem (7) of Chapter XVII, we obtain 


du 
| gn 2579; (34) 
S 


where S is an arbitrary surface forming the boundary of a finite region in 
which the function 4 is harmonic. It then follows that the boundary condition 


du/dn-y when *xeYV, 


for the interior Neumann problem for the Laplace equation cannot be given 
arbitrarily, but must satisfy the condition 


Ih d$-0. (35) 


This result admits a simple interpretation. For example, let us ex- 
amine a temperature field. According to the Fourier principle, the amount 
of heat flowing through an element of surface dS is proportional to the pro- 
duct (du/dn)dS, where du/dn is the derivative of the temperature u in the 
direction of the normal to the element dS. If the temperature field does not 
change with time, then the total amount of heat flowing through an arbitrary 
closed surface contained within the limits of the body in question is equal to 
zero. Thus, eq. (34) or eq. (35) represents the condition of a steady-state 
field. 

Let us note that the property expressed by eq. (34) is peculiar only to 
harmonic functions (see problem 1). 

However, condition (35) does not extend to the external Neumann prob- 
Jem. To show this, we again introduce the region V* which we examined in 
the derivation of Dirichlet's formula (32). Applying formula (35) to the re- 
gion V*, we obtain 
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When the radius of the surface = increases without bound, the integral over 
= cannot approach zero because the proof of the lemma on the behaviour of 
harmonic function at infinity implies that the integrand can decrease only 
as 1/r2; that is, the integral over = cannot vanish with increase in the 
surface =. Consequently, formula (34) and, with it, formula (35), do not 
become harmonic functions in an infinite region. 

Recalling the interpretation of formula (34), we see that within the 
framework of this interpretation an interaction between a medium in an in- 
finite region and the exterior space must be considered as taking place not 
only on the boundary FV of the region but also at an infinitely distant point. 
As a consequence, equilibrium on the boundary FV may not be attained. 


Problems 


1. Suppose that w is a function with continuous derivatives of the first two 
orders throughout a region V and that 


di as = 
[f&a 


for any choice of closed surface S that does not extend beyond the boun- 
daries of V. Show that the function 4 is harmonic in the region V. 
Method: Use Green's theorem, setting v - 1. 


2. Prove the extreme-value theorem by means of formula (34). 
Method: Use the fact that on a spherical surface of sufficiently small 
radius surrounding the point of maximum or minimum value of the func- 
tion 4, the derivative du/dn does not change sign. 


3. By using Dirichlet's integral formula, show the uniqueness of the solu- 
tion to the Dirichlet problem. 


4. By applying the extreme-value theorem to a sphere of infinite radius, 
prove Liouville's theorem (that is, that a function that is harmonic and 
bounded throughout all space is identically equal to a constant). 


5. By using Kelvin's theorem, show that the exterior Dirichlet problem can 
be reduced to the interior problem. 


5. The fundamental solutions to Laplace's equation. The basic formula in 
the theory of harmonic functions 
As we saw in section 1, the function 


1. 1) (36) 


Y 3, 
| à (£a c x)? 


where £j and xj (for j = 1,2,3) are the coordinates of two points £ and x, 
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satisfies Laplace's equation for £ + x. Since the expression l/* is sym- 
metric with respect to the coordinates of the points £ and x, this expres- 
sion is valid under differentiation with respect to the coordinates both of 
the point £ and of the point x. At E - x, the function 1/* has an infinite dis- 
continuity. 

If a function g(£,x) is harmonic in a region V with respect to the coor- 
dinates of the point & and if it and its first derivatives are continuous, we 
shall call the function 


L(a) =z, [> + etea] (37) 


the fundamental solution to Laplace's equation in the region V. 

By using the properties of fundamental solutions, we can derive some 
important integral formulae relating the value of an arbitrary sufficiently 
smooth function at an arbitrary point (within or on the boundary of the do- 
main of its definition) with the set of values of this function and its normal 
derivatives on the boundary of the region being considered. 

Let us first examine bounded regions. Suppose that V is such a region. 
When a point x lies outside the region V, the fundamental solution L(E, x) is 
harmonic in this region. Therefore, by setting 


v(£) = L(&,x) 
in Green's theorem (7), Chapter XVII, we obtain 
du dL I 
Semema S f]rauav, xeRg-V, (38) 


where Rp denotes all space and the point x is treated as a parameter. When 
the point x lies within the region V, we may apply Green's theoremto the 
region V-Qe, where Qe is a sphere within the region V of arbitrarily small 
radius c with center at the point x. Here, instead of the relationship (38), 
we obtain 


JI Se Ge) a = [LT eonave- [S caase wor as 


As € approaches zero, the integral 


[i f L An dV, 
V-Qe 


approaches the improper integral 
Í f IP &udVr, 
V 


if this improper integral exists. The integral 
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approaches zero because the derivative du/d is continuous (by the assump- 
tion made in the derivation of Green's theorem) and therefore bounded, and 
the function L(£,x) increases on FQ, as 1/e, whereas the area of the sur- 
face FRe decreases as «2. 

Let us examine the behaviour of the integrals of udL/dn. From eq. (37), 


Jis 4; OSE = p? sd Ju de dn ISE + agi u E (3) dsg . 


The first of the integrals on the right side vanishes as € approaches zero 
because the integrand is bounded. By using the fact that 


d d 
Fae an^ ar 


on the surface of the sphere, we can transform the second integrand, since 
the outward normal to the boundary of the region V- Qc is directed along 
the radius r within the sphere i This yields 


IPTE 
By the mean-value theorem, 
ff u dSr - tor JJ aS; , 


FNe 


where ugy is the value of the function 4 at some point belonging to the 
Sphere Ne. Noting that the integral 


MS 
FNe 


is equal to the area 47€2 of the surface FQe and that, as € approaches 
zero, the value of #ąy approaches u(x) since the function 4 is continuous, 
we obtain 


lim MEI 


€-0 g. J J dSg = lim tay = u(x) . (39) 


e-0 ug gio 
Using the values of these limits, we finally obtain 
MUEEPES ds; = | f] L au dVg +u(x) (xe V-FV). (40) 

FV dn V 


Let us assume, finally, that the point x is located on the boundary of 
the surface 7V. By applying Green's theorem to the region V-Q¢, where 
Qe is that portion of the sphere Qe (of small radius € with center at x) that 
lies in the region V, we obtain 


ff (LS -ud a) esce |] fr anav- J fz Has. + J fu Easg, 


gV-oc V We 
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where we is that part of the bounding surface 7V lying in the sphere Re and 
we is that part of the surface of the sphere Qe lying in the region V. As € 
approaches zero, the integral on the left side of this equation approaches an 
improper integral over FV. For its value, we take the integral on the right 
Side, which we compute by using the reasoning of the preceding case, with 
the exception that now we have in formula (39), instead of the integral 


If as 


Fre 


fes. 


which is equal to the area of that portion of the surface of the sphere Qe 
that lies in the region V. 

Let us introduce at the point x a local Cartesian coordinate system 01, 
to, 63, with axis 3 directed along the outward normal to the surface FV at 
the point x. By hypothesis (Chapter XVII, section 1), within some sphere 
with center at the point x the equation of the surface FV can be written in 
the form 


the integral 


63 = ftp, 63, 


where the function f and its first-order derivatives are continuous and 
vanish at the point x. Therefore, from the definition of a differentiable 
function, throughout some neighbourhood of the point x, 


(3 7h + kata, 
where the quantities ^j and ko vanish simultaneously with Cj, ¢9. Let us 
introduce spherical coordinates r, 8, ọ , by setting 
Q-778sin6cosg, Ü-Tsin8sing, t3 =r cos 6. 
Substituting these expressions in the relations that we have found, we obtain 
cos 0 = hj sin 6 cos ọ + kg sin 8 sin o = h(r, 4, 9) , (41) 


where k is a function that is bounded and that vanishes simultaneously with 
r, and where @ is the angular coordinate of the point on the surface FV. By 
using this expression, we arrive at the following evaluation of the integral: 


2 9 
m Jise Zo jf» sin 6' da’ dg' -i [ww] sin 6' do" 


1 2 i poU 8 
-_- — 1 t t m t t ' 
-à àg' [ sin 6' dé *a;l ag' | sin 6' dé 
o o zT 


27 27 
8 1 1[f ana 
do" [-cos?']], = 5 +4, | Ale, 0,0") do 


o o 
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where 
21 


He) =i f (60,0 dg" 
o 


is a bounded function that vanishes simultaneously with €. Therefore, 


lim Í fu aL 5 SE = lim ar Jfess = = lim Way [3 + H(9] = x) , 
e-0 We €-0 4re 


which leads us to the relation 
du dL [ 
re) as; = | | | £ suav + u(x) (xe FV). (42) 
FV y 
By combining formulae (38), (40), and (42), we may write 


NIC - Gh) ass S]e suava when xe Re-V, 


0 

u(x) when xe FV , (43) 
u(x) when xeV-9gV. 

If the function 4 is harmonic in the region V, then formula (43) takes 

the form 


du when xeRE-V, 
Hes iL = u SE) dS, - | " when xeJgV , (44) 
u(x) when xeV-FV. 


This relationship is called the basic formula in the theory of harmonic 
functions. 

It can be extended to infinite regions. Suppose that V is an infinite re- 
gion with a finite boundary FV, and that V* is that portion of the region V 
lying within a sphere Q of finite radius v containing the boundary FV. By 
applying formula (44) to the region V*, we arrive at a formula whose left 
side will differ from that of formula (44) only in that the integral 


is added. 

With unbounded increase in the radius of the sphere, this integral ap- 
proaches zero because (on the basis of the lemma in section 3 on the be- 
haviour of a har monic function at infinity and from the definition of a funda- 
mental solution Z(£,x)), the integrand here decreases as 1/r3 whereas the 
area of the surface FV of the sphere Q increases only as 7“. Taking the 
limit as r approaches ~, we again obtain the formula 


when xeRp-V, 
MES -u az) dSr- m u(x) when xe gv ; (45) 
FV u(x) when xeV-gV, 
which coincides with formula (44) for bounded regions. 
By using formulae (44) and (45), we shall show that, within the region 
where it is harmonic, an arbitrary harmonic function is differentiable in- 
finitely many times. Let us set 
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L(£,x) = dar’ 


The fundamental solution (1/47)(1/7) in an arbitrary region not containing 
the point £ =x is differentiable infinitely many times with respect to the 
coordinates of the point x, and each time, the result of the differentiation 
is a bounded function of the variable £. If x is an interior point of the re- 
gion V, then £ will be different from x when £ is an element of FV. Conse- 
quently, the integrals (44) and (45) can be differentiated with respect to the 
coordinates of the point x (treated as parameters) infinitely many times. 
This proves the assertion for the case when the harmonic function « and its 
first derivatives are continuous in the region V. If the first derivatives are 
not continuous, this assertion remains valid because, in formulae (44) and 
(45), we may change from integration over the surface FV to integration 
over the surface S, which lies entirely within tne region V and which con- 
tains the point x. Since, within the region where it is harmonic, every har- 
monic function is differentiable twice, the formula containing the integral 
over the surface S will be meaningful and, consequently, it again implies 
differentiability infinitely many times of the function u(x). 

Suppose that Q is a sphere of radius @ with center at the point x and 
that Q lies entirely within the region where the function 4 is harmonic. On 
the surface of the sphere Q, 


d/dn = d/dr . 
As before, we set 
-1 1 
L(t, x) -= 4T Y . 
Then, on the basis of eq. (34), formula (44) takes the form 
1 a 
5 J | was = uly ; (46) 
4na^ go 


that is, the mean arithmetic value of a harmonic function on the surface of 
a sphere is equal to its value at the center of the sphere. This assertion is 
known as the mean-value theorem for harmonic functions. 


Problems 


1. By using formula (46), show that harmonic functions within the domains 
of their definitions are not only differentiable infinitely many times, but 
are also analytic. 


2. Show that a function satisfying condition (46) is harmonic. 
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6. Poisson's formula. The solution to Dirichlet's problem for a sphere 


Suppose that t is an arbitrary variable point, that « is a function which 
is harmonic in the sphere Q defined by the equation 


Ie] <1 
that x is a point within the sphere Q, and that £ is the point harmonically 
conjugate to the point x (see section 3). We introduce the notations 
Yo = |x| , r= |x-¢l, yes |e- t|. 


The functions 1/477 and 1/4mr* are the fundamental solutions to La- 
place's equation with singular points inside and outside the sphere 2 re- 
spectively. Consequently, when we apply the basic formula (44), we obtain 


adhera “in (a) jast = 0, d 
is " Ga ea G] iso. (48) 
Recalling that 
&j = xifra? 
(for j = 1,2,3) and that 3 
p to? -1 


for € e FQ, we obtain (for ce € 7) 


3 
m2, (5-60) n EE Em alte Ze, 


2 A n 


or 
v* - r/óry; when EFQ. (49) 


Multiplying eq. (47) by the quantity -1/*9 and adding it to eq. (48), by eq. 
(49), we obtain 


ula) = È "E as Ze x -i)ds (50) 


Since the radius of the spherical surface FQ is equal to unity, the coordi- 
nates Cj (for j = 1,2,3) of the point € are numerically equal to the direction 
cosines of the outward normal to the surface FQ at the point ¢. Therefore, 
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From eq. (49), we oman 


3 
d /1 1 
10-2 aag De PED ata 
3 
_1 $ talta- Sa) | 52 t 1 . 
r2 œl r 7 œl ora “3 , 
d/l a 3 
- E 
dn (4)= > Cages os) ^ v3 ac 2. bata - ed 
3 3 3 
1 > 1 % > fo 
= Cata- —37-4 Laxa - -7 
(inia S OF Q3" 
so that 
1 - ¥,2 
d(1 1 (4). d (1) =- - o 
dn\vor* r E ás vx* dn BEP 
Substituting this equation into eq. (50), we obtain Poisson's formula 
r 2 
1 1- fo 
«9-L ffu dst, (51) 
ald 5 


thus determining the value of the harmonic function u at points within the 
sphere |x| <1 from the values of this function on the surface of the sphere. 

If we substitute an arbitrary continuous function y(t) of the point ¢ on 
the surface of the sphere |x| <1 for u in Poisson's formula, we obtain 
Some function 


1262 
ula) = i ffy 3 dsg . (52) 


Let us show that this function is a solution to Dirichlet's problem: 
4u=0 when |x|*1, 
(53) 
u=W when |x| =1. 

We shall divide the proof into two stages. We shall first show that 
within the sphere |x| < 1. the function u is harmonic, and then we shall 
show that as |x| approaches unity, the function u approaches y. 

Consider the integrand 


1-v,2 1 - x42 - x52 - 2 
= 2° - 953 
y — = 40) z z zi, dei. 69 
d [651 - €1)* + (xo - 62)* + (xg - C3) ^T? 
If the point xlies within the sphere, it is continuous and bounded when the 
absolute value of € = 1. Therefore, for |x| < 1, we may change the order of 
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integration with respect to ¢ and differentiation with respect to the coordi- 
nates of the point x. Since the integrand, being a function of the point x, 
has, for |x| < 1, continuous second derivatives and also satisfies Laplace's 
equation (this can be seen by direct substitution into the equation), it fol- 
lows that for |x| < 1 the integral (52) is a harmonic function. 

Let us now show that on the surface |¢| = 1 the integral (52) assumes 
the same values as does the function v. 

Let us consider some finite region containing the surface | t| - 1. In 
this region and on its boundary, the function 4 = 1 is harmonic. Therefore, 
we may apply Poisson's formula to it. This yields 


ff Lro ase ci 


Let us take the difference 


1-7 
ue) VO) =a J J 2° (0 vb] aS, 


where y is an arbitrary point on the surface |¢| = 1. On the surface X de- 
fined by the equation |¢| = 1, let us take a small portion o that lies within 
a sphere of radius 7 with center at the point y, and let us examine the inte- 
grals 


1-72 
-5 » J a Iv - v)] dsg , (55) 


1- fo 
J2 = an els “vl ©) - v(9)] dSe . (56) 
We easily see that 


je 


PEE 


1 
47 


where M is the least upper bound of the difference w(¢) -w(y) for E belong- 
ing to c. From the continuity of the function y, the radius 7 can always be 
chosen sufficiently small so that 


[J1] «ie, (57) 


where € is an arbitrary positive number. Since the function y is continuous, 
it is bounded on =. Therefore, there exists a number A such that |y| <A 
for 6 belonging to ©. Therefore, for the integral Jo, we have 


E 


[Jol = 


‘1-72 
fe] 
i von asd 2 an ia ~a Se < 2AM* 2 
2-0 
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where M* is the least upper bound of the expression (1 - v92)/r3 on Z- c. No 
matter what the radius 7 may be, by making the point x sufficiently close to 
the point y, the ratio of 1 - To to 7 can be made arbitrarily small because 
the distance 


v 5 |x-el 
for 
Cel-a 


is of the same order as 7. Therefore, for arbitrary 7, by taking x suffi- 
ciently close to the point y, we may arrange for 


[Jg] < $e. 


It follows from this that if the points x and y are sufficiently close to each 
other, 


|u(x) -yol = 134 *J21 € I1] + I9] 5 €. 


From the fact that « is arbitrary, we conclude that when the point x, re- 
maining within the sphere |¢| « 1, approaches the point y on its surface, 
the function u(x) approaches y(y), as asserted. 

We note that we have succeeded in constructing a solution to the inte- 
rior Dirichlet problem for the sphere |t| s 1 for an arbitrary continuous 
boundary condition. In so doing, we have shown the existence of this solu- 
tion. 

This result can, by a linear transformation of coordinates, be gener- 
alized to the Dirichlet problem posed for an arbitrary sphere. 


Problems 


1. By using Poisson's formula, prove the mean-value theorem for har- 
monic functions (section 5). 


2. By using the mean-value theorem, prove the extreme-value theorem for 
har monic functions (section 3). 


7. Green's function 


In this section, we shall examine those solutions to boundary-value 
problems that belong to the class of functions that are continuous and that 
have continuous first derivatives in the region under consideration. This 
will make it possible for us to use the integral formulae (43) and (44) quite 
extensively. 


Let us examine the Dirichlet problem 
Ou=f when xeV-YV, 
(58) 
u=wW when «xe FV ; 


where V is a bounded region and f and V are continuous functions. Let us 
suppose that 
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Gt. i proe] (= le -aD (59) 


is the fundamental solution to Laplace's equation in the region V which 
vanishes on its boundary FYV. The function ¢(£, x) must then be a solution to 
the boundary-value problem 


Aol, x) =0 when £,xeV-JV 
1 (60) 
e(5,3 =- = when E€ FV, xe V-YV. 


Substituting into eq. (43) the values of the quantities given in the boun- 
dary-value problem (58), and setting L(£,x) = G(5, x), we obtain 


uy =- | Jy SÉ as, - ff [av weve. (61) 
gy V 


If the fundamental solution G(£,x) and its derivative dG/dn exist, this for- 
mula will give a solution to Dirichlet's problem (58) (in integral form) that 
belongs to the class of functions that we are considering. Here, a solution 
to Dirichlet's problem (58) in its general form for a non-homogeneous 
equation can be obtained by finding the function G(£, x). To do this, we need 
to find the solution to the special case of Dirichlet's problem (60) for a 
homogeneous equation. The fundamental solution G(£,x) is called the 
Green's function for the problem (58) or the Green's function of the Lapla- 
cian operator. 

The last result can be immediately extended to the exterior Dirichlet 
problem for Laplace's equation 


Au-Ü0. 


This follows from the coincidence of formulae (44) and (45) for bounded and 
infinite regions. As regards the exterior Dirichlet problem for Poisson's 
equation, considerations analogous to those for the interior problem re- 
quire generalization of formula (43) to infinite regions. This is possible for 
Solutions to Poisson's equation that satisfy the inequalities 


uc bul A 

r?’ Ox; y2 
(where A and vg are finite numbers) at infinity. These inequalities are ana- 
logous to inequality (24) for harmonic functions, with the additional condi- 


tion that the integral 
f | Í fLdV 
V 


be meaningful. Indeed, to generalize formula (43), we need only follow the 
same reasoning as in generalizing formula (44). The inequalities (62) are 
called the conditions of regularity at infinity. Thus, the solutions to the ex- 
terior Dirichlet problem for Poisson's equation for the class that we are 
examining are regular at infinity if the integral 


(i 7 1,2,3, r> ro) (62) 
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J | [se av 


is meaningful. They can be represented in the form (61) provided the cor- 
responding Green's functions exist. 
‘Let us turn to the mixed problem 


Au=f when xeV-FV, 


du (63) 
an * P^ 7v when xegV 
By using the identity 
du dL 2,4 aL 
L FREE an +21) "Lam "dn 


and introducing for brevity the notation 
_d 
P= dn * B, 
let us transform formula (43) into the form 


u(x) = f [ao - UPL) dS; - ff fz Au dV when xe V-FV. (64) 
FV V 


Suppose that G(£, x) is the fundamental solution to Laplace's equation in 
the region V that satisfies the boundary condition 


P_GE, x) = 0 when Ee FV, xe V-FV. (65) 
For this, the functions 9(£,x) must be a solution to the boundary-value 
problem 


Arg =0 when £,xe V-FV 
1 (66) 
Prep =- Pg; when Ee FV, xe V-9V. 


Substituting, in formula (64), the values of the quantities given in the boun- 
dary-value problem (63) and setting L = G, we obtain an integral represen- 
tation of the solutions to problem (63): 


u(x) = few dS; - I Tro dVp when xe V-FV. (67) 
FV V 


The fundamental solution G(£,x) is called the Green's function of problem 
(63). 
Finally, let us turn to Neumann's problem 


Au-f when xe V-JV, 
du/dn- 4 when xe FV 


By reasoning as we did in the case of the mixed problem, we conclude that 


(68) 
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the solution to Neumann's problem would be expressed by a formula coin- 
ciding with formula (67) if the function q(£, x) were a solution to the boun- 
dary-value problem 


Ary =0 when xe V-FV 
(69) 
de. d 1) when Łe FV, xe V-FV 
dnt dng Mv. 
But such a function ¢ does not exist. For if, in formula (44), we set 
11 
u-z1l, La) * 432 y» 


we find that 


We a=- [T$ (3) dS=4 #0 when xe V-ẸFV, (70) 


whereas, from formula (34), the integral of the normal derivatives of a 
harmonic function over a closed surface must be equal to zero. 

Since there is no solution to problem (69), there is also no fundamental 
solution having a normal derivative equal to zero on the boundary of a finite 
region. Nonetheless, there may be a fundamental solution whose normal 
derivative on the boundary of the region is constant and which, therefore, 
may play a role analogous to the role of the Green's function of the mixed 
problem (63). To find this solution, let us change the boundary condition of 
problem (69) by setting 

do 47 dl 


di^ $a when £eZV,xeV-gv. 


Here, 


is the area of the surface FV. It is easy to see that eq. (34) applies here 
and, consequently, that the function o may exist. Using it to determine the 
fundamental solution 


1 sl 
G(E, x) =g (+e) , 
we find that 
aG__1 
dng Ky 


Setting L = G in formula (43) and substituting the values of the quantities 
given in problem (68), we obtain 


u(x) = Ilo dSg + gfe dS; - HI dv; , 


Ch. XVIII] LAPLACE AND POISSON EQUATIONS 287 


when 
xe V-9V. 
The integral 


zdj dSr 


is the average value of the unknown function 4 on the surface FV, which is, 
generally speaking, unknown. However, as we know, the solutions to the 
Neumann problem are determined only up to an additive constant. By a 
suitable selection of this constant, we can make the average value of the 
solution on the surface FV equal to any given value. Consequently, the in- 
tegral in question must be regarded as an arbitrary constant. 

Thus, by finding the solution 9 to the problem 


Agp= 0 when x,£e V-JV ; 
do _ 4r d (i1 . 
dng =-= dng (5) when xe V-FV, Ee FV; (71) 


s= J Jas 


and determining from formula (59) the fundamental solution G(£,x), we may 
use formula (67) to construct that solution to the Neumann problem (68) 
whose mean value on the surface 7V is equal to zero. All other solutions to 
the Neumann problem can be obtained by adding an arbitrary constant to 
this solution. 

As regards the extension of formula (67) to the exterior mixed and 
Neumann problems, the same considerations are applicable as in the case 
of formula (61): it can be immediately extended to the exterior problems 
for Laplace's equation, and it can be extended to Poisson's equation — un- 
der the condition of regularity of the solution and convergence of the inte- 


gral 
fF Ieoav. 
V 


The exterior Neumann problem does not have any singularity in comparison 
with the exterior mixed problem, since condition (34) cannot be extended to 
functions that are harmonic in an infinite region. 

Green s function has the simple physical interpretation of a field 
created by point sources. Let us clarify this with the example of an elec- 
trical point charge. According to Coulomb's law, the potential «(£) of a sin- 
gle point charge located at a point x in free space is equal to 1/47r (in the 
rationalized system of units), where 


v-|£-x.. 


Let us suppose, however, that this charge is located inside a hollow 
grounded conductor. Then charges will be induced on the boundary of the 
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shell. The potential 9/47 of the field outside the shell must be offset by the 
field of the point charge, since the potential of the grounded conductor is 
equal to zero. Consequently, the potential œ on the boundary of the shell 
must satisfy the boundary condition o = -1/r. It is clear from this that the 
potential of the total field in the conductor (1/r+¢)/47 represents the 
Green's function of the Dirichlet problem. 

Let us consider the question of the existence of the Green's functions. 
As is clear from their physical interpretation, we should expect Green's 
functions to exist under extremely general conditions. In the theory of dif- 
ferential equations of the elliptic type, it is shown that Green's functions 
exist if the solutions to the corresponding boundary-value problems exist 
and are unique. The solutions to these problems are given by formulae (61) 
and (67). For further details, see section 6 of Chapter XXVII. 

Formulae (61) and (67) form the basis of Green's method of solving 
boundary-value problems, which we shall consider below. 


Problems 


1. Show that Green's function of Dirichlet's problem, set up for a region V, 
is positive inside this region. 
Method: Make use of the facts that Green's function is positive on the 
surface of a sufficiently small sphere with center at the pole, and that 
the function vanishes on the boundary of the region V. Use the extreme- 
value theorem. 


2. Show that a Green's function G(E,x) which is continuous and has contin- 
uous first derivatives in a region V is symmetric in this region with re- 
spect to the points £ and x (that is, that G(E, x) = G(x, £)). 

Method: Apply Green's theorem (7) of Chapter XVII to the region 


V - Qel) - Nelx) , 


where 2,(£) and $,(x) are spherical neighbourhoods of radius € of the 
points £ and x e V- ZV. Take the limit as € approaches zero. 


8. Harmonic functions in the plane 


Up to now, we have been examining harmonic functions in space. Al- 
though the theory of harmonic functions in the plane is almost analogous to 
the theory of harmonic functions in space, there are certain differences, 
which we shall now cansider. 

For functions that are harmonic in a bounded plane region, the ex- 
treme-value theorem (see section 3) remains completely valid. 

By an inversion (in the two-dimensional case), we mean a transforma- 
tion under which a point x in the plane is mapped into a point £ with coordi- 
nates 


j= xxl? — (6 = 1,2, [x]? = 12x52). (72) 
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Here, inversion with respect to a circle corresponds to inversion with 
respect to a sphere in the three-dimensional case. 

Kelvin's theorem remains valid: If a function 4 is harmonic in a region 
S, the function 


t £ 
v() = u(x) = «(ri E , TE) (73) 
is harmonic in the region S' which is conjugate to the region S under inver- 
sion. 

In formula (73), we note that there is no factor |x| in front of 4, as 
appears in formula (21). We shall leave the proof of Kelvin's theorem for a 
plane region to the reader. 

It follows from eq. (73) that a function that is harmonic in an infinite 
plane region does not, in the general case, vanish at infinity. This is 80 
since a function v(t), obtained by the transformation of a function u(x) that 
is harmonic in a bounded region, approaches zero at infinity only when 
u(0) = 0. However, it can be shown that the difference v(£) - 4(0) decreases 
in absolute value at infinity as 1/| £| , and that the derivatives of a harmonic 
function decrease as 1/|¢] 2 

By means of the extreme-value theorem and Kelvin's theorem, and by 
using the same reasoning as in section 4, we can easily prove the unique- 
ness theorem for the solution to Dirichlet's problem for the Laplace and 
Poisson equations. 

Jt is also easy to derive — formula: 


[HG (25) as" as? = | 1 di - $ 1 f Bw? di, 


“gs 


where 7 is harmonic in the region 5 and 
Pw = ae + Bw 


Using this formula, one can prove the theorems on the uniqueness of the 
solutions to the Neumann and the mixed problems. These theorems are 
analogous to those of section 4, except that the solution to the exterior 
Neumann problem in a plane is determined up to an additive constant, as in 
the solution to the internal problem. 

The fundamental solution to Laplace's equation in a plane region S is 
the function 


Hg.) = a. (inre etx], 


where x is the distance between the points — and x, and q(£,x) is a function 
that is harmonic in the region S with respect to the coordinates of the point 
£. It is easy to see that when £ + x, the function In (1/7) is harmonic with 
respect to the coordinates of the points 5 and x. 

By using Green's theorem (9) of Chapter XVII, we obtain 
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when xeRo-S, 
La) when xe7S , (74) 
u(x) when xe S-FS, 


J (a in at= Jfr awas. 
Fs 


where S is a bounded plane region and Ro is the entire plane. Then, if 
Au -0, the "basic formula" of the theory of harmonic functions in a plane 
follows: 


0 when xe Ro-S, 
iux when xefS , (75) 
u(x) when xe S-FS. 


If the boundary FS is a circle C of unit radius, then, by transforming for- 
mula (75), we arrive at Poisson's integral formula for a harmonic function 
u in a plane: 


J, (Las -ugt dj = 


-7,2 
di. (76) 


1 
ula) = E Í u(é) 


As in the three-dimensional case, it is easy to show that substitution 
of a continuous boundary condition into Poisson's integral formula gives a 
solution to the interior Dirichlet problem for a circle. The mean-value 
theorem also follows from Poisson's formula: the mean value of a har- 
monic function on a circle is equal to its value at the center of the circle. 
To prove this, it is sufficient to set |x| = 0 in Poisson's formula. 

Setting v = 1 and Au - 0 in Green's theorem (9) of Chapter XVII, we 
obtain the formula 
Ü di-o, (77) 

FS 
which is analogous to formula (34). 

Let us extend formulae (75) and (77) to functions that are harmonic in 
infinite regions with a finite boundary 4S. Suppose that u is such a function 
and that C is a circle of radius a (with center at the coordinate origin) con- 
taining the boundary FS. Applying formula (75) to the function 4 in the re- 
sion S* contained between the curve FS and C, we obtain 


Ł jo -u$ int) a 
lu() when x « FS* ) 


1 du d 1 
oh [(Eint-uS in =) al = 
[6 u(x) when xeS*-9S*, 


Let us examine the second of the integrals on the left side of this equa- 
tion as a approaches ^. On the basis of the lemma on the behaviour of the 
derivatives of harmonic functions at infinity, the term (du/dn) 1n (1/7) ap- 
proaches zero as a approaches œ at least as rapidly as does 


0 when «x¢ Ro-S* , 


In (x42 + x52) 


x12 25? 
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and therefore the integral 
f w In : di 
C 


vanishes at infinity. As regards the integral 


-E [uS intac, 
T 
we note that 
d 1 1 


Furthermore, no matter what the point x may be, when the radius a of the 
circle C increases without bound, the value of * approaches a. We then 
conclude that, as a approaches œ, this integral approaches the "mean value 
of the function vu at infinity": 


1 
Uo = lim z2— |«dC. 
2 Quo 21a | 


Thus, we obtain the following basic formula for harmonic functions in an 
infinite plane region: 
0 when xeRg-S, 
lux when xe9gS , (78) 
u(x) when xe S-FS, 


1 | duni. ud 


1 
dn + Iy) due = 


By applying the lemma on the derivatives of harmonic functions at infinity, 
and by examining the limit of the integrals over the bounded region S* when 
its exterior contour increases without bound, we easily find that 
| an di-0. (79) 
FS 

We note that there is no formula analogous to this one for three dimen- 
sions. Thus, ina plane, the boundary condition for the exterior Neumann 
problem for Laplace's equation must satisfy the same integral relations as 
the boundary condition for the interior problem. 

The reader should not experience any difficulty in defining the Green's 
functions in a plane or in setting up integral formulae analogous to the for- 
mulae of section 7. 

In conclusion, we note that the theory of functions of a complex varia- 
ble is an exceptionally powerful tool in the solution of boundary-value prob- 
lems for Laplace's equation in a plane. Suppose that 2(2) = u+iv is an ana- 
lytic function of a complex argument 2 = x1 +ix3. Then, it is known * that 
the functions 4 and v satisfy the Cauchy-Riemann equations 


* See V. I. Smirnov D. Vol. 3, Part 2, p. 2. 
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ðu _ ðv w __ Qu 
ox] 3x2?  ox1 3x2’ (80) 


Differentiating the first of these equations with respect to x1 and the second 
with respect to x5 and then adding the results, we obtain 


32u 32u 
5+ 2 =0. 
9x1 0x5 
In an analogous fashion, we obtain 
825 32v 
anb wi 
ext“ 0x2 
Jt then follows that 
aw | aw 
8x1? 8x9? 


that is, an arbitrary analytic function of a complex variable satisfies La- 
place's equation. 

The following two propositions are proven in the theory of functions of 
a complex variable * 

(a) Every analytic transformation of the variables x4 and x» to the va- 
riables £1 and 9 is a conformal mapping, of the first kind, of the x-plane 
onto the £-plane and, conversely, an arbitrary conformal mapping of the 
first kind is analytic; (b) an arbitrary plane simply-connected region dis- 
tinct from the entire plane, or from the plane with a deleted point, can be 
transformed into a circle by a conformal mapping. 

Since a solution to the interior Dirichlet problem for a circle is given 
by Poisson's integral formula and since the exterior Dirichlet problem can 
be reduced to the interior by means of Kelvin's theorem, we conclude from 
the above that a solution to the Dirichlet problem for a plane region can be 
found by determining a transformation that maps the given region confor- 
mally into a circle. This last transformation always exists. 

Let us now show that the Neumann problem in a plane can be reduced 
to the Dirichlet problem. We note that by the Cauchy-Riemann equations, 
the derivative of the real part 4 of the analytic function w with respect to an 
arbitrary direction » is equal to the derivative of the imaginary part of this 
function with respect to the direction 7 perpendicular to n. 

Let us now suppose that wis the desired solution to the Neumann prob- 
lem and that 


du/dn =W when xefs (81) 


is the given boundary condition. We introduce the harmonic functions v, 
defined on the boundary ‘7S by 


Xx 
v=] vG) dg (xe FS), 
y 
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where y is an arbitrary point of the contour FS and the integration is car- 
ried out along this contour. Here, we obviously have 


du/dt =p , (82) 


where dv/dt is the derivative with respect to the tangent to the curve FS. 
At points not belonging to the curve 7S, the function z can be defined as the 
solution to the corresponding Dirichlet problem. 

If we define the function 4 in terms of v in such a way that eq. (80) is 
Batisfied in the regions for which the solution to the Neumann problem is 
being sought, the function u will be harmonic and, on the basis of eq. (82) 
and the remark made above, it will have a normal derivative satisfying 
eondition (81). This function will yield a solution to the corresponding 
Neumann problem. It is easy to see that the function u is determined by this 
construction up to an arbitrary constant. 

Thus, the Dirichlet and Neumann problems for Laplace's equation in a 
plane can be reduced to some problem on conformal mapping. The reader 
can find a detailed exposition of conformal mappings in books on complex- 
variable theory. 


Chapter XIX 


POTENTIAL THEORY 


1. Newtonian potential 


Potential theory is one of the oldest branches of mathematical physics 
and is of great importance from the standpoint of physical applications. 

By Newton's law, the gravitational potential at the point x due to a mass 
m concentrated at a point £ is equal to -x(m/»), where x is the gravitational 
constant and v is the distance between the points x and £. If the mass is 
distributed with density p in a region V, the resulting field potential will 
obviously be determined by the volume integral 


-x J| [Bare 


An expression of similar form, differing only by a constant factor, deter- 
mines the Coulomb field potential of electric charges distributed with den- 
sity p. 

In both cases, the potential of the field is, up to a constant factor, equal 
to the integral 


U(x) = J [Seave, (1) 


which we shall call the Newtonian potential. 

Let us emphasize the distinction between the Newtonian potential (1) on 
the one hand, and the potentials of gravitational and electric charges on the 
other. 

In shifting to a gravitational field, we must put a negative factor in 
front of the integral (1). This takes into account the nature of the interac- 
tion between masses (attraction). The absolute value of this factor depends 
on the choice of the units of measurement and therefore it is not important 
for us. Furthermore, the density p of the masses, as distinct from the 
density of electric charges, is always non-negative. Therefore, in examin- 
ing a gravitational field, we are always dealing with a special case of a 
Newtonian potential (1). 

In the case of a field of electric charges, we must put a positive factor 
in front of the integral (1) because electric charges of like kind repel each 
other. The density p can be of variable sign. 

Thus, in studying a Newtonian potential (1), we leave aside the specific 
nature of the interaction (attraction or repulsion) and our conclusions are 
not dependent on tiis nature. They will always be applicable to a field of 
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electric charges. They will also be applicable to a gravitational field if the 
requirement of non-negative density p is met. 

Let us study the properties of a Newtonian potential. 

If the density p is a bounded function with continuous first derivatives 
that decreases at infinity at least as rapidly as does 1/|£|2, where 


Iz? = ey? + eo? + 8g”, 
we may show that the Newtonian potential satisfies Poisson's equation 
AU' = -47p (2) 


and has continuous first and second derivatives; also, the first derivatives 
can be obtained by differentiation under the integral sign. We shall not give 
the proof of these assertions, which is simple, though somewhat tedious *. 
A proof of eq. (2) under considerably more general assumptions than those 
stated will be given in Chapter XXXIX. 

Below we shall examine the Newtonian potential at points outside the 
region V in which the masses or charges are distributed. We shall assume 
that the region V is bounded and that the density p is continuous. When x 
belongs to Rg- V, where Rp is all of space, the integrand in the integral 
(1) is continuous and infinitely many times differentiable with respect to the 
coordinate of the point x. Consequently, when x belongs to Rp - V, the de- 
rivatives of all orders of the Newtonian potential can be obtained by differ- 
entiating under the integral sign. 

Since the function 1/r is harmonic when E belongs to V and x belongs 
to Rp -V, the Newtonian potential satisfies Laplace's equation. As x in- 
creases without bound, the integrand becomes infinitesimal. Since the re- 
gion V is bounded, the Newtonian potential then approaches zero. Conse- 
quently, outside the region of distribution of masses (or charges), the New- 
tonian potential is a harmonic function. 


Problems 


1. Find the Newtonian potential created by 2 homogeneous disk of radius R 
at a point on the axis of the disk and a distance k from the center of the 
disk. 

Answer: 


vam (1 i) 
R2 Sn /R2+n2/’ 
where m is the total mass of the disk. 


2. The density of a massive sphere of radius R varies as the square of the 
distance from a plane passing through the center. Find the potential of a 
point on the perpendicular passing through the center of this plane at a 
distance a from the center of the sphere. 

Answer: 


* See V. I. Smirnov D, Vol. 2, pp. 200-201. 
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Answer: 


,_4 R 2R3 
Ua TER (G+ A. 


2. Potentials of different orders 


Let us examine the triangle xëť shown in fig. 44. We use the following 
notation for the length of the sides of the triangle: 
vs|t-x|, vgsl&-€, Rsl|x-tl. 


By a well-known formula, 


/ y,2 r 
r=R\1+%-2- cosy, 
R R 
where y is the angle xt. We denote by Q that portion of space outside the 
sphere |x- | < max, where Ymax is the greatest distance between £ and 
€ for £ belonging to V. If x belongs to ©, Yo will be less than R, so that the 
function 1/r can be expanded in an absolutely and uniformly convergent 
series 


oo ra 
2212 97 (x) Pacos y) (xeQ), (3) 


where, from section 5 of Chapter XV, the Pocos y) are the Legendre poly- 
nomials. 
On the other hand, if we note that 


[à 
r = 2. Ira- ta) - Ga- Sal? 


we can expand the function 1/v in a Taylor series in powers of the distances 
[£j- 6j], which yields 


3 a 
ə 1 
» Ep- Sa) 24 ene 
The subscript equation & = € following the brace indicates that after the 
differentiation is performed the coordinates £1, £o, and £4 of the point £ 
should be replaced by the coordinates C1, 65, and 63 of the point t£. When x 
belongs to Q, this series also converges absolutely and uniformly. Since 


z0--4& 1) (i 1,2,3), (4) 


the differentiation with respect to & can be replaced with differentiation 
with respect to x;. Here, we may make the substitution & = ¢ before the 
differentiation. On the basis of the identity 


1 1 


r [Iq R?’ 


1 1 1 
TTR Qe 
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this will yield 


- (-1)9 3 ig-68 8 | 1 
+ > i oH > A >. (5) 


Noting that the ratios (é B^ 6g)/*o are equal to the direction cosines of the 
segment EE (see fig. 44), as a result of which the expression 


B-l1 Yo xg arg 
denotes differentiation in the direction of the segment C£, we obtain 


11. y paot 29 (1 


By equating the series (3) and (6), we obtain the following representa- 
tions of the Legendre polynomials: 


n+l an 
Palcos 9) = D" o or (S) qm 


n! 


from which, in particular, it follows that the product 


n+1 0" (1 
R ovg" (s) 
does not depend on R but only on the angle y. 

Let us multiply the series (3) and (6) by p(£) and differentiate them 
termwise (which is permissible because of the uniform convergence) over 
the region V of distribution of the masses. As a result, we obtain the ex- 
pansion of the Newtonian potential (1) as an infinite series: 


U(x) = Ug(x) + U(x) + Uo(x) +... (xeQ), (8) 


where 


Unta) = E HI» vo! Py(cos ») dV = EM [o x, x (2av (9) 


(n 20,1,2,3,...). 
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The functions U, are called the n-th order potentials. It is easy to show 
that they are harmonic. 

At a sufficiently great distance from the region V, the Newtonian po- 
tential U(x) can be described with any desired degree of accuracy by the 
first of the n-th order potentials that is not equal to zero. For, in accord- 
ance with formula (14) of Chapter XV, 


|P (cos y)] <1. 


Therefore, 


IJ Joram Pacos v av| x HT rax AV < ray I , 


ae] iol av, 


and Ymax is the greatest value of 
Yo = l £ T e| 
in the region V. By combining this inequality with eg. (9), we obtain 


ul <p CD. 


where 


So that 


2, 


oo 
gS 
R o-m 


oo 
2 [Ual < 


a=m 
Suppose that 


Cmaxy" fmax R 
R = 


gm R- max (10) 


Um-1 = s J Jo yjm-l P,,(cos y) dV 


is the first of the potentials that is not identically equal to zero. As x in- 
creases without bound, this potential approaches zero as 1/R"* whereas, 
from relationship (10), the sum of all the remaining potentials decreases as 
1/R™+1_ This proves the above assertion. 

For a gravitational field, the density o does not change sign. There- 
fore, if we choose the center of gravity of the masses as the point 6, we 
can arrange for the first order potential Ui(x) to vanish. Consequently, at 
a distance that is great in comparison with the transverse dimension of the 
region in which the masses are distributed, their Newtonian potential will 
coincide, up to third-order terms, with the Newtonian potential of a mass 
point situated at the center of gravity of the masses and having a mass 
equal to the entire mass distributed throughout the region V. 

By setting m - 0 in eq. (10), we see that the Newtonian potential de- 
creases at infinity at least as rapidly as does 1/R. 
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Problem 
Show that if the density p changes sign in the region V it will, generally 


speaking, be impossible to choose the point ¢ such that the first-order po- 
tential will vanish. 


3. Multipoles 


Let us turn to the expansion of a Newtonian potential in series (8). 
From the relationship (9), the first term of the series (8) (the zeroth-order 


potential) is equal to 
1 
Uo- R | | J pdV. 
V 


This expression formally coincides with the potential of a point charge 
q = J] fo dV, 
V 


situated at the point £. It turns out that the subsequent terms of the series 
(8) can be regarded as the potentials of point objects. 

Let us consider two point charges -q and q, where q is positive, that 
are located, respectively, at the points ¢ and 7 (fig. 45). The potential of 
the field created by this pair of charges at the point x is equal to 


--4,4 
U(x) = Rt Ry? 
where R and Ry are the lengths of the segments €x and £y. Assuming that 


the length 71 of the interval Ẹņ is less than R, we expand the function 1/R4 
in a series of the form (3), which gives 


.4 > (TL 
ua) =% 2 (R) Paleos r) , (11) 
where 71 is the angle between the segments Ux and t7. 


x 5 neq 


Fig. 45. 


Let us bring the points € and 7 close together by displacing the point 7 
(with charge q) along the segment 7%. At thé same time, let us increase the 
absolute value q of the charges so that the product 
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bi^ ary (12) 
will remain constant. Then, as we can easily see, all the terms in the ex- 
pansion (11) except the first will approach zero. When we take the limit, we 
obtain 


P 
lim U(x) = py Palos») = yu. (13) 
74-0 R 


On the basis of eq. (7), we can also write 
(065) 2-5, 2 (4 
vt) = - b1 5 (x); (14) 


where 2/071 denotes differentiation along the segment t. 

The point object obtained as a result of this process of having the 
points ¢ and 7 approach each other is called a dipole. More precisely, a 
dipole is a singular point of a field characterized by a potential (13) or (14). 
The potential of a dipole decreases inversely as the square of the distance, 
as does the first-order potential in expansion (8). 

The quantity 44 that appears in expressions (13) and (14) is called the 
dipole moment and the direction of the segment fy taken from the negative 
charge to the positive charge is called a dipole axis. 

Let us now construct a pointobject whose potential decreases inversely 
as n3, that is, as the second-order potential in the expansion (8). 

To do this, we put a dipole with moment 54 and axis oriented along the 
direction 74 at an arbitrary point 7, and we put a similar dipole at the point 
p but with axis oriented in the direction -71 (fig. 46). According to formula 
(14), the potential of the field created by this system at the point x is equal 


to 
U(x) = b1 ra (3) 7 IT £2] = PI $a (5 7 xj) ` 


Let us expand the function 1/R, in a series of the form (5), remembering 
that, in this case, the distance Yo is equal to the length of the segment Cn, 
which we denote by 79. We obtain 


" 1 
a=1 a ary aro (x) , (15) 


where 2/89 denotes differentiation in the direction of the segment Ẹn. 

Keeping the direction of the segment f7 constant, let us move the point 
" toward the point €, at the same time increasing the value of the moment 
py so that the product 


ba = 2! py 79 


remains constant. Then, all terms in the series (15), with the exception of 
the first, will approach zero, so that 
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Fig. 46. 


ua) . (16) 


P9 a? /1 
lim U(x) = 57 = 
v2-0 2: 3v1 O79 (3) 


The point object obtained by taking this limit is called a quadrupole. The 
quantity po is called the quadrupole moment and the directions v4 and v2 
are its axes. The potential of a quadrupole decreases with increasing R in 
inverse proportion to R3 as does the third-order potential in the expansion 
(8). 

By having two quadrupoles approach each other, we can construct an 
octupole — the point source of a field characterized by a potential 


u(3)(x) = 


* 001 5 arg È) 


Continuing this process, we obtain a multipole of order n — a point source 
of a field characterized by the potential 


Pn an 1 

ni = —- 

Ü (9 n! 0v] 0Y9 ... OY, (3) ,! (17) 
where 0/d7p (for k= 1,2,...,m) denotes differentiation in the direction rp. 


The directions rp are called the axes of the multipole and the quantity p, is 
its moment. 

As the order of a multipole is increased, an ever greater number of 
parameters are necessary to characterize it. A "multipole of zeroth order" 
(a point charge) is completely determined by a single algebraic number — 
the quantity of charge. A dipole is characterized by three parameters — 
the dipole moment and the two quantities determining the direction of its 
axis. An n-th order multipole is characterized by 2441 parameters - the 
multipole moment f, and 2n parameters determining the direction of its 
n-axes (the n directions of the differentiation in formula (17)). 

In a particular case, all the axes of a multipole may coincide, having 
some common direction 7. Such a multipole is said to be axial. Its poten- 


tial is 
by a 1 
uu) = ay, a) i 


Remembering the relationship (7), the potential of a multipole axis can be 
represented in the form 
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b 
uo (s) = (-1)" EX P,(cos y) , (18) 


where y is the angle between the axis of the multipole and the direction 
from the multipole to the point x. 


Problems 


1. Show that a dipole can be uniquely characterized by the dipole-moment 
vector P, equal in magnitude to the dipole moment f, and directed along 
the dipole axis. 

Method: Take the direction cosines between the dipole axis and the coor- 
dinate axes 
Xi- 


cos (P, X;) = To 


(¿= 1, 2,3) , 


and express the potential of the dipole in terms of the scalar product of 
the vector whose components are 5, cos (P, X;) with the unit vector di- 
rected from the position vector of the dipole to the point at which the po- 
tential is being determined. 


2. Show that two multipoles of the same order that are situated at the same 
point can be replaced by a single multipole of the same order, with a 
moment and directions of the axes such that the field will not be changed. 
Method: Use the identity 


o? gn 
L— zr a — E 
ary DY.. Th aif sy =n KEEPTE: 0x3 
where the aggy are constant. 


3, Express the potential of the field of a point charge q located at a point E 
in terms of the potential of a system of multipoles of different order 
situated at a point €. 


4. Analysis of a potential in terms of multipoles. Spherical functions 


Let us introduce spherical coordinates R, 0, and 9 with the origin at 
the point ¢ and let us examine the expansion (8). As has been shown (see the 
statement following formula (7)), the products 


1 
gn »y (5) 


do not depend on the value of R. Therefore, the potentials 
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- 1 caf f fory gna on (4) dV (19) 
V 


can be represented as the products of two factors; the first 1/gn*l depends 
only on R, and the second 


¥,(9,9) = Cp BL Lr a I dV (20) 


does not depend on R and, therefore, can depend only on the angular coor- 
dinates 0 and £. In other words, the distribution of values of the potentials 
U, over all the spherical surfaces R = constant (for x belonging to ©) is 
similar. Consequently, an arbitrary m-th order potential can be uniquely 
characterized by the factor Y,(0, 9), which depends only on the coordinates 
8 and g. This factor is called a second-order spherical function. 

Since the potentials of a multipole are harmonic, the spherical func- 
tions are continuous and infinitely many times differentiable with respect to 
0 and g. 

Let us derive certain relations between potentials of multipoles and 
Spherical functions. 

Let us denote by v1, vg, and vg the direction cosines of the segment ££ 
(see fig. 44). Noting that 


3 
39. y, 
aro azl va d Xy ? 
we obtain 
a” FNV a” 
a” (> yy vf vg! —.-* — . (a) 
avo” (2. "0x,  osdey- gg Y: zu af 3” axy% dx ax3Y 


Substituting this expression into eq. (19) (and remembering that the 
derivatives 


gn 
0x10! axo Ixa” Gi) 


do not depend on the coordinates of points of the region V over which the 
integration is taken), we obtain, after some VD 


Un = (22) 


1 
a+pey=n ” apy 8x19 y 0x3" (8): 
where 
Copy = CD S Hl v1% vof. vgy dV . (23) 


The constants ejk] (where j « b - 1 =n) are called n-th order moments. 
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By equating the terms of the sum (22) with the expressions (17), we 
conclude that the relationship (22) gives the sum of the potentials of multi- 
poles of order n situated at the point & and having multipole moments Copy: 
It is easy to show that this sum is equivalent to a single multipole situated 
at that point; that is, we may construct an n-th order multipole by choosing 
its moment and the direction of its axes in such a way that its potential 
will coincide with Up. Specifically, we take the expression 


Ly = > e, a 
"C apiy PY 8x19 ax axgY 


in the form of the product 


n 3 


where pn is a constant *. The coefficients ay], a2, and ay3 are assumed 
to satisfy the condition 


Indeed, if for some o this is not the case, we divide the corresponding tri- 
nomial by 


and change the value of 5, correspondingly; we then obtain numbers 491, 
Gyo, and a3 that satisfy the stated conditions. Therefore, the coefficients 
Gyl» Gy, and ays can be taken as the direction cosines of some direction 


Ty, So that 


8 a” 
Ly = Pn l] ara PRIM Oy... T.U 
This proves the assertion made above. 

Thus, expression (19) is the potential of some multipole located at the 
point £. Consequently, the series (8) represents the expansion of a Newton- 
ian potential in a series of potentials of multipoles of different orders 
located at the point €. 

Multiplying both sides of expression (22) by Rt and recalling for- 
mulae (19) and (20), we find that 


Yale) = > . Yay » 24 
Ove) = > copy Yay (24) 


* The possibility of such a representation can be shown directly if. in the last ex- 
pression, we expand the expression in parenthesis. perform the multiplication, 
and collect similar terms. Then. 4454 can be chosen so that the expression obtained 
will coincide with the original expression for arbitrary p,. 
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where 


.1 1 o" 1 
Yagy = À Re 25 
BY d 3x1% 0xoP ax3Y (9) (25) 


are spherical functions of a special type. Since the moments e do not 
depend on the coordinates R, 0, and o, we conclude from formula (24) that 
an arbitrary m-th order spherical function can be expressed as a linear 
combination of spherical functions of the special type (25). The number of 
functions can be shown to be equal to 


1+2+...+n+(n+1) = 2(n« 2)(n«1). 


However, not all the functions Yogy (where a-8-y =n) are linearly inde- 
pendent; that is, some of them can be represented as a linear combination 
of the other functions Yogy of the same order. 

This might be expected in view of the fact that the function Yn/R"+1 
represents the potential of some n-th order multipole. As was shown in 
section 3, an n-th order multipole is completely determined by a total of 
only 27-1 parameters. Therefore, we may expect that there will be no 
more than 22 «1 linearly independent spherical functions of order n. 

To prove this, we note that the function 1/R satisfies Laplace's equa- 
tion: 


2 2 2 
( ð 4 d + a ) 1 -0, 

2 2 8x3? R 
and therefore some of the partial derivatives of 1/R can be expressed in 
terms of the others. For example, we may eliminate all the derivatives 
with respect to x3 of higher order than the first by means of the identity 

a [1 a2 $241 

—— =Z- + 


0x]^ 0x9 


thus expressing all functions of the form (25) with y > 1 in terms of func- 
tions with y < 1. The number of values that the exponent 8 can take for a 
given value of y is equal to »- y +1. Then, to each given set of values of y 
and 8, there corresponds a definite value of œ such that à - 8 +y 2n. If y « 1, 
the number of values that the exponent 8 can take is equal to (n+1) +” = 
2n + 1; that is, among the functions (25) there are no more than 2» + 1 that 
are linearly independent. 

A method for the systematic construction of 27 +1 mutually orthogonal 
(and hence linearly independent) spherical functions for a given value of n 
will be shown in Chapter XXI, and the completeness of the entire system of 
spherical functions constructed by this method will be proven. 

We note that a question may arise as towhether the expansion in multi- 
poles (or, more generally, whether the field outside a region V occupied by 
masses or charges) uniquely determines the density p of mass (or charge) 
distribution in the region V. In the general case, the answer is negative. 
This can be seen, for example, from the fact that a Taylor series expan- 
sion of functions of three variables contains, as we know, 3(2+4(+1) lin- 
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early independent terms of order », whereas, in the expansion of the poten- 
tial of a field, as we have seen, there are no more than 2m + 1 linearly in- 
dependent terms of n-th order. Thus, the same field can be created by dif- 
ferent distributions of masses or charges. Only the integrals (20), in par- 
ticular, the total mass or charge in the region V, are uniquely determined. 


Problems 


1. Find linearly independent spherical functions of the first order. 


2. Express the potential of a multipole of order n in terms of a spherical 
function of order z. 


5. The potentials of single and double layevs 


Let us suppose that a certain mass (or charge) is distributed over a 
surface S with a surface density p(E). The potential of the field formed by 
this distribution of mass (charge) is, except for a constant factor, equal to 
the integral 


ow) = [Pas (rs xil), (26) 


which is called a single-layer potential. The density p(£) is called a single- 
layer density. 

Let us now suppose that a layer of dipoles (with axes directed along the 
outward normal » to the surface S) is distributed on the surface S. The di- 
pole moment of an element dS of the surface Sis set equal to 


ale) dS . 


Formula (14) implies that the potential at a point x of the field created by 
the dipoles in the element d5r is equal to 


where r is the distance between the points £ and x. It is clear from this 
that the potential of the field created by this distribution of dipoles can be 
characterized by the integral 


Tx) = Jy BS (L)as;, (27) 


which is called the double-layer polential. The function p is called the 
double-laver density. _ 

In what follows the densities p and p will be assumed continuous. 

Let us note certain properties of the integrals (26) and (27). If a point x 
does not belong to the layer, differentiation with respect to the coordinates 
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of the point x can be carried out under the integral sign. Since the function 
1/r is harmonic outside the points of the layer (that is, for x + £ e S), the 
single- and double-layer potentials satisfy Laplace's equation everywhere 
outside the points of the layer. We shall consider the surface S closed and 
bounded. In this case, as x increases without bound, the integrals (26) and 
(27) are of the same order as the functions 1/7 and 1/r2, respectively. 
These functions tend to zero at an infinitely distant point. (The detailed 
proofs are left to the reader.) Consequently, the single- and double-layer 
potentials outside the points of the layer are everywhere harmonic. 
Conversely, if, in formulae (44) and (45) of Chapter XVIII, we set 


1 1 Qu _ = 
L(5,3) ^35 y» ay Ds Tp, 


we conclude that every harmonic function can be represented as a sum of a 
single-layer and a double-layer potential. 

The basic difficulty lies in the investigation of the behaviour of the in- 
tegrals (26) and (27) in the neighbourhood of points of the layer and at these 
points themselves. To conduct a rigorous investigation of this behaviour, 
we need to make certain assumptions concerning the properties of the sur- 
face S on which the layers in question are distributed and concerning the 
properties of the densities p and p. 


6. Lyapunov suvfaces 


A. M. Lyapunov, who derived a number of results in potential theory, 
assumed that surfaces S on which a single or double layer is distributed 
satisfy the conditions: 

(a) At each point of the surface there is a unique normal. 

(b) A sufficiently small radius € can be found such that, for any point € 
on the surface, that portion of the surface within a sphere of radius € hav- 
ing center at 6 will be intersected at no more than one point by any given 
straight line parallel to the normal at the point C. 

(c) The angle between the normals at two arbitrary points € and £ does 
not exceed the quantity 

A| £ = e| A E 
where l£-t| is the distance between these points, and A and A are con- 
stants with 0< A x 1. 

Surfaces satisfying these conditions are called Lyapunov surfaces. 

The assumptions of section 1, Chapter XVII as to the properties of 
bounding surfaces assure the satisfaction of the first two Lyapunov condi- 
tions. That the first of these is satisfied for smooth surfaces is obvious. 
Let us show that the second is satisfied. 

Let us set up a local Cartesian coordinate system at an arbitrarily 
chosen point č on a surface S, directing axis 3 along the outward normal to 
the surface S at the point ¢. By the hypothesis of section 1, Chapter XVII, 
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regarding boundary surfaces, the equation for the surface S within some 
sphere lel <a may be rewritten in the form 


£3 = f(E1, £9) , 


where the functions f and its first derivative are continuous within the 
sphere |£| < a and vanish at the point C. 

From the well-known formulae of analytic geometry, the direction 
cosines of the normal to S at the point £ on S are equal to 


fi fo 
cos y] =-=; cos yg = ——— ——— 
VETUS Ms fe ety (28) 
1 


cos yg = ————— — — , 
JL «fA? + fo" 

where fj and fp are the partial derivatives of the function f with respect to 
£1 and £95 at the points in question. We note that the angle y3 is equal to the 
angle between the normals at the points € and E. The radius a of the sphere 
|£| «a can be chosen sufficiently small so that, for an arbitrary choice of 
the points £ on S within the sphere, we would have 


AP «foh ei 
and therefore 
cos y3” C^? 0. (29) 


Here, the bending of the surfaces S within the sphere |E] < a does not ex- 
ceed $7 and, consequently, an arbitrary straight line parallel to the normal 
at the point ¢ intersects that portion of the surface S that lies within this 
Sphere at no more than one point. 

Let us now show the connection between the assumptions of section 1 of 
Chapter XVII and the third Lyapunov condition. From formulae (28), we 


find that uH 
fy? + fo? 
v1 NU + fo? 


Since, by assumption, the derivatives f} and fọ are continuous, a radius a 
of a sphere |£| < a can be chosen sufficiently small so that sin y3, for an 
arbitrary choice of the point € on S, will be less than an arbitrary given 
number. Since 


sin Y3 = 


for small values of y3 we can find a positive constant A, such that, within 


the sphere |£| <a, 
v3 < A / fi? + fo? . 
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If the derivatives f, and fo satisfy (within the sphere) not only the conditions 
of section 1 of Chapter XVII but also Hóldev's condition 


| fa (Eq, £9) - f;(0,0)1 - 
BE 


where Ag is a bounded positive number and the exponent A satisfies the in- 
equality 0 < à <1, then since f;(0,0) - 0, we obtain the inequality 


ya < Ale? . (31) 


Thus, if the first derivatives of the function f satisfy Hülder's condition 
with 0< à <1, the third Lyapunov condition will be satisfied within the 
sphere || <a. But then it must be satisfied for the entire surface S. To 
see this, suppose that 5 and £ are two arbitrary points on the surface S, 
and that V/ is the angle between the normals at these two points. We connect 
the points 06 and £ by a line lying entirely on the surface S. Let us partition 
this line into segments 1,2,...,0,...,* by points that are at a distance no 
greater than a from each other, whereupon the inequalities of the form (31) 
are satisfied for two neighbouring points. We denote by 73, the angle be- 
tween the normals at the end of the segment whose number is o, and we 
denote by lEly the difference between the ends of the segment. We can then 
write the obvious inequality 


Ag (=1,2), (30) 


n n 
2 v3? v. > lelde lg- when 0ca«1, 
a= 


from which, when we take into account the inequalities of the form (31) for 
each of the segments a, the validity of the third Lyapunov condition follows. 

Thus, to satisfy the third Lyapunov condition, we need to add to the 
assumptions of section 1 of Chapter XVII the assumption that the first deri- 
vatives satisfy Hélder's condition (30) with 0 < A < 1. We shall assume be- 
low that this assumption is satisfied. 

Let us determine certain inequalities that follow from Hülder's condi- 
tion for the derivatives fy and fo. 

It follows from formulae (28) that by choosing positive numbers a and 
A suitably. we can arrange to have 


[eos 74| «A|£-t^ , leos val «A|£-t" when [|&-t|«a. (32) 
We note that, from the formula for finite increments, 
£g = FEE 9) = f1(054,0£2)£1 + fo(0£1,0E2)£9 , (33) 


where 0 is a number lying between zero and unity. Since, obviously, 
[£1] s lel, [£9] s él, for suitably chosen positive a and A we obtain 


leg] < Alg] 1. (34) 
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Problem 


Suppose that S is a two-sided surface satisfying the Lyapunov condi- 
tions, and that S is not closed. Let us consider as being positive the solid 
angles subtended by sections of one of the sides of the surface, and as 
negative those subtended by sections of the other side. Show that 


LG dSp--o (r= |x-&l), 


where w is the solid angle subtended by the surface S at the point x. 


7. The convergence and the continuous dependence of improper integrals on 
parameters 


Suppose that F(E,x) is a function of the coordinates of the point £ ona 
Lyapunov surface S that is parametrically dependent on the coordinates of 
some point x. Let us assume that for £ + x, the function F(£,x) is contin- 
uous and that, in some neighbourhood of the point & = x, 


B 
| F(E,x)] < yah? 
where v = |£-x| is the distance between the points ¢ and x, and where à 
and B are positive constants. Let us show that under this assumption the 
integral 


f fre,» dS¢ 
S 


converges absolutely. It is sufficient to show that the integral 
H EN (35) 
S vt 


converges, from which the absolute convergence of the above integral ob- 
viously follows. 

If the point x does not lie on the surface S, the integral (35) is proper 
and hence finite. However, if x = €, where € is a point on S, we set up a 
coordinate system with origin at the point Ẹ and with axis 3 directed along 
the normal to the surface Sat the point C. As we have seen, on an element 
s of the surface S that lies within the sphere || < a (whose radius a is 
sufficiently small), we have the inequality (29): 


cos y3? C» 0, 


where y3 is the angle between the normals at the points € and £es. There- 
fore, on the element s, 

di, di3 4 
=z— fe 
dsg = os 56 dii dé. 
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Therefore, 


[ ss e. 


For positive à, we know from a well-known convergence test * that the in- 
tegral on the right side converges. Hence, the integral on the left side also 
converges. The convergence of the integral (35) then follows from the fact 
that the corresponding integral with respect to S- s is proper and therefore 
bounded. This proves our assertion. 

Let us now suppose that x is a point in some region G that intersects a 
Lyapunov surface S. The region G may have an arbitrary number of dimen- 
sions. 

The integral 


{fran dS; 
S 


over a bounded surface S is said to converge uniformly at a point x = C in S 
if, for every positive €, there exist regions m(c) e G and s(c) e S of the 
point 6 such that 


ff |F(£,x) dSg «e when x em(e). 
s(€) 


Let us show that the integral 
f | F(E, x) as, 
S 


(if it converges at the point x = ¢), defines a function of x that is continuous 
at that point. In other words, let us show that a sufficiently small neigh- 
bourhood m(c) of the point € belonging to the region G exists such that for 
x belonging to my(¢), the difference 


| [56,2 as; - | J Ft, 0 as; 
S S 


will not exceed (in absolute value) an arbitrarily small positive number. 
We use the inequality 


iJ F(£, x) dS, - [ri T 


«| J| Fenasg- "n asp + JT remases f f reol ase. 


S-s(c) S-s( s(€) s(e) 


Because we have assumed the uniform convergence of the integral that we 
are considering, a neighbourhood s(c) € S of the point ¢ can be chosen suffi- 


* See V.I.Smirnov D, Vol. 2. p. 86. 
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ciently small, and a neighbourhood m(c)e G of the point € can be found, 
such that the last two integrals on the right side of the above inequality do 
not exceed an arbitrarily small positive number €. Furthermore, because 
of the continuity of the function F(£,x) for E + x, a neighbourhood m1(€) of 
the point € (constituting a portion of the neighbourhood m(e) e G) exists such 
that, for x belonging to 7 4(e) and £ belonging to S - s(€), 


IFE x) -F(t,0l «$, 


where Š is the area of the surface S. From the inequality 


H [F(E,x) -F (E, 6)] dS; 


S-s(e) 


SUE. F(£,x) - F(E,¢)| dS; < | F(E,x)-F(E,0)| 5, 


S-s(e€) 
it follows that the first term on the right side of the original inequality does 


not exceed €. By using the results that we have obtained, we see that for x 
belonging to my(<), we have 


nc a ase - | | rt, t) dSg] < 3e . 


Since € is arbitrary, this proves our assertion. 
Let us now verify the following continuity test: 
The integral 


{| re.aas, 
S 


is a continuous function of x at a point E belonging to the surface S if for 
every positive € a neighbourhood n(c) of the point 6 exists such that 


| F(E,x)| < TES , (36) 


where B and ^ ave positive numbers and | -x| is the distance between the 
points E and x. 

From what was said above, the integral (36) implies the absolute con- 
vergence of the integral that we are considering. Consequently, for any 


positive number e, there exists a neighbourhood s(e) e S of the point € such 
that for all x, 


il |F(E,x)| ds; < €. 


s(e) 


This proves the uniform convergence of the integral 


H F(E,x) dS; 
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at the point x = . But the uniform convergence implies the continuity of the 
integral at the point x = 6, as was asserted. 


8. The behaviour of a single-layer potential and of its normal derivatives 
upon crossing the layer 


If we apply the test that we have just verified for the continuity of im- 
proper integrals to the single-layer potential 


T(x) = | {Fas , 


we see that this potential is continuous at all points of the layer and, con- 
sequently, throughout all space. 

Let us find the derivative of the potential U(x) with respect to an arbi- 
trary direction v. Formally differentiating 1/7 under the integral sign, we 
obtain 

av. [foa G) ase = | f eos ase, (37) 


where £ is the angle between the direction of v and the segment Ex. For all 
x not lying on the surface S, the integrand is continuous. Therefore, for 
these values of x, differentiation under the integral sign is permissible and 
gives the corresponding derivative of the single-layer potential. 

Let us first study the behaviour of the integral (37) as the point x ap- 
proaches the surface S, under the assumption that the point x approaches 
the point € on S by being displaced along the normal n at the point t. We 
denote by 


ae) dU(t) 
dr, ’ dn; 


the limiting values of the derivative of U(x) with respect to this normal as x 
approaches 6 from outside S and from inside S, respectively. We denote by 


dU(t) 

ditty 
the value of the integral (37) at the point x = €. The quantities dU(t¢)/dng and 
dU(t)/dm are called, respectively, ihe outer and inner normal derivatives 
of the single-layer potential at the point €, and the quantity dU(t)/dng is 
called the direct value of the normal derivative at this point. 

Let us show that the outer and inner normal derivatives and the direct 
value of the normal derivative of the single-layer potential exist, are 
uniquely defined, and are related to each other by the equations 

dU(t) dU(t) dU(t) dU(t) 


due ^ dm) ^ 27p(6) , dm ^ dm, ^ 2«p(t) . (38) 
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Consider the difference 


Hog; s; G) st - Po | [s (2) «s 
= Jo Caig in) pase + f 0-20) Sa G) 3t (39) 


where d/dno denotes differentiation with respect to the direction of the out- 
ward normal to S at the point €, d/dn denotes differentiation with respect to 
the outward normal at a variable point of the surface S, and 


P= P(E), Bo = A(t) . 


Let us show that the difference (39) is continuous at the point E. It will then 
follow that the integral 


. d/l 
J P ing (7) as; 
in which we are interested has the same discontinuities as does the function 


TOLE 


Differentiating 1/r with respect to the directions of the normals ng and 
n, we obtain 


án, o D. ---90080, 4 (4)=- E 72 09S B, (40) 


where a and 6 are the angles between the segment ^ and the direction of 
the normals mg and n, respectively (fig. 47). Hence, 


s 2)1- 7^ + (cos @ - COS f) -5 sin (æ+ £) sin 3(a-p). (41) 


Let us consider the trihedral angle with vertex at the point £ formed by the 
rays no and n and by the segment £x. From a well-known property of tri- 
hedral angles, 


la-8| <lyl, (42) 


where y is the angle between the rays no and n (the equality sign being ap- 
plicable when the rays m and ng and the segment £x all lie in the same 
plane). But from property (3) of Lyapunov's surfaces, 


v sAl£-cI^, 


where A is positive and à is a positive number not exceeding unity. Com- 
bining this inequality with relations (41) and (42), we conclude that there 
exists a constant A* such that 


|£- e|? 1 y|£-0]A? 
(n.a) r^t ug A gau c (43) 
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Let us show that the ratio 


l -el 
Ix - £l 


remains bounded as x approaches 6 for all £. Let us set up a local coordi- 
nate system with origin at the point € and with axis 3 directed along the 
normal ng. Since the point x lies on axis 3, 


/ ; 
|x-é| >E +E? =ylel2- 


Noting that 
— 
lE -El 2/4292 «£g? , 


we obtain 


— 
lė - el « . £a? 
1x- £l lel? - £32 
From formula (34), we have 
£3? < A2|g]2(1+A) ; 


where A is positive. Therefore, 

l-el, " . £3? T 1 

[x- £l je]? (1-1412 1-[] 2 

The right side of this inequality can be made arbitrarily close to 42 for 


sufficiently small |4|. On the basis of inequality (43), we now conclude that 
there exists a positive number B such that 


[e in) 7 = K? 


and it then follows, on the basis of the continuity test for improper inte- 
grals (section 7), that the first of the integrals on the right side of eq. (39) 
is continuous at the point ¢. 

Let us consider the second integral on the right side of this equation. 
We again use the point ¢ for the coordinate origin. Suppose that S is an 
element of the surface S lying within a sphere |£| * a of sufficiently small 
radius. We easily see that 
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if fe -59 3 (4) asi < f 16-9 S (2) as 
s s 


< |B-ols | [12 È) as - Ip-Pol s [ J “5% ds, — (44 
E E 


where ¢ is the angle between the normal n at the point — on s and the seg- 

ment Ex and where |D-pogls is the maximum value of |f-fog| on s. When 

x=, 

leos gl = 121 E 59 cos 73] < lcosy1l + lcosya! + E3 
cos Ql = |7 cosy; + >> cosyg * 77 cosyg] € lcosy1l + |cosyagl + Ter 

where cos y1, Cos y2, and cos y3 are the direction cosines of the normal n. 

By using the inequalities (32) and (34), we find that 


[cos e| < 3A|£|^ , 
and hence, 


|cos «| PEZ! 
r? HE 
Therefore, it follows on the basis of the convergence test proved in sec- 


tion 7 that the integral 
| cos 
[pe as 
S r? 


is bounded when x = . When x is not equal to ¢, this integral is bounded 
because the integrand is bounded. Consequently, by a suitable choice of the 
radius a of the sphere || <a, we can make the quantity |5 -pol s suffi- 
ciently small so that the right side of the inequality (44) is less than an ar- 
bitrarily small positive number € for any position of the point x within the 
sphere |£| <e. We conclude from this that there exists a neighbourhood 
s(€) of the point €, belonging to the surface S, and another neighbourhood 
m(e) of the point £, belonging to the sphere |£| * a, such that 


fÍ \(@-Bo) $ (Zl as<e when xe mie). 
s(c) 


Here, the function (p - po)d(1/v)/da is continuous on S- s(€). It then follows 
that the second of the integrals on the right side of (39) converges uniformly 
and is therefore continuous at the point C. 

Thus, the difference (39) is a continuous function of the point x belong- 
ing to n, as a result of which the integrals 


Logs; l)as and po || a G) «s 


change their value by the same amount when x crosses the surface S. 
To compute the last integral, we use the fundamental formula of the 
theory of harmonic functions (44) of Chapter XVIII. Setting 
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u=1, L(tx)-4.— FV=S 


in this formula, we obtain Gauss' formula 


ast -4n when xis inside S , 
MES (3 ds = | -27r when xisonS ; (45) 
S 0 when xis outside S, 


from which formulae (38) follow directly. 


Problem 


Show that the direct value of the derivative of the single-layer potential 
on S is a continuous function on S. 


9*. The tangential derivatives of the single-layer potential and its deriva- 
tives in an arbitrary direction 


Let us suppose that the direction 7 is parallel to the tangent plane to a 
Lyapunov surface S at the point ¢, and that zo is the normal to S at this 
point. Suppose that a point x, which is being displaced along the normal no 
in one direction, approaches S. The limit of the integral 


a og ()as 6) 


as x approaches C is called the tangential derivative of the single-layer po- 
tential at the point b. If the point x approaches the surface S from its inner 
side, we shall call this derivative the inner derivative and, in the opposite 
case, we shall call it the outer derivative. 

Jt is easy to show that the inner and outer tangential derivatives of the 
single-layer potential both exist or both fail to exist. To prove their exist- 
ence, apart from the assumption that the density p is continuous, we need 
to make additional assumptions as to the behaviour of the density in the 
neighbourhood of the point ¢. These assumptions are of various types and 
are sufficient. The necessity of some of them has not been proved. 

Let us show that if the single-layer density in the neighbourhood of a 
point € satisfies the Hdlder condition 


1a) -a)l 
—.,. <A], (47) 
Ie -501 


where Ay and 4, are positive constants and € and 7 are two arbitrary points 
in the neighbourhood in question, then the outer and inner tangential deri- 
vatives at the point Ẹ coincide and are continuous functions of € on the sur- 
face & 

To prove this, we draw the normal n, at the point & and we construct a 
cylinder C, of radius and altitude b, whose axis is the normal no and whose 
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geometric center is the point ¢. From property (c) of Lyapunov's surfaces, 
the quantity b can be chosen sufficiently small that straight lines parallel to 
the normal ng intersect an element s (cut from the surface S by the cylinder 
in question) only once, since this cylinder can be completely contained in a 
sphere of radius 54/2 with center at ¢. Under this condition, integration 
over the element s can be replaced by integration over the element s' cut 
by the cylinder in question from the plane tangent to S at the point C. We 
choose the radius 5 sufficiently small that the angle y between the normals 
to S at the point € and at an arbitrary point on the element s does not ex- 
ceed iz. Then, the surface S intersects the cylinder C on its lateral sur- 
face but not on its base, and the element s' on the tangential plane is a 
circle. 

When we replace the integration over the element s with integration 
over the circle s', we obtain 


ME. à (3 88 = MEE 5G 7) cs (48) 


Let us show that when the element s is plane (cos y = 1) and when the den- 
sity p has a constant value po on the element s, this integral (for x + € e S) 
is identically equal to zero, and that it is conditionally convergent at the 
point x = č. 

Let us take the point ¢ for the origin of a rectangular coordinate sys- 
tem, and let us direct axis 1 in the direction 7 and axis 3 along the axis of 
the cylinder C. The plane of axes 1 and 2 will then coincide with the plane K 
that is tangent to the surface S at the point &. Remembering that 


= - =a tae 2 2 
v -|£&-x| 2«t1* + Eg? + xq when Ee K, xen, 


d (1. 8 (1 5175 & 
dz (x) “aq Oy) > 73 alre 


we obtain 


[| 60 ge (7) #5 = pol) a 53 5, di. 
(£4? +E 9? +X3 j 
Let us suppose that x3 is not zero. If we partition the circle s' into two 
halves, with £1 positive on one half, and negative on the other, and if we 
note that the integrals over these semicircles are equal in absolute value 
but opposite in sign, we conclude that, for all x4 + 0, the integral in ques- 
tion is equal to zero. Therefore, in particular, the integral 
E 

lim ff ot dtg =0 (49) 

X370 "s" (k1 IT 
When x=, we have xg = 0 and we must examine the improper integral 

7 £1 

CEN 
s' (E1^ +Ẹ9°)? 
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Suppose that s" is some neighbourhood of the point £ = 0 that belongs to 
the circle s'. From the definition of an improper integral, the integral in 
question is equal to the limit of the sequence of proper integrals 


BH 
] E d1 d£ 
s'-s" (E1^-- £97)? 
when the neighbourhood s" is contracted in an arbitrary manner to the point 
t - 0. But this limit does not exist because the integral 


A 
> z3 dir dis 
s' (E1 tE)? 


diverges and, consequently, the value (even the existence) of the limit that 
we are interested in will depend on the choice of the way in which the neigh- 
bourhood s" is contracted to the point = 0. However, for any one way, we 
can arrive at a definite finite value for the limits that we are interested in. 
In this sense, we shall say that the integral in question is conditionally con- 
vergent. In particular, by choosing for boundaries of the neighbourhood s" 
those neighbourhoods whose centers are at the point £ = 0, we see, without 
difficulty, that the integral converges conditionally to zero. 

Let us now turn to the general case (cos y + 1) and let us denote by v, 
as before, the distance between the points x e no and £ € S, and by 7' the 
distance between the point x and the projection £' of the point — on the plane 
formed by axes 1 and 2. Let us consider the difference 


M ; cisy ~Po) J ar (q) & 


= JJ (b - Bo) = G ced + J i coed Po T G) as 


si 


spo) | 3(1-1)as, 60 
si 


where 


Recalling that 


d /1 cos y 
dT () 52 d 

(where y is the angle between the direction 7 and the segment Ex) and also 
considering inequality (47) and the condition for the angle y on a Lyapunov 
surface, the reader can show without difficulty that the first two integrals 
on the right side of the relationship (50) are continuous at the point € (using 
the continuity test of section 7). Let us turn to the last of the integrals on 
the right side. We easily see that 
d /1 1 ð /(1 1 1 1 r'- 1 1 1 

dr G 7 ») “Oxy \7 7 7) ~ (1-71) (3 7 =3) = 81 yy yo yd zr) : 
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From inequality (34) we obtain, for sufficiently small values of the radius 5, 


Ie] 
r > |E] 222? - l2 -£32 = [| > I-A» E, 


where A and Aq are finite positive numbers. It also follows from the trian- 
gle CEE’ (fig. 48) that |v- v'l. < [£3], from which, on the basis of inequality 
(34), we have the inequality 


Ir-r] <All. 
Finally, when we recall the obvious inequality 
l£3l sll, lel s gal, 
we obtain, for sufficiently small b, 


a (ty) «| QAAE 344? po B 
lel? qe? qu? quet 


4 


where B is a finite positive number. Thus, 


IG :-) as | J s T Bf J ES 


st (t1^ +2 


The integral on the right side of this inequality converges absolutely. 
Therefore, for any positive €, there is a neighbourhood s'(c) of the point € 


ls l (1-4), as<e 


for an arbitrary position of the point x e no. Since the functions 1/r and 
1/7' have a discontinuity only at the point ¢, the function d(1/r- 1/v')/dr is 
continuous outside the neighbourhood s'(c) and on its boundary. It then fol- 
lows that the third integral on the right side of the relationship (50) con- 


Fig. 48. 
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verges uniformly at the point 6 and is therefore continuous at that point. 
Thus, the difference (50) is continuous, so that the integral 


J fot 1) ds (51) 


as s approaches 6 e S can have only the same discontinuities as does the 


integral 
AIETE ds. (52) 
s! 


Since, for all x3 different from zero, the last integral exists and is equal 
to zero, and since it approaches zero as x3 approaches zero, it follows 
that the values of the integral (51) and, hence, of the integral (46) become 
arbitrarily close to each other and approach a common limit as x ap- 
proaches ¢€ from within and from without the surface S. 

Let us finally note that the above estimates of the integrals depend on 
the properties of the Lyapunov surface and the density D, independently of 
the position of the point 6 on the surface; that is, they are uniform with 
respect to the position of the point € on S. But, as was shown in section 7 of 
Chapter XIX, the convergence of an improper integral depending on a pa- 
rameter implies its continuity on a surface S. Therefore, we may assert 
that the tangential derivatives are continuoüs functions of the point ¢ on the 
surface S. This proves the assertion made. 

We note that at the point x = €, the integral (51) converges conditional- 
ly, since at this point the integral (52) converges conditionally. Therefore, 
at x = €, the value of the integral (51), regarded as the limit 


lim ME Das 


s-0 S 


(s being a neighbourhood of the point t), depends on the way in which s ap- 
proaches zero. Therefore, the direct value of the tangential derivative does 
not exist, although definite outer and inner tangential derivatives do exist 
and, as we have shown, are equal to each other. In other words, the inte- 
gral (46) has a removable discontinuity when the point x crosses the sur- 
face S. 

Let us now suppose that the point x approaches the surface S while re- 
maining inside S and that, at each of its positions, the derivative 3Ọ/ðl is 
defined in a constant direction /. The limit 9U/21, of the derivative 9U/al 
is called the inner derivative in the direction / (at the given point of the 
surface). The outer derivative in the direction / at the point on the surface 
is defined analogously. 

Let us show that if the single-layer density on a Lyapunov surface S 
satisfies Hblder's condition (47), then, as the surface S is approached, the 
derivatives of the single-layer potential in an arbitrary fixed direction ap- 
proach definite limits, independently of the way in which the surface is ap- 
proached. (However, they may differ for the cases of approach from within 
and from without the surface S.) 
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We shall prove this theorem for the case in which the layer is ap- 
proached from outside S. The proof is analogous in the case of approach 
from within S. 

Suppose that x is an arbitrary point outside S and that » is the normal 
to S that passes through the point x. Let us write the outer derivatives of 
the potential of the point x in an arbitrary fixed direction / in the form 

d u cos (n, L) + cos (7,2) , 

where the symbols d/dz and d/dTr denote differentiation in the direction x 
and in a suitably chosen direction 7 perpendicular to n. On the basis of 
property (b) of Lyapunov surfaces, this representation is unique close to S. 
Therefore, from the properties proven above for the derivatives dU/dn and 
dU/dr, and also from the problem at the end of section 4, it follows that as 
the surface S 15 approached along its normal, the limits of the derivatives 
in the arbitrary fixed direction Z exist and are a continuous function of the 
point £ e S. 

Let us now denote by nę the normal to S at the point £ € S. Suppose that 
D(t) is the limit that the derivative 3Ọ/3l approaches as the point £ is ap- 
proached along the normal ng. For any positive c, there exists a positive 
number 7 such that 

(2U) 
al 
For if we denote by s that part of the surface -S lying within the sphere 
[t -€i € n, we can choose 7 sufficiently small so that 


- D) e when |x-el <y. (53) 


aU (x) - 
( EH ),, 59 se when x,EeS. 


Since the function d(é) is continuous, the radius 7 can be chosen sufficiently 
small so that 
[D() -D(| <€ when t£ tes. 


The inequality (53) follows from the last two inequalities, which completes 
the proof of the theorem. 


Problem 


Prove the formula 


E - EX = 4np(t) cos (n,I) . 
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10. The behaviouv of the double-layev potential when the layev is cvossed 
Suppose that ¢ is an arbitrary fixed point of a double layer situated on 
a Lyapunov surface S and that 
Do = a(t) 
is its density at the point ¢. Let us consider the difference 


alla esI elle ni) ^ c 


when the point x coincides with the point ¢. Let us suppose that the density 
p of the layer is continuous. Then, the integral on the right side is known to 
be continuous. For if s is a neighbourhood of the point € and is contained 


in S, 
= ad 1 = = ff .d sil 
1] (00-9) a (5) dS| < Ipo- pls A FC] ds , 
where 
| Po -Pls 
is the maximum absolute value of the difference 
0o - 0 
on s. As is shown in section 8, the integral on the right side of this in- 
equality is bounded. Therefore, because of the assumption that the function 


p is continuous, for any positive €, the neighbourhood s can always be 
chosen sufficiently small so that 


= 2548(l « 
If Í -A S (4) ast «e. 
s(c) 
Since the function 
= zd /1 
(Bo - 9) 5 (5) 
is continuous on the boundaries of the neighbourhood s(c), the integral that 
we are concerned with converges uniformly at the point € and is therefore 
continuous at that point. Consequently, the discontinuities that the integrals 
on the left side of eq. (27) may have when the point x crosses the layer must 
be the same. By using Gauss' formula (45), we conclude that the double- 


layer potential, as an arbitrary point € of the layer is approached from 
without and within 5, approaches, respectively, the values 


Uselt) = Utt) + 2100, — Us,() = P(O - 2700, (55) 


where 


Te) JJ 52 (1) as, 
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which is a function that is continuous on S. We shall call this function the 
direct value of the double-layer potential. 

Let us note a formal property of formulae (55) and (38). Investigation 
of the behaviour of the derivatives of the double-layer potential on Lyapunov 
surfaces is considerably more complicated than in the single-layer case. 
Therefore, we confine ourselves to noting that, under the assumption that 
we have been making with regard to the smoothness of the function p, it can 
be shown * that, when a Lyapunov surface S on which there is a double 
layer is crossed, the normal derivatives of the double-layer potential re- 
main continuous, whereas the /angential derivatives undergo a discontinuity. 
The value of this discontinuity is such that the outer tangential derivative is 
less by an amount 2700(t)/d7 (and the inner tangential derivative greater by 
the same amount) than the direct value of the tangential derivative of the 
point ¢. 


Problem (Lyapunov's example) 
Show that satisfaction of the Hélder condition 
Io) -PO < 4, , A170, 470, Enes 
lg -g^ 
is not sufficient for the existence of normal derivatives of a double layer. 


To do this, examine a Lyapunov surface 5, a part of which, Sj, is plane. 
Take a circle Z on $1 with center at the point and assume that 


B-A,ít-£] 1 when £ez. 


Then, integrate over 2 to find an expression for the double-layer at points 
close to Z and, by differentiating this expression, show that the normal de- 
rivatives of the potential close to 2 increase without bound. 


* See Gyunter 19, Chapter II, section 10. 


Chapter XX 


ELEMENTS OF THE THEORY 
OF LOGARITHMIC POTENTIAL 


1, Logarithmic potential 


In this chapter, we shall examine very briefly the development of po- 
tential theory in a plane. 

Let us examine a mass point having unit mass which is attracted toa 
segment ab according to Newton's law. Let us take rectangular coordinate 
axes as shown in fig. 49 and let us denote by v the distance from the point x 
to the segment ab. 


Fig. 49. 


It is easy to see that an element d/ of the straight line segment attracts 
the point x with a force dF given by the formula 


pı di p1 d8 p; 46 
x? y1c080 ^" wv ^? 


dF-k 


where k is a proportionality constant, pq is the mass density along the 
straight line, and 71 is the distance from the point x to the element di. It 
follows immediately that the projections of the force dF onto the coordinate 


axes are given by the formulae 
kp, sing dé kp; cos 0 dé 
drj = 210 Y, dFy=-— >”. 
Y Y 


We denote by ôo and 61 those values of the angle 0 that correspond to 
the ends of the segment ab. Then, the projections of the force of attraction 
of the entire Segment ab are given by the equations 
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pi (91 py 
Fy = 71 sin d8 = —— (cos fg - cos ^) , 
o (1) 
kpi 91 hp. . 
5l cos ¢dé = —~ (sin 4 - sin 0j) . 
o 


Let us now suppose that the segment ab is sufficiently long that we may 
consider it as extending infinitely far in both directions. Evidently, in this 
case, 


and formulae (1) become 


F =0,  Fye-——. 


It is obvious from this that an infinitely long heavy straight line 
attracts a unit positive mass with a force F given by 
2k py 
-—. 


This example shows that in certain cases the interaction between mut- 
ually attracting bodies is inversely proportional to the distance. In other 
words, if a mass m attracts a unit mass according to this law, the force of 
attraction F is expressed by the formula 


F=m/r, 


where x is the distance between the two attracting masses. 
It is easy to see that in this case the components of the attracting force 
are partial derivatives of the function 


U-minl, 
7 


which is called the logarithmic potential. 

Let us now suppose that attracting masses of constant density p; are 
uniformly distributed along a certain curve L. If these masses attract a 
unit mass situated at a point x with a force inversely proportional to the 
distance, the gravitational field thus formed will have a potential that can 
be computed from the formula 


v= {oy In lar, (2) 
L 


where * is thedistance from the point x to a variable point £ on the curve L. 

This potential is called the single-layer logarithmic potential, and its 
properties are entirely analogous to the properties of the single-layer New- 
tonian potential. Thus, for example, in an arbitrary region containing no 
point of the curve referred to, the potential (2) is a karmonic function. 
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Furthermore, it is easy to show that if we make certain assumptions con- 
cerning the curve L and the density o4, this potential will be continuous 
even in the case in which the point x coincides with some point of the 
curve L. 

We note, however, that as the point x is displaced to infinity, the loga- 
rithmic potential changes in a different way than does the single-layer New- 
tonian potential. For, denoting by R the distance from the point x to the 
coordinate origin, and recalling the reasoning that we used in studying a 
Newtonian potential at infinity, we can see that, for high values of R, the 
logarithmic single-layer potential is expressed by the following approxim- 
ate equation: 


U() = m In i ; (3) 
where m denotes the entire mass of the attracting layer. It is clear from 
this formula that the logarithmic potential U(x) approaches infinity as the 
point x is displaced infinitely far, whereas the Newtonian potential U(x) in 
this case approaches zero. 


2. The double-layer logarithmic potential 


Let us denote by n the direction of the outward normal to the curve L 
and let us take the following line integral: 


Uila) = P i (in 1) dL. (4) 
L 


This integral is called the double-layer logarithmic potential and the func- 
tion p9 appearing in it is called the density of the double layer. 

In its definition and properties, the logarithmic potential is completely 
analogous to the double-layer Newtonian potential. Obviously, in every re- 
gion not containing points of the curve L, the function Uj(x) is harmonic. 
Furthermore, if we note that 


9. (in) 282, : 


where ¢ is the angle between the directions n and x (fig. 50), we may also 
give this potential in the form 


UG) = ] £08 ? qj, (6) 


and show that, on the curve, the potential U4 has a discontinuity completely 
analogous to the discontinuity of the double-layer Newtonian potential. If L 
is a closed curve satisfying conditions analogous to the Lyapunov conditions 
for surfaces and, in particular, if L has a definite tangent at each point, 
then the discontinuity referred to above is characterized by the following 
equations: 
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Uj = U10 - 7099; Ule =Ui9 + 7020 > (7) 


where U10 and ooo are the direct value of the potential Uy and the value of 
the density 09 at some point ¢ lying on the curve L, and where Uj; and Vie 
are the limiting values of the same potential in those cases in which the 
point x tends to the point č, approaching it from within or from without the 
curve L, respectively. 


Fig. 50, 


In this particular case, the integral 


fese, (8) 
L 


which is analogous to the integral in Gauss' formula, has three different 
values 


-237, 0, -7 


depending on whether x is inside, outside, or on the curve L. 

Let us apply formula (8) to the solution of the interior Dirichlet prob- 
lem for Laplace's equations in a circle of radius 75. We place the pole of a 
polar coordinate system in the center of the circle and we direct the polar 
axis along axis 1. We denote by Yo, ĉo and *', 0' the polar coordinates of 
the points 6 and x, and we denote by /(7 9,8) a given function that varies 
continuously on the circle 7' = Yo. The double-layer potential is then 


Ui(v, 0) = [fo 8) =s ? ac, (9) 


where C is the circle referred to above. Observe fig. 51. It is clear from 
the figure that in the case in which the point x belongs to the curve 


_cosg_ 1 
rr” 


It immediately follows that the potential (9) has a constant value on the cir- 
cle, given by 


Ch. XX] THEORY OF LOGARITHMIC POTENTIAL 329 


Fig. 51. 
Ui(r,,0) = - a [ro 6) dC (10) 
1"o Yo c Oo: , 
on the basis of which it is easy to show that the formula 
.1 1 coso 
U(r,0) == [rron (zr; . 9? 9 ac (11) 


gives the solution to the interior Dirichlet problem. In other words, this 
formula defines a harmonic function U(y,9) that assumes the given value 
f(*o, 9) on the circle C. For if we rewrite eq. (11) in the form 


U(r, 0) = È [U1(7o, 8) - Ut», 8)] 


we can easily see that U(v,6) is a harmonic function. If we now let the 
point x approach the point 6, we see that 


lim U(r, 6) = t [U1 (ro, 6) - lim Ual, 6] . 
xt 7 x-t 
But from the first of formulae (7), 
Him Ui(v, 6) = U1(v9,0) - 7/(75,0) , 
and, consequently, 
lim U(r, 8) = Rro, 0) , 
x-t 


which proves our assertion. 
We now note that on the circle C, dl = v9d0. We may therefore write 
formula (11) in the form 


1 27 
U(r, 9) = on f Yo: 89) 
o 


ve = 72 


dé, . (12) 
vo? - 2r7q cos (8 - 09) + yp ? 
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This is Poisson's integral formula. It can be easily transformed to the 
form (76), Chapter XVIII. 


3. Discontinuity in the normal derivative of the logarithmic potential on a 
curve 


As in the case of the double-layer potential, the normal derivatives of 
the single-layer logarithmic potential are discontinuous on a curve. This 
discontinuity is characterized by the formulae 


dU COS y 
du ^ "^10 [n p à, (13) 
dU — fr cos V 
ing TT "P10 + ] py 2 aL, (14) 


which are analogous to the corresponding formulae in the theory of New- 
tonian potential. In these formulae, pjo, dU/dnj, and dU/dz denote the 
density and the normal derivatives at some point ¢ on the curve L. The no- 
tations y' and w are clear from fig. 52, on which £ denotes a variable point 
of the curve L. 


Fig. 52. 
Let us show how Neumann's interior problem for Laplace's equation in 
a circle can be solved in closed form by use of formula (13). 
We denote by f(£) a given function that varies continuously on the circle 
C and that satisfies the condition 


[ro dC -0. (15) 
C 


Let us use this function to set up the integral 


Ut) -1 | ae) in zac; , (16) 
C 
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where x is the distance from the point x to some point — on the circle C. 
Obviously, this integral is a harmonic function within the given circle, since 
it can clearly be regarded as the single-layer potential with density given 
by the equation 


p(t) = go. 


Let us now show that as x approaches the point € on C, the normal de- 
rivative dU/dn; of the potential (16) approaches the value f(t). 


Fig. 53. 


It is clear from fig. 53 that 


where Yọ is the radius of the given circle. By using this equation and for- 
mula (13), we can easily see that 


dU 1 f 
dn = f(t) - vg | ne dC. 
C 
With eq. (15) in mind, we finally obtain 
dU _ 
dn; = f(£) H 
which proves our assertion. 
Thus, formula (16), which was discovered by Dini, gives the solution 
to the problem posed. 
4. The logarithinic potential of masses distributed over an area 
Let us suppose that some portion of a plane is filled with attracting 


masses of density p. The gravitational field caused by these masses has a 
potential 
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U(x) = If p ind ae, dtg , (17) 
S 


where v is the distance from the point x to a variable point £ in the region S 
filled by the attracting masses. 

This potential has properties analogous to the properties that we have 
already investigated for the Newtonian potential of space masses. Thus, for 
example, at every point outside the region S, it is a harmonic function with 
respect to the variables x, and x9. However, if the point x lies within the 
area of attraction, this potential will satisfy Poisson's equation: 

2 2 
3^U IU =- 270 . (18) 


If L denotes some closed curve, then it is easy to show that 


far = -2mm , (19) 
L dn 


where dU/dn denotes the derivative of the potential (17) in the direction of 
the outward normal to the curve L, and m denotes that part of the entire 
attracting mass that is contained within the contour L. 


Problem 


Derive Poisson's integral formula (12) from the expansion of the func- 
tion fro, 0) in a Fourier series: 


ao 
Fo, 9) = ag + p (ay cos að + by sino?) . 


Chapter XXI 


SPHERICAL FUNCTIONS 


1. The construction of a system of linearly independent spherical functions 


In studying the Newtonian potential in section 4 of Chapter XIX, we in- 
troduced spherical functions, defining them as the factor Y,,(6,g) in the 
expression for a potential of order n: 


Yne, p) 
Us(R,0,9) Ep (1) 
where R, 0, and y are spherical coordinates. We showed that to every 
value of n there correspond no more than 22 +1 linearly independent spheri- 
cal functions, in terms of which the remaining spherical functions of order 
n can be expressed. 
Since the potential (1) is harmonic, in order to construct a system of 
linearly independent spherical functions, we shall seek the solution to La- 


place's equation (written in spherical coordinates): 
à (pp du 1 23 (494 1 22, 
ag (R^ 32) * sind 36 (617? 5 tine 292 


having the form (1). 
We use the method of separation of variables. When we substitute the 
expression 


(2) 


u -v(R) Y(6,9) , 
into eq. (2), we obtain 


1 ð (j29v ay 1 2v) 

v aR (R ag) * Y [sas 3 3; (sine 35 8/ * ada 2 
The first of the terms on the left side is independent of 0 and ọ and the 
second is independent of R. Therefore, the equation can be satisfied for all 
R, 0, and ¢ only if each of the terms on the left side is a constant, that is, 
only if 


"EM if 1 a y ƏY 1 2?Y]. 
"TI 5p) => Y [sins 56 (sine 55) taina ag2i 5 


where X is a constant. We then obtain the two equations: 


R2 22» 
on? 


av 
+2R ae - dv =0, (3) 
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1 3 (,.4,9Y 1 ay 
Sng 3a (Sin? 55. tinto o2 8 (4) 
The general solution to eq. (3) is equal to 
n By 
v(R) = AR” + EN ; (5) 


where the number 7 satisfies the equation 
n(n-1)22A. (6) 


For integral n and A, = 0, we obtain the solutions to the Laplace equation 
in the form 


= Y, (8, p) 


u gn ? 


(7) 
where Y4(0,q) is some solution to eq. (4) for à = n(m+1), with integral n. 
In our new approach, we obviously exhaust all functions Y4(0,«) that appear 
in the solutions to Laplace's equation that are of the form (7). Consequently, 
spherical functions are solutions to the equation 
1 a ind ð =) . 1 22v, 
sind 20 7^5 387 * gine ay? 

that have continuous derivatives through the second order. These solutions 
we shall call regular and eq. (8) itself we shall call the equation fov spheri- 
cal functions. 

We shall also seek solutions to eq. (8) by using the method of change of 
variables. By making the substitution 


+n(n+1) Y, -0 (8) 


Yn(@, p) = P(@) Olp) (9) 
we reduce eq. (8) to the system of equations 
d?Qy, 
2 = 
+m =0 10 
do? Qm ? ; ( ) 
1 d (ing En f m 2» = 
sind dé (sine =a) + [nin 1) - 3s] Pam =0, (11) 


where m is an arbitrary number. 

Solutions to eq. (10) that are single-valued and continuous in some 
neighbourhood are obtained for integral values of m. To every such value 
of m, there correspond the two linearly independent solutions 


Qm 7cosmo and Qjg-sinmo (m=0,1,2,...). (12) 
By making the substitution 
€=cos 4, 


we reduce eq. (12) to the form 


Prim n? 
a [nna 1) - "el Pam =0. (13) 


d 2 
ac (1-89 
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In particular, for m - 0, we obtain the equation 

d 9 dP, _ 

at (1-89 Ge £n 0D Py 70, (14) 


which, from formula (4) of Chapter XV, is the equation for the Legendre 
polynomials P,(¢). In eq. (13), let us make the substitution 
1 
Pam = (L- 62)" y 
The function y will satisfy the equation 


2 
2| d^ y dy = 
(BO) ga MADE Ge + omnem =0. (15) 


To find the particular solutions, let us differentiate the equation for the 
Legendre polynomials (14) m times with respect to ¢. By applying Leibnitz' 
formula, we obtain 


9, d" +2 Py d"t*lp, d” P, 
(1-¢ 2) de m2” 2m + ead +(n-m)(n+m+1) dem -0. (16) 
By comparing this equation with eq. (15), we see that the functions 
- d” p, (t) 
acm 


are particular solutions to the latter equation. It is then clear that the func- 
tions 
a" Pyle) 
me ^n 
Pam(® = (1- )* (17) 
n dem 
are particular solutions to eq. (13). Returning to the variable 9, we obtain 
the desired particular solution to eq. (11): 

dm 
dcos0m 
Since the Legendre polynomials P4(cos60) are polynomials of degree n in 
cos 6, the functions Pym(cos 0) are also polynomials and 


Pam (cos 0) = sin?tg Py(cos 8) . (18) 


Pym(cos@é)=0 for m^?nm. 


The functions Py,,(cos 0) are called associated Legendre polynomials. Like 
all polynomials, they are continuous and differentiable infinitely many 
times. 

Thus, for every n, we have n+1 particular solutions to eq. (11), 
namely, 


P,(cos 6), Py1(cos 0),. .. , Pod (cos0) , 


corresponding to the values m = 0,1,2,... . Combining these solutions with 
the solutions (12) to eq. (10), we obtain the 2» +1 spherical functions: 


Py(coso) , Pym(cos@) cos mp , Pym(cos 4) sin mo (19) 
(m = 1,2,3,...,”n, n =0,1,2,...), 
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which are particular solutions to eq. (8). The 22 «1 spherical functions are 
linearly independent, since the factors cosmy, sinmy (m -0,1,...,2) are 
linearly independent. The functions P,(cos 6) are called zonal functions and 
the functions Py454(cos0) cos mq and Pym(cos 8) sinmqo are called fesseral 
spherical functions. See problem 4 for the origin of these terms. 

As we know, there can be only 22-1 linearly independent spherical 
functions of order n. Therefore, we can represent an arbitrary spherical 
function Y4(0,q) in the form of a linear combination of the linearly inde- 
pendent solutions (19) that we have found: 


n 
¥7,(8, 9) = ao Ps (cos0) + ü (ap cos kp + bp sin kg) P4g(cos0) , 


where ao, aj, and by are constants. 


Problems 


1. Show that the integral 


T 
[ fxg +ixycost + ixgsint, t) dt, 
T7 


where /f(£,t) is an arbitrary function that can be twice differentiated un- 
der the integral sign with respect to the parameters x4, x2, and x3, is a 
solution to Laplace's equation. 


2. Show that all second-order tesseral spherical functions can be obtained 
by twice differentiating 1/R in the directions of the coordinate axes. 


3. Show that all tesseral spherical functions can be obtained from the func- 
tion 1/R by differentiating it n-m times in the direction x3 and m times 
in the directions lying in the 1-2 plane at an angle 7/m to each other. 


4. The curves of a spherical surface along which tne value of a spherical 
function is equal to zero are called the nodal curres of that spherical 
function. 

(a) Show that the nodal lines of the Legendre polynomial P,(cos@) repre- 
sent the parallels dividing the spherical surface into *» - 1 zones charac- 
terized by the fact that, in each of these zones, P,,(cos@) retains its 
sign, changing sign only upon crossing a nodal line. 

(b) Show that the nodal lines of the tesseral spherical functions 


Pym (cos@) cosmp and — P4,í,(cos60) sinme 


constitute n parallels and m equally spaced meridians which partition 
the spherical surface into cells (tesserae) characterized by the fact that 
these functions retain their sign throughout each of the cells but change 
it on crossing the boundary of a cell (that is, a nodal line) (see fig. 54). 
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2. The orthogonalily of spherical functions 


Let us show that the spherical functions defined in the preceding sec- 
tion are orthogonal on the surface 2 of an arbitrary space with center at 
the coordinate origin (that is, that the integral of the product of two differ- 
ent functions (19), when integrated over the surface Z, is equal to zero). 

Let us begin with spherical functions of different orders. Suppose that 
Y&(0,9) and Y,40,«) (with & + m) are two such functions. The functions 


up -RAYQ,(0,09) and um = R'Y,(0, p) 


are harmonic in an arbitrary bounded neighbourhood of the coordinate 
origin. This is true because they are regular in an arbitrary finite region 
and, from formula (5) (for B, = 0), they satisfy Laplace's equation. There- 
fore, it follows from Green's theorem (7) of Chapter XVIII that 


i a 
LET -tm an) aseo. 


In this case, differentiation along the normal to Z coincides with differen- 
tiation with respect to R; that is, 3/ðn = 3/ðR. Therefore, 


Ji (up nt - Um at ds -i IJ (Ru muk - mu, up) AS 


k- - 
- x | f umun aS = 670) RRMA | [0,00 vy, 0) as = 0, 
2 2 
and, since k * m, 


SS vato) Y&(0,9) d$-0 (m +k). 
a 
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Turning now to spherical functions (19) of the same order, we note that 
the surface integral over = can be represented in the form of an iterated 
integral, with the integration performed with respect to y from 0 to 27. But 
the angle 9 appears in the function (19) of a single order in the factors 


1, cosg, sing, cos29, sin29, ..., cosng, sinng, 


which form an orthogonal system in the interval (0,27). Therefore, the in- 
tegral of the product of an arbitrary pair of these functions from 0 to 27 is 
equal to zero. Consequently, the integral over 2; is equal to zero. 
The following are the integrals of the squares of the spherical func- 
tions, which we present without derivation: 
2 AvR? 
t [ P4(cos 6)] dS - nel , 
(20) 
_27R2 (nm): 
7 2n«1 (n-m)! 


f lem (cos 8) cos mg]? ds = f | Leon (cos 6) sin mol ds 
x x 


where R is the radius of the spherical surface 2. 

Let us finally derive the integral formulae that contain an arbitrary 
spherical function and a Legendre polynomial. 

Suppose, as above, that X is a spherical surface with center at the 
coordinate origin and that x(R6,06, 9o) is a point within £. By applying for- 
mula (44) of Chapter XVIII to the harmonic function 


us (R, 8, 9) = R"Y, (0, 9) E 


we obtain 


1 {yt on a1 
"n(Ro 90 Po) = 3; || E an ^ Un Bn (2| 45, 


where 7 is the distance between the point x and a variable point £(R, 6, q) on 
Z. In this case, 


3 2 
on OR" 
where y is a variable angle between the radius vectors of the points x and £. 
Let us expand the function 1/7 into the uniformly convergent series 
20 k 
1 Ro 
75 à po Py(cosy) (Rg< Qm 
and let us note that, on =, 


Y -/n? - Rg? - 2RRo cosy ; 


35 ^ ag R Yn, 9) = ngn-ly,Q, o) , 
oo 
k 
a (102 (dl. Ro 
aay) "an GJ => à (+1) -prg PR(cosy) . 


From these relationships, 
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Roe 
lU usi (È) = mR"¥n(0, 0) pE ge Paco) 
Roe 
+ RY (8,9) È (0 Py 43 Pk(cosy) 


eo 
RoR 
= pn-2 .9 
= R®-4Y,(8,¢) i (n * k 1) (x) P;(cos y). 
When we substitute this expression into Green's theorem, we obtain 


Un(Ro, 89,99) = Ro" Ya(60, 90) 
gh 5 Rok ds 
E | à (n k +1) (x) Y4(0, 9) Pp(cos y) P 


When we integrate the uniformly convergent series on the right side of this 
equation termwise, we obtain the series 


É)" v Ynfo» Po) = » c, (42 o, (21) 


the coefficients of which, 
n+k+1 ds 
Ck = “ar ! Y4 (0,9) P,(cos y) P) " (22) 


do not depend either on Ro or on R, since the ratio ds/R? remains invariant 
with change in R. When we equate the coefficients of like powers of the ra- 
tio Ap/R in the series (21) and apply formula (22), we obtain the formulae 


ff Y4(0,9) Pp(cosy)dS=0  (n*k, 
a 


41 R2 


(23) 
{I Y,(8, 9) Palcos y) dS = oni 
2 


i Yn(802%o) . 


3. Expansions in spherical functions 
Suppose that f6, 9) is a function of bounded variation * on the surface = 


* A function f(x) is said to be of bounded variation in an interval (a,b) in the domain 
of x if all sums of the form 
n 


2 læa) Fea) | 


remain bounded for every partition x1 =a, x92,x3, .. ., Xy, X441 = b, Where x1.X2. ... 
are increasing values of x. In particular, the function f(x) is of bounded variation 
in the interval (a,b) when Dirichlet's conditions are satisfied: (1) The interval (n.b 
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of a unit sphere and that f is absolutely integrable on Z. Let us show that, 
at points of continuity, it can be expanded in a uniformly convergent series 
of spherical functions: 


fe, p) = à Y0, o) . (24) 


This series is sometimes called Laplace's sertes. 

To prove that the expansion (24) is possible, we rely on the theorem 
on the expansion of a function in a series of Legendre polynomials. 

If, in the closed interval 0 < y <7, the function Ņ(y) siny is absolutely 
integrable with respect to y, and if the function y(y) is of bounded variation, 
then, in an arbitrary open interval which is contained within the closed in- 
terval in question and throughout which the function y(y) is continuous, the 
function y(y) can be expanded in a uniformly convergent series of Legendre 
polynomials: 


+ 


oo 


Wy) = 2. agPu(cos ») , 


where 


2n«1 (7 
ap= > f vy!) P,(cos y!) siny' dy' . 
o 


Let us denote by 0' and ¢' the coordinates of a variable point on 2; and 
by y the angle between the radii drawn from the center of the sphere to the 
points (6', 9") and (0,9). 

Let us first assume that the series (24) converges and that it can be 
integrated termwise. If we multiply this series by the Legendre polynomial 
PL(cosy) and integrate it over Z, we obtain, on the basis of the orthogo- 
nality relations (23), 


t ' - S t 1 __ An 
| Ire 10") Py(cosy)ds = 2, I Yp, 9") Pyaleosy) AS = 5: Y,,0,9) , 
so that 
¥m(0,9) = 2*1 f | ao, g) Pj(cosy) as. (25) 
a 


can be partitioned into a finite number of subintervals in each of which the function 
Joð is monotone; and (2), in the interval (a,b), the function f(x) either is contin- 
uous or has a finite number of discontinuities of the first kind (that is, a discon- 
tinuity where right- and left-hand limits of the function exist but are not both equal 
to the value of the function). When a function depends on several variables that 
vary in a region V, it is said to be of bounded variation in V if it is of bounded va- 
riation for each of these variables for all choices of fixed values for the remaining 
variables, 

* See, for example, Hobson 19), p. 319. A similar theorem is valid with fewer re- 
quirements on /(8.«). 
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We introduce new spherical coordinates (y,w) with pole at the point 
(9,g). Noting that 
dS = siny dy dw , 


we rewrite eq. (25) in the form 


2m «1 (" 10 
Ym = a f Pm(cosy) siny dy zl Fly, w) dw 
[o -T 


2m+1 (" 
: J &(y Py (cosy) siny dy, — (26) 


where 
T 
$0) = 95 f foo) do 
-m7 


is the mean value of the function f(0', g') on the circle y - constant with cen- 
ter at the point (0, o). 

The function &(y) is of bounded variation and is absolutely integrable 
for 0 <y7< 7. This is true because the function f(8, g) possesses these 
properties by hypothesis and they are obviously maintained when it is 
averaged. Furthermore, the function (y) is continuous in a neighbourhood 
of the point y = 0, since the function f is continuous at y = 0. Consequently, 
at the point y = 0, the function (y) can be expanded in the series of Legen- 
dre polynomials 


= 7 
&(0) 2 n | &(y) Pp(cosy) siny dy . (21) 


Here, we used the fact that Pz(1) = 1. But from formula (26), the series on 
the right side of eq. (27) is equal to 


oo 
È y 
ko 7 


where the values of Y, are defined by the relationship (25). On the other 
hand, because of the continuity of the function (0, 9) at the point (6, g), for 
any positive number €, there exists a number 7 depending only on € such 
that, for arbitrary o, 

| fly,w) - 0,9) *€ when v«m0sos2r. 


Since the value of | 6(y)| lies between the largest and the smallest values of 
| (y, w)| on the circle y = constant, it follows from the preceding inequality 
that, for y < 7, 


| Bly) -opl «€. 
Since € can be made arbitrarily small, 


$(0) = f(0,9) . 
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Substituting the expressions obtained into eq. (27), we obtain an expansion 
of the form (24), which completes the proof. 

Since an arbitrary spherical function can be represented in the form of 
a linear combination of linearly independent orthogonal spherical functions 
belonging to the system (19), this theorem implies the completeness of the 
system. 

If we represent each of the spherical functions Y,(0,9) as a linear 
combination of the spherical functions of the system (19) 


k 
Ypl6, p) = aokPp(COS 0) + P (Gmk cosme + byp sinmq) Py,í(cos0) (28) 
and substitute these expressions into the relationship (24), we obtain the 


expansion of an arbitrary function f(9,¢g) as a linear combination of func- 
tions in the system of spherical functions (19): 


eo 
f(6,9) =ag * p \eoePe(cos 8) 
k 
+ 2. (amk cosmo + bmk sinme) Ppy (cos a . (29) 
m= 


The reader should experience no difficulty in verifying by means of the 
formulae (20) that the coefficients of the series (29) are determined by 


Gop = dka [iso ) Py(cos 6") dS 


amk = a ert [nos en Prm(cos 6’) cos mg" dS , (30) 


2k+1 ' 
bmk = on team 1 F(8', 0") Pem(cos 0') sin mo' dS . 


Problem 


Suppose that y is the angle between two radii drawn from the center of 
a spherical surface È to the points (05, o) and (8,9) on Z. Assuming that 
y = y(6,¢), show that 


Py(cos y) = (cos 6) Pylcos 09) 
» 2 0-9: irs): s * Pap(cos 0) P45(cos 05) cos klo - og) , 
which is known as the composition theorem for Legendre polynomials. 


Method: Expand P,(cos y) in a series of the form (30) and use formulae (23) 
for calculating the coefficients in the series. 
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4. The use of spherical functions for solving boundary problems 


Let us examine the application of the theory of spherical functions to 
the solution of Dirichlet's and Neumann's problems. 

Suppose that Z is a spherical surface, defined in a spherical coordinate 
system (R,8,«) by the equation R = Rp, and that /(8, 9) is a function defined 
on Z and represented as a series of spherical functions: 


= . 31 
fe.) = 2. vy, o) (31) 


As we know (see section 1), the function ¥,(0,9)/R"+1, and hence the 
function 


(Rg/R)*1 v«(0, o) , 


which differs from it only by a constant factor, is harmonic in some region 
not containing the point R = 0. Therefore, the function 


Ry, R41 
«0 = 2. vy o (e X3) G8, (32) 


is harmonic outside the spherical surface X. On the basis of eq. (31), it 
coincides with /(0,9) on Z and, therefore, it represents a solution to the 
exterior Dirichlet problem for the region lying outside the spherical sur- 
face =, with boundary condition 


ul R=Ro = f(0, q) . 


By using Kelvin's theorem (chapter XVIII, section 3), we find that the 
function 


w(R,6,9) = 2 ; Yal?, o) (E) (Ro > R) (33) 


is harmonic inside 2 and therefore represents a solution to the corre- 
sponding interior Dirichlet problem for the same boundary conditions. 
Let us now examine the function 
oo 


Ry Ro k+1 
MRa g) = 2 pa eA (g) > (34) 


which is harmonic in the region outside X. Let us take the direction of the 
normal within 2 for the positive direction. Then, 


3 8 
én ƏR?’ 


since the normal derivative of the function “(R,6,@) on È is equal to 


j | 
Qu = -R| - 2, Y,(0, p) = f(8,9). 
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Thus, the series (34) gives the solution to the exterior Neumann problem 
for the regions outside £, with the boundary condition 


ou 
3n -f(0,9). 
on | R=Ro 


According to section 4 of Chapter XVIII, the interior Neumann problem has 
a solution only when the boundary condition f(0, ~) satisfies the equation 


] ro o» d$ -0. (35) 
E 


Because of the orthogonality of spherical functions of different orders, 


4zRg?Yg  fork-0 
' ' - 10) Q , 
| nesonas- 0 for k #0, 


where Yg is a constant. We conclude from this that, for the requirement 
(35) to be satisfied, there must be no term of zero order in the expansion 
(31); that is, 


16,0) = 2. Ye). (36) 
In this case, the series 
SR RAE 
W(R, 8,0) = C+ 2 E YO) (p) Gom, (37) 


where C is an arbitrary constant, satisfies the interior Neumann problem 
for the sphere, with the boundary condition 
ðu 


2n R=Ro = f(0,¢) . 


This is true because the function 4«(R,0,9) is harmonic within Z and its 
normal derivatives coincide on X with /(0, g). (We assume the normal to be 
directed toward the region outside Z.) 


Problems 


1. Find the solution to the interior Dirichlet problem in the form (33), 
Starting with Poisson's integral (51) of Chapter VIII. 
Method: Use the expansion 


1-52 
3 
(L - 2h cos + h2)2 


2. Find the solution to the interior Dirichlet problem with the boundary 
condition 


= 2. (2k+1) &*P,(cos0) — (h« 1). 


u(R,0,9)! n. n5 = sin38 cose . 


Ch. XXI] SPHERICAL FUNCTIONS 345 


Answer: 


3 
8 /R 1R 
u(R,0,9) = 15 (=) P31(cos 8) - 5 Ro P41(cos 6) cos ọ . 


3. Demonstrate the possibility of solving the mixed boundary problem for a 
spherical surface by means of spherical functions. 


4. Solve Dirichlet's problem for the region between two concentric spheri- 
cal surfaces with radii Ry and Rg with the condition that the desired so- 
lution becomes the given function /(6,«) on the first spherical surface 
and the function F(0,«) on the second. 

Answer: The desired solution is given by the system of equations 


o k 
1 
u= à à [Au + Bop E cos po 


1X. 
t (cgyR* + Dar E sin so] Pyg(cos a), 
k i k 1 , 
AgkR1 + Bak popu ho — CakR1" + Dek p kri” 8k» 


k 1 . k 1 . 
AgkRa + Bak p miT Tabs — CakRa" + Dak pest ~ Bak » 


where ggj and bak are the coefficients in the expansion of the function 
(0,4) in a series of spherical functions of the form (29) and ag and bg k 
are the coefficients of the expansion of the function F(0,4) in the same 
type of series. 


5. Solve the preceding problem under the assumption that the functions f 
and F depend only on the angle 0. 


Answer: 
z k è R, ki - kop. k+l 
«Ae CB om) GY eon, 
where 
T 
Ap 2k+1 TY. NONIS J f(8) Pp(cos6") sing" da' , 
Bp = abet 1 f F(6") Py(cos 4") sing! dé’. 


(R2/R3)* - (R1/Ra)**! 4 


5. Green's function of the Dirichlet problem for a sphere 


Let us use spherical functions to find the Green's function of the Di- 
richlet problem 
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Au =f when xeV-FV, u-wy when xeFV, (38) 


in the particular case in which the region V is a sphere or an infinite region 
located outside some sphere. 

As we know (section 7 of Chapter XVIII), the Green's function of Di- 
richlet's problem is equal to 


6.4) ^3 [po en. (39) 


where r(t, x) is the distance between the points £ and x and ọ(£, x) is the 
solution to the boundary problem (60) of Chapter XVIII: 


Agp =0 when £&,xeV-FV, (40) 


o--1 when £eZV.xeV-Sgv. (41) 


Fig. 55. 


Let us begin with the interior problem, assuming that the region V is a 
sphere of radius a. Let us denote by |x| and |£| the distances of the points 
x and E from the center of the sphere, and by y the angle between the radius 
vectors of the points x and £ (fig. 55), and let us expand the function ¢(E, x) 
in a series of Legendre polynomials: 


S EIN 
e&t, = 2 bpPylcosr)(—G~) (ll <a, I8 <a). 


To determine the coefficients bp, we use the representation of the function 
1 1 


Ixl? + lel2 - 2] x1 |£] cosy 


in the form of a series in powers of |x|/|£|. In accordance with formula 
(15) of Chapter XV, the coefficients of this series will be the quantities 


ixi P,(cosy) . 


Therefore, for the case in which the point £ lies on the surface FV, we ob- 
tain 
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k 


à Pylcosy) “ee FY). 


1. |x| 
gF*1 


Y 


Comparing the expansions for o and 1/v, we conclude that the boundary 
condition (41) will be satisfied identically if we set 


b, - l/a. 
Consequently, » 
1 y |xl Lely’ 
gE, x) = -> Pycosy)U—3— ) . 
, a k-0 k ( c? ) 
Comparing this series with the series (15) of Chapter XV, we see that 


1 
a/i + (Ix1| £l /a2)2 - 2(|x1 [| /a2) cosy 


...8 1 
Tal (a2 /| xt)? + |e|2- 21€| (e2/1xl) cosy 


Substituting this expression into formula (39), we obtain the desired Green's 
function: 


1 /1 a 1 
GE, x) = a 7 Tal v)* (42) 
where 
a2 \2 lel 
n- We + |g]? - 2a? 5 cosy. (43) 


It is easy to see that the quantity 7; represents the distance from the 
point £ to the point x', which is the harmonic conjugate (Chapter XVIII, 
section 3) of the point x with respect to the surface ‘FV of the sphere in 
question. For, by definition of harmonically conjugate points, the point x' 
lies on the same ray with origin at the center of the sphere as does the 
point x and it is at a distance 


EM P 


from the center (fig. 55). When we write the expressions for the distance 
|x' - £| , we obtain formula (43). 

For the exterior Dirichlet problem, the form of the expression (42) 
defining the Green's function does not change. To prove this assertion, it is 
sufficient to show that the function 


a l 
|x] Yi 


is harmonic with respect to the coordinates of the point £ in an infinite re- 
gion outside the sphere, and that it satisfies the boundary condition (41). The 
first requirement is obviously satisfied since vy is the distance from the 
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point £ (lying outside the sphere V or on its surface) to the point x', which 
is the harmonic conjugate of the point x and, hence, lies within the sphere. 
Therefore, the pole of the function 1/74 lies within the sphere. Hence, this 
function is harmonic in the region outside the sphere. The second condition 
follows from formula (43). For if the point £ 1s on the surface of the sphere, 
then |x| = a and 


Y1 = Tal Ja? + |x|? - 2|Ix||£| cosy =a FI 
Thus, formula (42) gives an expression for the Green's function that satis- 
fies both the exterior and the interior Dirichlet prablem for a sphere. 
Here, in contrast with formulae (32) and (33), the solution is represented in 
closed form by means of the Green's function and it encompasses Dirich- 
let's problem not only for Laplace's equation but also for Poisson's (see 
Section 7 of Chapter XVIII). 


Problem 


Starting with expression (42) for the Green's function, derive Poisson's 
integral formula (51) of Chapter XVIII. 


6. Green's function yor the Neumann problem fov a sphere 


Let us now find Green's function for the interior Neumann problem: 


Au -0 when xe V-FV, V when xe FV, 
when the region V is a sphere. Let us represent the Green's function in the 
form (39). In determining the function g(£,x), we are led to a boundary 
problem that differs from the problem (40) - (41) in its boundary condition 


MT -u 1) when xegV,xeV-9V, (44) 


where S is the area of the surface 7 V. 
Using the notation of the preceding section, we again represent the 
function q(£,x) in the form of a series of Legendre polynomials: 


S k 
olk, x) 2 by Py (cosy) (sl) (Ixl «a, I£| <a). 


Noting that differentiation along the outward normal to the surface FV is 
equivalent to differentiation with respect to | £| and that |£] =a if the point 
E lies on the surface FV, we obtain 
oo 
|x| 


ag _ > IE : 
n^ à kb, Py(cos y) E when £ejV. 


Furthermore, according to formula (15) of Chapter XV, for |£| =a, 
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- k 
1 = 1 = > Py(cosy) 1215 when éE£eFV, 
Ja? + |x|? - 2a|x| cosy k^ a 
80 that 
k+l Fi 
2 (4-2 (4) = P» a Py(cosy) 7 when £eJgV. 


Substituting these expressions into the boundary condition (44) and remem- 
bering that, in the present case, $ = 4na2, we obtain 


Cs] 
k+1 xk 1 
à (kor - 777) Pleon) ghi 43 
This equation will be satisfied identically if 
- k+1 1 
bk= p 3 020. (45) 
The coefficient bọ can be chosen arbitrarily. Taking bo = 1/a, we obtain 
[2] 
1 k i Dcos y) 
o= Py(cosy) (118) 1 i (Eja y. (46) 


By comparing the first of these series with the series (15) of Chapter XV, 
we easily £ see that 


= » Pp(cos y) Ls d 2 . (4) 
= + |x2| | £l? - 2|x| | £la? cosy 


The second of the series appearing in eq. (46) can also be summed easily. 
To do this we divide both sides of the equation 
oo 


=1+ > kp cosy) , 
mi? p ) 


1 
J1 * p? - 2p cosy 


where |p| « 1, by p and integrate the expressions obtained with respect to 
p. Since 


do --]ni(1-p cosy +/1+p2 - 2p cosy) « C , 
pY1 + p? - 2p cosy 


we obtain 


oo 
Ppí(cos y) 
UL. pghR-z.Ini(1. 2. 
» E p In z(1 - p cosy +v1 +p 2p cosy) . 


Substituting for p the ratio | x||£|/a2, we find that 
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1 5 , Zoe? (Leleh? 


2 
= in 2a . (48) 


2- Ix||£| cosy +Ẹvaf + Ix|?|£|2 - 2alx||£| cosy 


Eqs. (47) and (48) can be simplified if we introduce the distance 74 be- 
tween the point — and the point x', which is the harmonic conjugate of the 
point x with respect to the surface of the sphere in question. Then, as can 
easily be seen, we obtain, on the basis of formulae (46), (47), and (48), 


a 1 2a2 


Ix|vy a. a2 4 xlry- |x| le} cosy 


and, on the basis of formula (39), we find that 


a 1 2a2 
*—]n 
x ri a 


G(E,x) mE" + 


. (49) 
a? + |x|v1 - Ix| | £| cosy 


If the point £ lies on the surface ¥V, then, as we saw in the preceding sec- 
tion, 


Y 7 ia 
1 [x] ^? 
as a consequence of which, 
1 /2 1 2a 
G(s, 3) =r +a zlr-[u os) 


In 2a 
iz a | when £€gvV. 
Putting this expression into formula (67) of Chapter XVIII and remember- 


ing, on the basis of formula (35) of Chapter XVIII, that 


-eim (a «v - |x| cosy + 


we obtain the solution to the Neumann problem for a sphere in the form 
found by Neumann himself from physical considerations: 


ule) = ge LIE -aml +r- Ixl cos] yas. (50) 


Problems 


1. Show that the Green's function of the Neumann problem stated for an in- 
finite region lying outside some sphere is expressed by 
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1 a 1 (1 - cosy)|x| | £| 
ct, 2 =} 1 
6,2 r'r a "e rila - |x| l] cosy 


Method: Expand the function y appearing in the relationship (40) in a 
series of Legendre polynomials: 
oo 
" 2 k+l 
a 
= 2 apPp(cos TIT 
9 Eco RP pl 9» Teel) ; 


and use the boundary conditions (44). In summing the series, use the 
formula obtained by integrating the equation 


oo 
1 
-= > PQcosy pk (|p| <1). 
J1 +p2 -2p cosy %0 
2. Use the solution to problem 1 to show that the solution to the exterior 
Neumann problem for a sphere V is given by the following Bjerknes for- 
mula: 


.1 1, a+r- |x| cosy 
uà «as Dim (1 - cos) [£1 jus. 


Chapter XXII 


SEVERAL QUESTIONS ON GRAVIMETRY 
AND THE THEORY OF THE SHAPE OF THE EARTH 


1. Equipotential distributions 


In this chapter, we shall consider the applications of the theory ofa 
Newtonian potential to certain problems associated with the study of gravi- 
tational fields. In sections 1 and 2, we shall study the Newtonian potential 


U(x) = HT av, (a) 


where the density p is non-negative, and in sections 3-5, we shall turn to 
the study of gravitational fields. 

We shall assume the mass distributions to be such that all the poten- 
tials in question exist and that closed surfaces on which the Newtonian po- 
tential (1) has a constant value also exist. Such surfaces are called equi- 
potential surfaces. We shall denote by Vy the finite region whose boundary 
is the equipotential surface Z, and we shall denote by (Rp - Vy) the comple- 
ment of the region V; with respect to all space. We shal] always assume 
below that (RE - Vy) is a region and that it contains no gravitational masses. 
We denote by d/dn differentiation with respect to the outward normal 7 to 
the surface Z, regarded as the boundary of the infinite region Rg- V; 
(fig. 56). 


Re-k 


Fig. 56. 


Suppose that Up is the value of the Newtonian potential U(x) on an equi- 
potential surface Z. Since the Newtonian potential outside the region where 
the masses are located is harmonic (Chapter XIX, section 1), in the infinite 
region Rg-Vy we may apply formula (45) of Chapter XVII. By setting 
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ule) = U2), 1B, a) = 


in it, we obtain 
U(x) when xe Rg- V 
1 MES dU d i) E DIL 
A - Un (>) dS=42Ug whenxeEZ (2) 
[e] 270 , 
7E y dn an (7) 0 whenxe Vy-Z . 


On the other hand, the function u(x) = Ug = constant is harmonic in the 
bounded region Vy; therefore, we may apply formula (44) of Chapter XVIII 
to it in that region. Since the normal n is inward with respect to the region 
Vx (so that we need to change the sign of the left side of formula (44)), we 
have 


when x e Vy- , 


E [f vod (as ]igs masz 100 0 


By combining formulae (2) and (3), we obtain 


1dU 


ae | ldUac |U(9 whenxeRE-Vz, 
v dn 


Ug when x e Vy , (4) 


which gives an expression for the Newtonian potential in the region Rp - Vy 
in terms of the values of its normal derivatives on the equipotential surface 
E. The expression on the left side of eq. (4) can be regarded as the single- 
layer potential of density 


D^4- —. (5) 


Let us show that, on the equipotential surface, dU/dn is positive. It follows 
from the definition (1) of a Newtonian potential that for positive p, the func- 
tion U(x) will also be positive. If dU/dn were zero or negative, the function 
U would assume values equal to or greater than U, in the region Rg- Vy. 
This is impossible because in this region the function U is harmonic and, 
consequently, it has its greatest value on the boundary XZ. Thus, the density 
pis positive; that is, the single layer (4) can be formed by gravitational 
masses. 

Let us now use Green's theorem (7), Chapter XVII, in an arbitrary re- 
gion V. Setting 4 = U and v = 1 in Green's theorem, we obtain 


dl [2% as- [f] | avav. (6) 


But, as we know (Chapter XIX, section 1), the Newtonian potential satisfies 
Poisson's equation 


AU = -4mp , 


so that formula (6) can be transformed into the form 


HEFTE (7) 
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where 
m= ME dv 


is the gravitational mass concentrated in the region V. Eq. (7) is called 
Gauss' formula. Poincaré showed that Gauss' formula is valid even when 
the entire mass or a part of it is distributed on the surface FV. 

A single layer formed by a distribution of mass on some surface S in 
such a way that this surface S will be an equipotential surface is called an 
equipotentiallayer. The corresponding mass distribution is also called an 
equipotential distribution. 

It follows from formulae (4) and (7) that it is always possible to distri- 
bute the mass contained within an equipotential surface on that surface it- 
self in such a way as to form an equipotential layer, without causing any 
change in the Newtonian potential in the region Rg- Vy. For this, we need 
to determine the density by means of formula (5). 

If the mass m is distributed over an arbitrary surface S in such a way 
thal an equipotential layer is formed, this distribution is unique. 

To show this, let us suppose that there are two distinct equipotential 
distributions of the mass m that are characterized by the densities p1 and 
pg. It follows from formulae (4) that in the finite region Vg whose boundary 
is the surface S, the potential of the equipotential layer will be constant. 
Consequently, the inward normal derivatives (Chapter XIX, section 8) of the 
potential of this layer will be equal to zero. Therefore, on the basis of for- 
mulae (38) of Chapter XIX, the outward normal derivatives of the potentials 
of layers of density Dy and p9 will be equal, respectively, to 47D, and 4T» 
and hence will be different. Since the solution of the exterior Neumann 
problem is unique (see Chapter XVII, section 4), two distinct potentials 
U1 and U9, with values U10 and Ugg on the surface S, correspond to these 
derivatives in the region Rp - Vg. These values must also be different be- 
cause of the uniqueness of the solution to Dirichlet's problem. 

Let us consider the function U1Uo29 - U9U0. It is harmonic in the re- 
gion Re - Vs and is equal to zero on the surface S. Therefore, in the region 
Rp - Vs, 

U1Uog - U9U19 7 O . 


When the points of the layer are displaced to a great distance, the potentials 
U1 and Ug are equal to m/r with accuracy up to higher order terms (where 
y is the distance from the point of observation x to an arbitrary point of the 
layer) (see Chapter XIX, section 2). Therefore, 


m m 
> U»0- y Uto 7*0, 
and hence 


Uto = V20 > 
which contradicts the assumption that there are two distinct equipotential 
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distributions of the mass m. Thus, if there is an equipotential distribution 
on a surface S, it is unique. 

The proof of the existence of equipotential distributions for arbitrary 
surfaces i8 much more complicated. The first to study the question was 
Gauss. Weierstrass showed that the proof that Gauss gave was not valid. 
Neumann first gave a rigorous proof of the existence of equipotential dis- 
tributions for a sufficiently broad class of surfaces. 


Problem 


Suppose that Z is an equipotential surface outside which there are no 
gravitational masses. Show that specifying the mass situated within Z, the 
normal derivative of the potential on Z, and the surface = itself uniquely 
determines the potential of the gravitational field outside Z. 


2. The energy of a gravitational field. Gauss' problem 


We shall touch on the problem of the energy of a gravitational field in 
connection with the problem of the equilibrium distribution of masses 
(Gauss' problem). 

As weknow from physics, the energy of a system of distributed masses 
is, up to an additive constant, equal to 


w=-4« jf [uoav, (8) 
v 


where U is the potential of the gravitational field, p is the density of the 
substance, « is the gravitational constant, and the integration is taken over 
an arbitrary region containing all the gravitational masses. Let us assume 
that among these regions there is one that is finite (that is, there are no 
masses at infinity). We shall not give a proof of formula (8). We note only 
that the minus sign in front of the integral is caused by the fact that the 
force acting between masses is one of attraction and not repulsion. For a 
System of electric charges of a single sign, the situation would be the re- 
verse, with the result that the right side of eq. (8) would have the opposite 
sign. 

Substituting into eq. (8) the value of p given by Poisson's equation and 
applying Green's theorem (7) of Chapter XVII for 4 = v = U, we obtain 


7 2 2 2 
vs GD G rea Loi 


If the integration is taken over all space (which obviously does not change 
the value of the integral (8)), the surface integral over FV will vanish, so 
that 
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vif eee. e 


The integral on the right is Dirichlet's integral, with which we are already 
familiar and which, as we see, characterizes the energy of the field. 

The integrals (8) and (9) illustrate two possible representations of a 
field. The integral (8) connects the energy of the field with the distribution 
of charges, since the integrand vanishes in regions where there are no 
masses. This makes it possible for us to interpret the energy of the field 
as the energy of interaction of masses (thus associated with the masses 
themselves). The integral (9) expresses the energy only in terms of the 
field potential; here, to every element of volume of the field (including 
those portions of space where there ave no masses), there corresponds a 
definite non-zero value of the integrand, as if some amount of energy were 
localized at every element of volume of the field. This allows us to inter- 
pret the energy W as the characteristic energy of a gravitational field, 
which it is then natural to regard as an independent physical object. In con- 
nection with this, the quantity 


OS) (10) 


is called the energy density of the gravitational field. 

Let us now turn to a famous problem of Gauss: With what distributions 
of mass within and on a given surface S will the potential energy of the field 
have an extremum ? 

This problem is closely related to the problem of the equilibrium of 
masses. A system of masses at rest is in a state of stable equilibrium if 
their energy of interaction has the minimum value compatible with the con- 
ditions limiting the possible configurations of the system (the principle of 
minimum potential energy). In the opposite case, either there is no equi- 
librium or the condition is one of unstable equilibrium. 

Let us use variational methods. By varying the density p in some finite 
region Vp, we shall seek a mass distribution in that region such that the 
variation in the energy of the gravitational field will be 


6W=0. (11) 


This distribution will correspond to an extremum. 
From eq. (8), 


ew -5 | | | voav - fff Wwep+psnav-0, (12) 
y y 


where V is a region containing the region Vp (possibly coinciding with it), 
6p is an arbitrary variation in the mass density, and 6U is the variation in 
the potential caused by the variation in p. Here, the quantity 6p is arbitrary 
except that it obeys the condition of conservation of mass in the region Vp: 


[I fF ooav =o. (13) 
Vp 
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In Green's theorem (7) of Chapter XVII, let us set u =U andv =6U. 
This gives us 


96U aU 


J f Wasu -suan av = MO ds. (14) 


Let us have the volume V approach infinity. Outside the region occupied by 
the masses, the functions U and 6U are harmonic. Therefore, on the basis 
of the lemma on the behaviour of a harmonic function at infinity (Chapter 
XVII, section 3), we conclude that the integrand in the surface integral 
over FV approaches zero in proportion to 1/r3. Therefore this integral 
vanishes at infinity. Consequently, 


[J Jus 6U dV = f f fou avav, 


RE 
which, after we make the substitution 
AU = -47p , A6U = 5AU = -dnóp , 


[f [osoav - [[ fosvav. 
RE RE 
Since p = 6p = 0 outside Vp, we have 


ff fu op av = f f {po svav (15) 
Vp Vp 


and condition (12) is equivalent to 


ff [usoav -o. (16) 
Vp 


yields 


But this equation can be satisfied for a variation 6p, subject to condition 
(13) alone, only when the potential U = Up = constant in the region V. But if 
U = Ug within the region, it must, because of the continuity of the potential, 
be equal to Uo on the surface FVp as well, and we know that this is possible 
only when the distribution of mass on FVp has the form of an equipotential 
layer. 

Thus, the energy of the gravitational field of the masses situated in the 
region Vg has an extremum when all the mass is distributed on the boun- 
dary FVp of the region in the form of an equipotential layer. Hence it fol- 
lows, in particular, that with this distribution there is an extremum to the 
Dirichlet integral. 

It is easy to see that the extremum in the case of a level distribution 
of masses is a maximum in comparison with an arbitrary distribution of 
masses within the region Vp and a minimum in comparison with an arbitra- 
ry distribution of these masses outside or on the surface FVp. It then fol- 
lows that if the masses from the surface FVp can penetrate inside the re- 
gion Vp, the equipotential distribution will be unstable; and in the opposite 


358 SEVERAL QUESTIONS ON GRAVIMETRY (Ch. XXII 


case, it will be stable. Therefore, for example, a liquid "poured" onto a 
surface FVp that is impervious to it will, under the action of gravity, be 
distributed on the surface in the form of an equipotential layer. 

It is another matter when we consider distributions of electrical 
charges of the same sign. In this case, instead of a force of attraction, 
there is repulsion, and the energy of the field is determined by expressions 
of the forms (8) and (9), taken with opposite signs. Therefore, an equi- 
potentlal distribution of charges which can be displaced in some finite vol- 
ume Vp is stable. It then follows, as we have already had occasion to note 
in Chapter XVIII, that free charges that exist in a conductor are located on 
the surface of the conductor in a state of equilibrium. They thus form an 
equipotentiallayer, so that the potential of the conductor has the same value 
at all points on it. In particular, it follows from this last fact that an elec- 
tric field does not penetrate inside a conductor. For if the potential of the 
field is constant, the intensity of the field is equal to zero. 


Problems 


1. Show that the energy of the gravitational field of a sphere of radius R 
with a uniformly distributed mass is equal to 


2. Show that the energy of a gravitational field formed by an equipotential 
distribution of a mass m on a spherical surface of radius R is equal to 


3. Show that the energy of an electric field is equal to 
-1 2 
W= ar f f fz dV, 
RE 


where E is the field intensity vector. 


3. Gravitational fields. Stokes' theorem 


Let us consider a massive body that is rotating at constant velocity w 
around an axis, keeping its orientation in space. Such a body we-shall call 
a planetary body. 

The force of Newtonian gravitation (gravitational attraction) and the 
centrifugal force of inertia acts on every body that is at rest on the surface 
of a planet. We shall call their geometric sum the weight of the body. 

Let us show that this weight has a potential. Since the gravitational 
attraction has a potential, we need only show the existence of a potential for 
the centrifugal force. 

Let us introduce a rectangular Cartesian coordinate system with origin 
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at the center of inertia of the planet, and with axis 3 directed along the axis 
of rotation. The centrifugal force of inertia, whose components are equal to 
xjw2, x9w2, 0, acts on a body of unit mass that is associated with the 
planet. But these quantities are the partial derivatives with respect to x1, 
x92, and x3 of the expression 


Q = hw? (x42 x52) , (17) 


which therefore represents the potential of the centrifugal force. 
Thus, the weight potential is equal to 


W-kU-Q-k f ffe dV « Lo? (x4? X92) ; (18) 
Vy" 
where U is the Newtonian potential, « is the gravitational constant, Vp is 
the volume of the planet, and p is the density of the substance of which the 
planet is made. 
It follows from eq. (18) that the weight potential satisfies Poisson's 
equation: 


AW = -Ankp + 292 . (19) 


We shall refer to the surfaces o on which the weight potential has a 
constant value Wo as the equipotential surfaces of the weight potential or 
simply as the equipotential surfaces c. However, we should remember that 
the equipotential surfaces of the Newtonian potential and those of the weight 
potential do not coincide. 

In analogy with the notations that we have used before, we shall denote 
by Vg the finite volume bounded by the surface c, and by Rp - Vg the com- 
plement of this region with respect to all space Ry. We denote by d/dn dif- 
ferentiation in the direction of the outward normal n to the surface c, re- 
garded as the boundary of the infinite region Rp - Vo. 

We shall call the derivative of the potential in the direction of the nor- 
mal n to the equipotential surface c 


g = dw/dn (20) 


the acceleration due to gravity *. The acceleration due to gravity is the 
quantity that can be directly and most accurately measured on the surface 
of the earth in comparison with the other characteristics of the gravity 
field. The acceleration due to gravity is of great interest in various appli- 
cations. Therefore, many gravimetric formulae have been derived with the 
purpose of expressing some quantity or other in terms of the acceleration 
due to gravity, or of determining this acceleration at all points of the sur- 
face of the earth from direct measurements at a finite number of points. 
We shall derive some of these gravimetric formulae later. 

Suppose that c is an equipotential surface lying entirely outside the 
region occupied by a planet. If we apply formula (43) of Chapter XVIII to the 
potential W and use the symbol d/d» defined above, we obtain 


* By "acceleration due to gravity" the author means the acceleration resulting from 
the weight potential (and not from the Newtonian potential alone). 
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[Spar mas- i SP av - 
It follows from eq. (19) that 


JJ [E av = -arx J) event [J| pav = tne ve) aut J T [S7 


Vo 


47W(x) when x € Vg -o 
27zWy when xeo (21) 
0 when x € RE - Vg 


Furthermore, if we set 


x= 


1 
“u=Wo, LE, x) = 4; 


in formula (43) of Chapter XVII, we obtain 


BETO ds = 


If we substitute the expression just obtained and also the expressions (17) 
and (20) into formula o» we obtain 


a fas 23 ISS dV 32 (ny2 4492) = Wy (XE Vo), Q2) 


4nWy whenxe Vg-o , 
iro when x e g , 
when x e Rg- Vg. 


ffp LIS a (x € Rg- Vg +0). (23) 


Formula (23) determines the potential «U(x) of the Newtonian force of 
gravitation outside the equipotential surface o from the distribution of the 
acceleration due to gravity on c. Thus, if we know the angular velocity of 
rotation w of the planet, the equipotential surface c, and the distribution of 
the acceleration due to gravity on the surface, then the gravitational field of 
the planet in the region RE - Vg can be completely determined. However, a 
much stronger assertion, known as Stokes' theorem, is also valid: if (1) the 
equipotential surface c enclosing the planet, (2) the mass of the planet, and 
(3) the angular velocity of the rotation of the planet are known, then the po- 
tential of the gravitational force outside o and the acceleration due to grav- 
ity on v are uniquely determined. 

Thus, Stokes' theorem asserts that knowledge of just the mass of the 
planet, its angular velocity, and the equipotential surface of the weight po- 
tential makes it possible to solve the fundamental gravimetric problem, 
namely, the determination of the gravitational field of a planet and the dis- 
tribution of the "weight" field on its surface. (This latter problem, of 
Course, requires knowledge of an equipotential surface close to the surface 
of the planet.) It is not necessary to know the mass distribution within the 
planet. 

Let us proceed to prove Stokes' theorem. From formula (23), it is suf- 
ficient to show that knowledge of the equipotential surface c, the mass of 
the planet m, and its angular velocity w determines uniquely the accelera- 
tion due to gravity g on c. Let us suppose the opposite. Assume that g] and 
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g2 are two distinct distributions of the acceleration due to gravity on the 
equipotential surface c. 
Integrating eq. (19) over the volume Vg, we obtain 


[f fawav z-4nkm + 2o? V . 
Vo 


On the other hand, by applying the Ostrogradskii-Gauss formula and re- 
membering the definition given above for the symbol d/dz, we see that 


- dW on Í 
ff fawav= - f da 957 - [ gas. 
Vo c o 
Eliminating the volume integral from these two equations, we obtain 
Ife dS = 4rkm + 2o? y . (24) 
c 
If we now set g =g] in one case and g = g9 in the other and if we take the 
difference of the resulting expressions, we see that 


f fer- as=0. (25) 
g 


On the other hand, if we make the substitution g = g1 and g = g9 in formula 
(22) and subtract the second of the resulting equations from the first, we 
see that 


f 81-82 


- dS = Wo; - Woo = constant when x€ Vo. (26) 


c 


Here, the expressions Wo, and Wo2 denote the weight potentials on the 
level surface o for g-51 and g = £9. The integral U on the left side of 
eq. (26) represents a single-layer potential. From formulae (38) of Chap- 
ter XIX, the difference between its external and internal normal derivatives 
on the surface c is equal to 

eU aU 

ane - Jaj = 4781 - £2) . 
Since the potential U is constant in the region Vg, the derivative 0U/0n; = 0 
and the derivative 3ŪỌ/ðne does not change sign. The first assertion is ob- 
vious. The second follows from the fact that in the region Rg - Vg the poten- 
tial U is harmonic, so that the constant value that it has ono represents 
either a maximum or a minimum. This would be impossible if the deriva- 
tive 9U/8ng changes sign. 

It follows from the retention of the sign of aU/ane that the difference 

£1-&2 retains its sign on c and it then follows from eq. (25) that g1 = g9. 
This proves Stokes' theorem. 
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Problems 


1. Show that a change in the mass distribution in a planet can cause a 
change in the field of gravitation everywhere outside the planet. Explain 
how this does not contradict Stokes' theorem. 


2. Show that a redistribution of masses in a planet may fail to cause a 
change in the equipotential surface of the weight potential. 
Method: Examine a planet with a mass distribution that depends only on 
the radius. 


3. Derive Pointcaré's formula 


2 
Pav = drk * AgkVg M ? 


where Pay is the average density of the planet, S is an arbitrary closed 
surface within which the planet is located, and Vg is the volume of the 
finite region bounded by the surface S. 

Method: Use formula (24), noting that it is valid even when v is an arbi- 
trary surface surrounding the planet. 


4. Show that the velocity of rotation of a liquid planet obeys the inequality 


2 


w! s 2TKPay ; 


where pay is the average density of the planet. 
Hint: For a liquid planet, g must be positive. 


4. The basic gravimetric problem 


A figure bounded by an equipotential surface of the weight potential for 
the earth is called a geoid. The importance of determining experimentally 
the shape and position of the geoid containing all the earth's mass is clear 
from the preceding section. This would make it possible to determine 
completely its external gravitational field. Therefore, we concentrate our 
attention on the problem of finding the surface of the geoid from the obser- 
vational data on the acceleration due to gravity. 

Let us take some surface S, assumed to be close to the surface of the 
geoid, and let us call it the reference surface. The weight potential W cal- 
culated on the assumption that the reference surface is an equipotential 
surface we shall call undisturbed. As Stokes’ theorem tells us, to compute 
the undisturbed potential, it is sufficient to know the mass and rotational 
velocity of the earth. 

The difference 


T=w-W (27) 


between the actual potential w and the undisturbed potential W of the field of 
gravity we shall call the disturbing potential. The existence of a disturbing 
potential is a consequence of the deviation of the reference surface from 


Ch. XXIIJ SEVERAL QUESTIONS ON GRAVIMETRY 363 


the surface of the geoid. By assumption, this deviation is small. There- 
fore, the disturbing potential causes only small corrections in the values of 
the undisturbed potential. Since the potential of the centrifugal force ob- 
viously appears in the same way in the potentials w and W, the disturbing 
potential 7 depends only on the distribution of the earth's mass and not on 
the velocity of its rotation. 

Let us now compare the reference surface S with that geoid on whose 
surface the weight potential is equal to the value W, of the undisturbed po- 
tential on the reference surface. Then, for points of the surface of the 
geoid, 

W+T=Wo. (28) 
Suppose that £ is a point on the reference surface S, that x is the normal to 
S at the point £, that ¢ is the point on the geoid in question that lies on the 
normal n, and that 6” is the distance between the points £ and ¢ measured 


in the positive direction of the normal x. Then, the undisturbed potential at 
the point £ of the geoid can be determined by the formula 


wie) = Wo + Ñ% 6n = Wo + go(£) n , 


where 
&o(£) = dW/dn (29) 


is the undisturbed acceleration due to gravity at the point £. But from for- 
mula (28), 


W(t) = Wo - Kt). 
By combining these expressions, we obtain 
.. TH) 
ön = Zolt) " (30) 


By carrying the analysis further, we can confirm the experimental ob- 
servation that for every geoid there is a sphere (with center at the center 
of gravity of the earth) from which the geoid deviates only slightly (that is, 
in comparison with the radius of the sphere). We choose for our reference 
surface the surface S of the one of these spheres of radius Re (that is, of 
radius close to the average value of the radius of the earth). Here, we are 
assuming that the earth's mass is enclosed by the reference surface and 
the geoids corresponding to it. 

Let us introduce the spherical coordinates R, 0, and q with origin at 
the center of gravity of the earth. Remembering that the undisturbed poten- 
tial is a harmonic function with constant value Wo on the spherical surface 
S, we easily find the analytic expression for it: 


W = Wo9Re/R , (31) 
80 that 


.dwW  23W WoRe 
50" dn ^ IR gq2 


(32) 
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The actual acceleration due to gravity at the point of the surface of 

the geoid is, from formula (20), equal to 
dw dw ar 
where d/dng denotes differentiation along the normal to the geoid and the 
subscript & means that the value of the derivative is taken at the point C. 
Since the surface of the geoid is, by assumption, close to the reference 


Surface (a plumb line almost coincides with the direction towards the cen- 
ter of the earth), we may, with no significant error, take 


a/ang=- I/R , 


(33) 


80 that 
aw aw 8 
al, ® -apl. =g) - 351, ôn. 
ng ¢ aR t oR t 


Substituting the values for 6” and go given by formulae (30) and (32), we 
obtain 


dw . 2T(t) 
dng^ &(t) - 


Re ^! 
which, after substitution into formula (33), leads to the relationship 
oT, _ 27(t) 
&(t) - golE) = Ine Re C (34) 


The difference 
WIE) = a(t) - gol) (Es S) 


is called the gravitational anomaly of the geoid with respect to the refer- 
ence surface. The gravitational anomaly can be considered as known (as a 
result of numerous measurements of the acceleration due to gravity that 
have been made on the suríace of the earth). 

Because of the assumption that the reference surface is close to the 
surface of the geoid, the disturbing potential on the reference surface must 
deviate only slightly from the values that it assumes at the corresponding 
points on the geoid. This makes it possible, without great error, to use the 
values of the disturbing potential on the right sides of formulae (30) and 
(34) for the reference surface, which gives us 


ön = T(£)/go(£) , (35) 
oT 2T 
an” Re 7 VE) (eS). (36) 


When the disturbing potential T is determined, the position of the geoid re- 
lative to the reference surface can be found from formula (35). Since the 
disturbing potential is obviously harmonic, in seeking to determine it we 
encounter the exterior mixed problem for Laplace's equation with the boun- 
dary condition (36). This problem is called the basic problem of gravi- 
metry. In the following section, we shall solve it by Green's method. 
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5. The solution of the basic problem of gravimetry by Green's method 


Before we set about solving the basic problem, let us establish certain 
properties of the disturbing potential. With this in mind, let us compare the 
expansions of a disturbed and an undisturbed potential in multipole series 
(Chapter XIX, sections 2 and 4), which we shall assume concentrated at the 
Center of the reference surface. The terms that depend on the velocity of 
rotation of the earth coincide in the two expansions. The terms that repre- 
sent a potential of zero order also coincide since they are determined 
only by the mass of the earth. Finally, the first-order terms are equal to 
zero in both expansions, since the multipoles are assumed to be concen- 
trated at the center of the reference surface, which coincides with the cen- 
ter of gravity of the earth. Consequently, the expansion of the disturbing 
potential begins with second-order terms; that is, it is of the form 


Yo 


= > Rati’ (37) 


where the Yọ are spherical functions and R is the distance from the points 
of observation to the center of gravity of the earth. Because of the ortho- 
gonality of spherical functions of different orders, it follows that the dis- 
turbing potential and its derivative are orthogonal to all spherical functions 
of order lower than the second on an arbitrary spherical surface whose 
center is at the center of the reference surface. Therefore, by considering 
formula (36), we conclude that the gravitational anomaly w(0,«) satisfies 
the following orthogonality conditions: 


JJ v(£) dS =0, ES Pi(cosy) d$ 2 0 , (38) 


where P4(cosy) is the Legendre polynomial of the first-order and y is the 
angle between an arbitrary fixed direction and the radius drawn from the 
center of the reference surface to the point £. 

Let us now determine the Green's function G(£,x) (the basic problem of 
gravimetry). From relationships (59) and (66) of Chapter XVIII, we have 


Cl, = a. [ota], (39) 


where * is the distance between the two points £ and x, and g(£,x) is the 
solution to the boundary problem 


App-0 when £,x«eRg-Vs, (40) 


d 2 d 241 
E Re 9 =~ (Ga Re) F when £¢€S,xeRE-Vs. (41) 


We find the function 9 by means of an expansion in Legendre polynom- 
ials. Denoting by y the angle between the directions from the center of fhe 
reference surface S to the points x and £, respectively, and denoting by Y 
the distance between the point ë and the center of the reference surface 
(fig. 57), we find that 
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Fig. 57 
oo 
1 1 
= . (42 
v^ /R2 4 LU - 2Rrẹ cosy | a=0 rg” al 
Let us write the function q in the form 
E 1 7g cosy 
979178R^—q3 - (43) 
We expand the functions yj in a series of Legendre polynomials: 
eo 
R2, a1 
ei- 2 aaPalcosy) (gr) (Bre RO, (44) 
a= 


where the dg are as yet undetermined coefficients. To evaluate them, we 
use the boundary condition (41). Noting that 


ald 
d»  drg' 
we compute the derivatives 
* 2 œl 
dg __ cosy Re 
J 7 p 2 (o 1) «y Palcos y) (Rg) , 
y,@- 1 


*) =- È @Po(cos n> 


Substituting these values into the boundary condition (41) and remembering 
that Yg = Re when £ is a point on S, we obtain, after some simple manipula- 
tions, 
on 
Palcos y) R,,a-1 
2 3 cosy + > e 


[(a+2) - agla- 1) Re] — —Rad — ^ 0 


This equation will be identically satisfied if we set 


a+2 1 1 


3 
4g -0, 7073-1 Rz" (b+ a-1) Eg (072), 
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where the coefficient a1 may be chosen arbitrarily. Substituting these 
values of the coefficients into the series (44) and substituting this series 
into eq. (43), we obtain 
4 
_ 1 Yg cosy Re 
Pr" RO R2 + ay cosy Rey, 2 rg? 752 3 Pa(cosy) GE 


3R,3 
+ 


e Py(cosy) Re a-1 


a-1 Rr 


45 
R?y; 2 g=2 (5) 


These series are easily summed. By applying formula (15) of Chapter XV 
to the first of them, we easily see that 


Re 5 RAS Re Re cosy 
Rre ooh Pa(cos y) nz) "BC Om 
R 
e 


tc . 
MRa + Ryg - 2Re Rv cosy 


To sum the second series, we need only integrate the equation 


oo 


> 2 1 1 cosy 
Pp(cosy) st? = -4 .cosv 
a-2 a s2 A + s2 - 2s cosy s2 s 


We then obtain 
Palcosy) 4.4 _1-~/1 +s? - 2s cosy 
a-1 S 
- cosy In (1- s cosy 4/1452 - 2s cosy) +C, 


where C is a constant. Noting that, for s = 0, the left side of this equation 
is equal to zero and choosing C suitably, we obtain 


/ 2 


v Pal(cosy) sa-1 „ 1-8 cosy - /1 * s^ - 2s cosy 
a-1 s 


a=2 a 
1-5 cosy ^ /1 4 s2 - 2s cosy 


- cosy In 9 , 


on the basis of which, 


3n,3 < P,(cos y) 


mia a2  a-  a-1 Gy 
3Re  3R,3 cosy Re, 
= - Red + R2y,2 - 2Re*Rr cosy 
Rr E p? e E e RYE 


3R,3 Rr¢ - Re 2 cosy tJ Re 44 R27,2 - 2R e Rr cosy 
- -5 ln 
Rey? 2RY; 
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Substituting the expressions for the sums of the infinite series into eq. (45) 
and substituting the value of the function 9 that we have found into formula 
(39), we get the following expression for the Green's function of the prob- 
lem in Deu 


1 2e 1 _reosy, ( Ret cos y 
ay - g) Rh) 


GE) = Fe fy "BR R^ og 
3R 

Re - S JnéÁ + n2y;2 2 

+ Ret + R^rg^ - 2Re Rre cosy 
JR? + R?r,2 - 2Re*Rr; cosy Rip? e £ ens 

3 -p2 4. p2, 2. 2 

] 3Re In Rrg - Re“ cos y* Re +R TE 2Re Rreg cosy 
R2y,? 2Rr, 


(46) 


This expression can be considerably simplified by introducing the distance 
r* from the point & to the point x* (the harmonic conjugate of the point x 
with respect to the reference surface). This yields 

1 Re 3Rer* 2Re 1 


Ret cosy fg cosy 3n,3 cosy  Rrg - Re? cosy + Rr* 


+ (n - Re R) ar Rir? Hb mh ZRT; (47) 
On the reference surface S, where 
r*=7R,/R, 
the Green's function is of the form 
2 
.1 Re cosy 
G(t, lees = dz pat (a1 -a)r 
3Re R - Rẹ cosy +y 
- Pr cosy In nt Ragone (48) 


Substituting this expression into formula (67) of Chapter XVIII and remem- 
bering the orthogonality relations (38), we obtain the Vening-Meinesz for- 
mula: 


R - 2y cosy +7 


ally veo in B= Br cosy + dS, (49) 


which gives the solution to the basic problem of gravimetry in closed form. 


Chapter XXIII 


APPLICATION OF THE THEORY OF 
SPHERICAL FUNCTIONS TO THE SOLUTION 
OF PROBLEMS IN MATHEMATICAL PHYSICS 


1. The electrostatic potential of a conducting sphere divided into two hemi- 
spheres by a dielectric layer 


Let us suppose that a conducting sphere is divided into two hemi- 
spheres by a layer of insulating material. Suppose that the upper hemi- 
sphere is charged to a potential U1 and the lower to a potential Uo. Let us 
determine the potential of the electric field at an arbitrary point. We shall 
solve the problem in spherical coordinates (R,8,9) with the origin at the 
center of the sphere and the polar axis directed perpendicularly io the in- 
sulating layer. 

This problem is obviously the Dirichlet problem for Laplace's equation 
with boundary condition 


Uy for0<0<47, 


U n-n, =| ul forin<9 <7, (1) 


where U = U(R, 4) is the potential at the point (R, 4,9”) and Ro is the radius 
of the sphere. 

The solution to this problem is given for points inside and outside the 
sphere by expansions (32) and (33) of Chapter XXI: 


i S R_ k+l . 
U= 2, Yelo9) x) (Ro = R), (2) 
S RR . 
u- 2 vue (m) ^ Gs (3) 


Since the field obviously does not depend on the coordinate o, we set 
gh = 0 in formula (28) of Chapter XXI for 8 + 0. This gives us 


Yn(8,9) = agPg(cos 0) . 
If we now compare the expansions 
U= à ak( =) ^ Pg(cos0) (Ro « R) (4) 


and oo 
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with expansion (7) of Chapter XV, we obtain, on the basis of formula (8) of 
Chapter XV, expressions for the coefficiént a,: 


T 
ee f Puleono) ao o 
o 


where /(8) is the value of the function U on the surface of the sphere. By 
substituting the boundary condition, we obtain 


1 
aT 7 
Qa = ae 1 f Uy P,(cos 6) sin 0 dé + f Ua P,(cos 8) sin 8 m 
o zT 
an+1 ° 
TT QU Ppl dx + U2 Í P, (x) axl . 
[9 -1 


Since the Legendre polynomial P,(x) is even or odd according as the sub- 
script n is even or odd, that is, since 


Py(-x) = (-1)" Py) , 
it follows that 


1 
2 
as = Tuy + (-1)" ug] | P4) ax. 
[e] 


We now use the formula (see problem 1 of Chapter XV) 


1 1 for n = 0, 
f P(x) dx = 0 for n = 2k, k> 0, 
o (-1)% (28): for n = 2h41. 


225 p (k41)! 
It follows from this that 


U1 -U2 2k)! 
Mo HU1+U2), b= 0, ak v. MR Aem. 


If we substitute the values that we have found for the coefficient ay in the 
expansions (4) and (5), we obtain the desired potential of the electrostatic 
field: 


R Ro? 
U = (Uy eU sp + HU1- Us) D (Ge) Pr(cose) 
Ro\4 
-5 x) P3(cos 6) +.. | (Ro < R) , (7) 
U = MU, +U) «$3 - Uy [5 (Fe) Pr(cose) 


3 
-5 (8) P3(cos 6) + a] (Ro = R). (8) 
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2. The problem of steady-state temperature in a sphere 


Suppose that we have a metallic sphere with a black surface that is 
subject to the action of the sun's rays in the air. For simplicity, we assume 
its temperature to be equal to zero. Let us determine the steady-state 
temperature of the internal points of the sphere (fig. 58). 


Fig. 58. 


We know from section 1 of Chapter XVII that this temperature must 
satisfy Laplace's equation. The boundary condition that must be satisfied 
on the surface of the sphere is 


aR! gp, = -b[u -f0)]! n-n, > (9) 


where Ro is the radius of the sphere, p = //y is the ratio of the coefficients 
of heat emission and internal thermal conductivity, and f(0) is the tempera- 
ture that would be observed on the surface of the sphere if there were no 
radiation from the surface into the surrounding air. 

If we remember that the degree of heating is proportional to the sine of 
the angle of incidence of the rays hitting the surface, it is obvious that the 
function f(0) is defined as follows 


epost 
fO) = A cos0 forO0<@< 57, 


0 for $7 <@ <7 
where A is a constant that depends on the intensity of the solar radiation. 
Let us seek a solution to this problem in the form of an infinite series 


(10) 


oo 


S RAF . 
= E ap (x) Py(cos0) (Ro > R) (11) 


with as yet undetermined coefficients ap. 
If we expand the function /(0) in a series of Legendre polynomials 


fe = P bpPp(cos 6), (12) 


where, from formula (8) of Chapter XV, 
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bp = meet fro P,(cos 6) sing dé , (13) 
ò 


and if we substitute eq. (11) into eq. (9), we obtain 


[^e] 
> fa, (7 - 
par las (a +b) - bby| P,(cos 6-0, 
which is satisfied identically if we set 


_ PRo_ b 14 
7k ^ ba pRo RC (14) 


It remains now to calculate the numbers bg, which is easily done by using 
formulae (10) and (13). It follows from these formulae that 


1 
El 
bp = 2k 1 | A cos @ Py(cos 6) sin 8 dé = 


(0) 


1 
2k+1 
7 A f Pp(x) x dx , 


from which a direct calculation gives 
1 1 
Bo =A | xax 14, by - SA | Pax=4A. 
o o 


On the other hand, it was shown in Chapter XV in the discussion of Legen- 
dre polynomials that 
f 0 for k-2n«1 (n>0), 
x Py(x) dx = LM (on 9v 
a CUP (n-2)* — gk - 2n (n»0), 
22n (n - 1)! (n+ 1)! 
from which it follows that 


bop 70  (k70), 


(2k - 2)! (4R«1) 
22k+1 (k1)! (b 1)! 


bop = (-1)Ž A 
Consequently, 
dg =4A, 1° 3 pRoti? 


PRo  (2k-2)! (4k+1) | 
bRo«1 225*1 (p 1): (b 1): 


43p,170, agg - (CF A k> 0). 


Substituting the values that we have found for the coefficient a in the ex- 
pansion (11), we obtain the temperature of the sphere in the form of the in- 
finite series 
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[1 1 1 R 
u = pARg ELA * pRo+1 3 Ro P1(cos 6) 
1 


PR «2 


2 
i8 (2) P»(cos 0) +.. ] > (15) 


where Ro ? R. 


3. The problem of charge distribution on an inductively charged sphere 


Let us apply the theory of spherical functions to the solution of the fol- 
lowing electrostatic problem: 

A body B is made of a dielectric material. The density of the electric 
charges distributed throughout the body is a known function 


p = f(R2, 92,92) (16) 
of the coordinates of the point x (fig. 59). 


Fig. 59. 


Let us suppose also that a spherical conductor C with a charge q is 
placed close to the body B. A continuously distributed layer of charge will 
be induced on this conductor. Let us determine the charge density p; of this 
layer at an arbitrary point €(Ro, 41,91), on the surface of the conductor. 
We denote by U the potential of the electrostatic field at an arbitrary point 
£(R,8, g) within the conductor. This potential can be represented as the sum 


U=Up+Uc, (12) 


where Up denotes the potential resulting from the presence of a charge in 
the body B and Uc denotes the potential caused by the charge that is induced 
on the surface of the conductor. 

Let us first determine the potential Up. We know from section 1 of 
Chapter XVIII that this potential is determined by the formula 
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Ug = [ffo 


(B) 


where y denotes the distance from the point E(R,0,«) to a variable point 
X(R9,02,92) in the body B. It foliows from this that 


U =| {| me Rg? sin 05 d£» dég dg» 
B^ J/R2 * R22 - 2RR? cosy 


H 


where 
cosy = cos 8 cos 69 + sing sin 62 cos (Y - 99) . 


By using the now familiar expansion (Chapter XV, section 5): 


oo 


V k 
—— — = 2, Pp(cos y) en (R> R), 
J4R2 + R92 - 2RR2 cosy k=0 Ro*t 


we can represent the potential Up as the infinite series 


oo 


N 

Up= È Xy(0,9) RÈ, (18) 
k=0 

where 
dR, d05 d 
; 2 9075 093 
X,(8, p) = iil A(R, 02, 92) Py(cos y) sin 69 Ss C (19) 
(B 2 


Since (Rg, 05, 99) is assumed known over the entire volume B, the function 
Xp(0, p) is completely determined by formula (19). 
Let us now find the potential Uc. We denote by 


17 4(01,93) (20) 


the density of the layer of charge on the surface of the conductor. Then, the 
potential of the electric field at the point E(R,0,9) is determined by the 
formula 


D f4(01, 91) Ro? sin, dé1 dg4 
Uc = [ JRZ + Ro 7 2RRo cosy} 
where 

cosy{ = cosé@ cosé 1 + sin@ sind, cos (9g - 91) . 


It then follows that the potential Uc can be represented as the infinite se- 
ries 


7 27 


f1(01,91) Py(cosy1) sing, dO, do, . (21) 
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Let us now assume that the function f1(01,91) is expanded ina series of 
spherical functions 


fiL? = à ¥p(84, 91) . (22) 


From formula (20), it is clear that when we determine the functions 
Yp(61,91), we shall have the desired charge density. To find these func- 
tions, we substitute expansion (22) into formula (21). Then, by using the 
integral relationship (23) of Chapter XXI, we obtain the expansion 


3 YM0,9) nk 


Uc cám eet pel’ (23) 


from which, because of formulae (17) and (18), it follows that 


Roel 1 ES 


v= 2 Xy(0,9) + 


But we know that the potential U is constant within the conductor. Conse- 
quently, the right side of this equation must be independent of R, which is 
possible only if 


ar Yk, p) 
Xp(0, —— =0 (k=1,2,3,...). 
k p) + Ro > k-1 1 2k+1 34)Y3 
These equations determine the functions Yj, Y3,... as follows: 
2k+1 - ` 
Yalen 91) = - 47 X01, g1) Ro 1 (k > 1). (24) 


All we need to do now is determine the function Yo(61, 91), for which it is 
sufficient to equate the coefficients of Ry in the right members of the ex- 
pansions (21) and (23). We then obtain 


1 T 27 
Yo(@, 9) -a] f (81,94) Po(cosy1) sin81 d81 dy , 
o O0 


from which it follows that 
1 
Yo(9, p)  — —, | | py az (25) 
all, 9 Ar RS? M 1 , 
where X is the surface of the sphere R = Ry. Remembering that 


J Joy EL-4, 


where q, as we stated above, denotes the total charge on the conductor, we 
find the desired function 
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q 
¥,(01,91) =—t-=. 26 
o8 1,9 1) ann (26) 


If we substitute the values that we have found for the spherical func- 
tions into expansion (22), we obtain the following expression for the charge 
density 


py =A - 2 = X01, 9) R1, (21) 


where the functions X,(61,~ 1) are determined by formula (19). 

Formula (27) shows that the density of the electric charge distributed 
on the surface of the spherical conductor consists of two parts: (1) the den- 
sity q/4TRo2, representing the density of the charge q, uniformly distri- 
buted over the entire surface of the sphere (as if there were no external 
electric forces) and (2) the density 


2ktl y - 
> ^47 Xy(61, 91) R 1 , 


which is 1nduced by the charges in the body B. 

Let us examine in greater detail a special case of formula (27) in 
which, instead of a charged body, we have a point charge qo that induces 
the electric charge on the surface C. 

As before, we denote by £(R,0,q9) some point within the sphere C and 
by Rg, 69, and go the spherical coordinates of the point x at which the 
charge go is concentrated. We then have 


do 


k 
" uum È mon (È, e 
JR? + R32 - 2RR3 cosy 5 k-0 R2 


where 
COS y = COS 8 cos 02 + sinb sin 69 cos (g - 92) 


Comparing this expansion with formula (18), we find that 


Pp(cos y) 


X,(4, 9) - qo Pyk+l 


If we now substitute this expression into formula (27), we obtain the follow- 
ing result: 

oo 
RR 
q 5 .— 4o > (2k + 1) Pp(cos v9) m ; 
4ArRg^  4nR9Rg k-1 R9 


Py = 


where 
cosyg = cos 64 cos 8g + sin6, sin85 cos (94 - 95) - 


But, by differentiating the expansion (28) with respect to R, we can easily 
show the validity of an equation of the following kind: 
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Ra(Rg? - Ro?) 
(Ro2 2 i 
9° 1 Rof - 2R9Rg cosy)? 


-1 


3 


à (2k+1) Palcos y2) GS) - 


from which we finally get the following formula for the density p1: 


(29) 


- 2.52 
py = 4 do i Ra(R2" - Ro") "1 


+ - 
ATRo2 ^ AzRgRo l — (R3? + Ro? - 2R3Ro cosy)? 


where cos yo is defined by the formula given above. 


4. The flow of an incompressible liquid around a sphere 


Suppose that we are dealing with an irrotational flow of an incompres- 
sible liquid past a sphere of radius Rg. We assume the velocity of the 
liquid at an infinite distance from the sphere to have a constant value Vo. 
Close to the sphere, the liquid acquires some additional velocity, whose 
potential we denote by 4. To determine this potential, we place the origin 
of a spherical coordinate system at the center of the sphere and direct the 
polar axis in the direction opposite to the motion of the liquid (fig. 60). 


Fig. 60. 


We know from Chapter XVIII that the velocity potential of an incom- 
pressible liquid satisfies Laplace's equation. Let us seek a solution to this 
equation in the form of an infinite series 


oo 


pR 24! 
u= à aj,Pp(cos 6) (=) (Ro = R) , (30) 


where the P,(cos@) are the Legendre polynomials. The coefficients ap in 
this series can be determined from the conditions that exist on the boun- 
dary of the liquid surrounding the sphere. It is clear from fig. 60 that the 
normal component of the additional velocity of an element of the liquid at 
the surface of the sphere is given by the formula 
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AB = vg cos (n - 8) = - vo cose , 
from which it follows that 


du 


Tn -- Ug COSÓ. 
OR R=Ry ° 


If we substitute the right side of expansion (30) for u, we find that 


-4 $ (k +1) apPzp(cos 8) = - vo cosé . 
Ro k=0 


But this equation becomes an identity only when the coefficients ap are 
chosen as follows: 
a =0, a1 = -2Rovo , ag = a3 =... =0. 
Substituting these values of the coefficients into expansion (30), we find the 
desired potential in Stokes' form, namely, 
vgRo3 
2R2 


“= cosé. 


Problems 


1. Find the Newtonian potential at a point x(R,8,«) of the field caused by 
attracting masses that are situated so as to form a disk of thickness ô 
and radius Ro. 

Answer: This potential is given r the for mulae 


U= ie |Po(cos 8) - — &, Pulcos 8) +3 e P9(cos 8) 
bs £y P4(cos 8) 2H (Rx Ro, 0« 8: 37) , 
Pip =o Pi(cos 0) - 1x2 Bo)? Po(cos 0) 
(I Toy P4(cos 6) e] (Ro? R), 


where m is the mass of the attracting layer. 


2. A thin disk of radius Rg is charged with q units of charge. Find the po- 
tential of the field at the point x(2,0,9) if the density of the charge at a 
varuable point £ (fig. 61) varies according to 


_ Fo 
4sRo , Ro? -rb 


Answer: The potential at the point x is expressed by the formulae 
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R 
Fig. 61. 
3 
-E [fz R l(R: 
U= [» f -Ro P1(cos0) +3 (8) P3(cos 8) 
5 . 
- 3 (Re) Ps(cos 6) +... | (R < Ro, 0< 0< 3m), 
3 5 
E [Ro 1/Ro 1/Ro 
U “ELE -3 m) P3(cos6) +5 m) P4(cos 8) 


7 
-4 Fo) Pe(cos 9) +... | (R > Ro). 


3. Find the steady-state temperature of points within a hemisphere if the 
surface of the hemisphere has a constant temperature To and the base of 
the hemisphere has a temperature 0° at all times (fig. 62). 


Fig. 62. 


En 


Method: Denote by /(@) the temperature of the surface, so that 
n 
2 


T, 


Extend the function /(@) to the interval (37,7) according to the definition 
f-8)--f(8)--To (2m«8-m), 

and determine the coefficients a95,1 in the expansion 

To = a] P1(cos 0) - ag P3(cos 0) +... agg, 1P2p.1(cos 8) +... (0< 6 < $n) 


by using the formula 
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ia 


4k+3 
a2k+1 7 73— [ro f 


eT 
Pop ,1(cos 9) sind dé - To | Pop ,1(cos 0) sin ae . 

o ir 

Answer: The temperature is expressed by the expansion 


2k+1 
P5y,1(cos 6) 


2 (4k+ 2 Bax OX (2k - 1) 
T - To 2 Caf 2x4x6x. em (z) 


4. A conducting sphere of radius Ro is grounded and placed in the electric 
field formed by a point charge qo located at a point x a distance kh > Ry 
from the center of the sphere (fig. 63). Determine the potential at the 
point £(£,0,9) from the charge induced on the surface of the sphere. 


ES 


Fig. 63. 


Method: Represent the potential in the form of the sum 


do 
U = Un + Uc = . +U 
B'^'C /n®+R2-2nReose © 


where 
= k 
R 
Uo - 2. a(-y P,(cose R<R 
C KD k (a0) x ) ( o) 

and 

ao 

` R k1 

Uc = à ap (K) P,(cos@) (R> Ro), 


and determine the coefficients ap from the grounding condition 
Up + Uc = 0 on the surface of the sphere. 
Answer: The desired potential is given by the expression 


U=Up-7 o 5 du Py(cos8) (R< Ro), 


qoRo 


v- up S SE 


o^" piena?) (R> Ro) - 


Chapter XXIV 


GRAVITY WAVES ON THE SURFACE OF A LIQUID 


1. Statement of the problem 


Let us examine the waves on the surface of an incompressible non- 
viscous liquid contained in a basin with solid walls. 

The upper surface of the liquid, which does not come in contact with 
the walls, is said to be free. When there are no waves, its state is said to 
be undisturbed. In this state, we shall assume a free surface to be plane. 

Let us set up a rectangular Cartesian coordinate system, for which, in 
this chapter, we shall use the old notation x, y, 2, with the x- and y-axes 
situated on the undisturbed free surface. We direct the z-axis upward. 

A state of a free surface that deviates from the undisturbed state is 
called disturbed (agitated). 

We shall assume that the motion of the liquid was originally caused by 
a conservative system of forces and we shall consider the disturbance at 
the instant at which all these forces (except gravity) were removed. In this 
case, the waves on the surface of the liquid are called gravity waves. As 
we know from hydrodynamics, when only conservative forces act on a liq- 
uid, its motion will be non-turbulent and, therefore, there will be a veloci- 
ty potential $; that is, the component v; of the velocity of the liquid in the 
direction / can be represented in the form 


Up --299/8l, (1) 


where © = &(x,y,2;/) is some function of the coordinates and of time, that 
satisfies (in space coordinates x, y, z) Laplace's equation 


A6 -0. (2) 


Finally, we shall consider the disturbance of the liquid to be small; 
that is, we shall assume that all the derivatives of the velocity potential 
806/0x, ab/ay, 06/02, 096/8/ and also that the displacement of the free 
surface are sufficiently small that we may neglect the squares of these 
displacements and their products without introducing any significant error 
into the solution. Under these conditions, we reduce the problem of the 
disturbance on a free liquid surface to the boundary problem for Laplace's 
equation (2). 

Let us first find the boundary conditions that the velocity potential 4 
must satisfy. 

On the motionless portion of the boundary (the walls and bottom of the 
basin), we have, on the basis of eq. (1), 


ab/an - 0, (3) 
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since the liquid cannot penetrate the solid walls. On the free surface, we 
have 


P=Pg; (4) 


where p is the hydrodynamic pressure in the liquid and fg is the atmo- 
spheric pressure. 

To transform this last condition into a more convenient form, we use 
Euler's equations (10a) of Chapter VI, which describe the motion of an 
ideal liquid. We take that equation in which the derivatives of the compo- 
nent vz of the velocity appear. We now write that equatioh in the form 


QUz ave ave wz _ 1 ap 
aE TOK ay + Uy Sy tO 74 7.3 


(5) 


where Z is the external force acting on a unit of mass of the liquid along 
the z-axis and p is the density of the liquid. When only gravity acts on the 
liquid, 
Z=- Ea 
where g is the acceleration due to gravity. Also, because of eq. (1), we 
have 
QUg Vy avg avy QUz 326 


0x əz?! Oy Oz" at azal?’ 


so that when there is a velocity potential, Euler's equation (5) can be writ- 
ten in the form 


FPES avy avy avg 1 ap 


-azalt "* gg +UI ag "UR Bz TET paz? 


which can be immediately integrated with respect to z. We then obtain 
ad 
2 =z g HORG +0y2 +02) +C, (6) 


where C is an arbitrary function of time. Since the addition of an arbitrary 
function of time to the potential does not violate eq. (1), we can choose 
C = C(t) arbitrarily. Let us set 


€ = p/p. 


As we stated above, we can neglect the squares of the velocities. Then, if 
we denote by ¢ the coordinate z of the free surface, we obtain 


1/9206 
r == ( at) gue | 
If we neglect terms of higher order, this expression can be written in the 
form 


1/86 
Cu Z9 (7) 


With this degree of approximation, if we remember that the normal to the 
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free surface makes a small angle with the z-axis, we can set thé normal 
component of the velocity of the liquid on the free surface equal to 


ae _ (36 
a 20 (8) 


If we differentiate eq. (7) with respect to time and substitute the value that 
we get for 3¢/d¢ into eq. (B), we obtain 


326 ab 


3p Eaz ap 8° (9) 


Eq. (9) gives the boundary condition for the free surface in a form that will 
be convenient for us in what follows. Eq. (7) makes possible the determina- 
tion of the form of the free surface if the solution is known for 6. 

Let us find the solution to our problem that gives the purely periodic 
oscillation at every point of space occupied by the liquid. This oscillation 
will be of a single angular velocity w but, generally speaking, will vary 
from point to point in amplitude and phase. Here, we set 


$ = Re u ew! , (10) 
where 4 is a complex function of the coordinates. Since 
Re u ecl! - y! cos wt + u" sin wl , 
where 
u'-Rew, u"=Imu, 


Eq. (10) does describe a harmonic oscillation with phase and amplitude 
dependent on these coordinates. 

To find the equation and the boundary conditions that the function u 
must satisfy, let us replace é in eqs. (2), (3), and (9) by the product u e7iwt, 
Then, at points within the liquid, 


Au -0, (11) 
on the wall of the basin, 
du/dn -0, (12) 
and on the free surface, 
au 
32! zo - wul n -0. (13) 


Thus, we have the interior mixed problem for Laplace's equation. This 
problem is homogeneous. Therefore, is 4 is a solution, so is Au, whereA 
is a quantity independent of the coordinates. 

We note that after we find the function u that satisfies eq. (11) and the 
boundary conditions (12) - (13), we can find various solutions of a more gen- 
eral type by superposition of solutions of the form A(w)ue-i#!, For exam- 
ple, the integral 

ao 
[AW verte! aw (14) 


-900 
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will give a very general solution. The quantity A, being a function of w, can 
be chosen arbitrarily provided the integral (14) 1s meaningful. 


2. Two-dimensional waves in a basin of finite depth 


Waves that are independent of one of the coordinates are called two- 
dimensional. Let us direct the x-axis perpendicularly to the crest of the 
wave. Then, the picture of the disturbance will not depend on the y coordi- 
nate and eq. (11) will be of the form 


32u  32u 

pot LC 

ox? az? 

Let us consider the picture of two-dimensional disturbance in a basin 

of constant depth k. The dimension of the basin along the x-axis we shall 
consider infinite. The dimension along the y-axis either can be infinite or 


can have a finite value (a canal with vertical walls). Thus, of the boundary 
conditions (12) - (13), we retain the conditions on the free surface 


=0. (15) 


- w2? = 
and the condition at the bottom a the basin 
au 
az ach 20. (17) 


The condition on the walls of the canal is automatically satisfied since the 
function 4 does not depend on y. 

Let us seek the solution to eq. (15) by the method of separation of va- 
riables. Setting 4 = z(x):w(z), we obtain the two equations 


2 
atu 5 + k2p =0, 
ax? az 


where k2 is an arbitrary number. The general solutions to these equations 
are 


2 
atw - kèw = 0, 


pe By eikx + Bo e-ikx > (18) 


w= Ci ekz + Co eke , (19) 


where By, B5, Cy, and Co are arbitrary constants. 

These constants and also k2 must be chosen so that both the boundary 
conditions and the requirement of smallness (see section 1) will be satis- 
fied. 

We first consider eq. (18), which determines the dependence of the 
agitation on the coordinate x. If the number k2 is complex or negative, eq. 
(18) indicates that along one of the branches of the x-axis the agitation not 
only will not be small, but will increase without bound. Therefore, the 
number #2 must be chosen real and positive. We denote by k the positive 
square root of £2. 
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We note, in passing, that for real k, eq. (18) immediately implies that 
k-27/A, (20) 


where à is the wavelength. The number k is called the wave number. 
By substituting the product vw in the boundary condition (17), we obtain 


Cy ekh - Cy ec kh =0 , 
from which it follows that, except for a constant factor, 
Cy = eh , Cy = ekh , 
so that 
w= eK2- 9) + e- Mz- B). (21) 
By using boundary condition (16), we obtain 


gk sinh kh - w2 cosh kh 
or 
w2 = gk tanh kh ; (22) 


that is, the wave number & and the angular frequency of the oscillations are 
functionally related. Noting that the right side of eq. (22) monotonically in- 
creases without bound with increasing k, we conclude that to every value of 
w there corresponds one and only one value of k satisfying this equation, 
and that k increases when w increases. 

We now return to eq. (18) for the function v(x). Since all the conditions 
of the problem are satisfied by the choice of the constants Cj and C9 and by 
the limitations imposed on the values of k2, the constants By and Bo are 
only limited by the requirement that the amplitude of the wave be small; 
otherwise they are arbitrary. This is natural since we have made no quan- 
titative statements about the initial disturbance that caused the agitation. 
Therefore, the solution that we are looking for is not unique, and it only 
determines the class of possible motions of the liquid that satisfy the con- 
ditions stated. . 

Multiplying eq. (18) by e-194, we obtain 


v ewt - By exp [ik(x - 2 £)] + Bz exp [-i&(x +£ 8) , (23) 


from which it is clear that the first term on the right side of eq. (18) cor- 
responds to a wave travelling with phase velocity 


Uph = w/k (24) 


in the direction of the x-axis and that the second term corresponds toa 
wave travelling with the same phase velocity in the opposite direction. If we 
square eq. (24) and substitute the value for w2 given by eq. (22), we find 
that 


2 1 
Uh = f tanh kh 2.3, gh tanh 27 hà ; (25) 


that is, the phase velocity of the waves depends on their length. This indi- 
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cates that if a composite wave is formed by the superposition of waves of 
different length, its form will, in general, change with the passage of time, 
since the individual waves composing it will be propagated with different 
velocities (wave dispersion). On the other hand, eq. (23) indicates that 
waves that are formed by the superposition of waves of a single wave length 
retain their shape with the passage of time. We note that these last waves 
are always unbounded in space (periodic). 
Xx 


kh ie 1, 


that is, if a wavelength is very much greater than the depth of the basin, 
then tanh khk is approximately equal to kh and, from eq. (25), we obtain 


Uph RS sgh (26) 


This means that very long waves are propagated without dispersion. 

To make further deductions from our solution, let us write the expres- 
sion for the velocity potential ¢ as applied to a wave travelling in the posi- 
tive direction of the x-axis. From eq. (10), we have 


& = Re A cosh k(t - z) exp [ik(x - 7 ô] . (27) 


A combination of solutions of the form (27) with different values of w and 
the corresponding values of k will also satisfy the conditions of the prob- 
lem. Therefore, if we consider A and w as functions of k and if we inte- 
grate eq. (27) with respect to k, we obtain the more general solution 


& -Re | A(R) cosh k(h - z) exp [ik(x - 9 1)] de . (28) 


-00 


The function A(k) is restricted only by the requirement that the integral 
on the right side exists. (From a physical standpoint, the values of the 
number k that we are considering must be bounded above because, for very 
high frequencies, the viscosity and other characteristics that are not taken 
into account in the Euler equation cannot be neglected and our solution 
loses physical meaning. In other words, we must assume that, beginning 
with some sufficiently high values of k, the function A (k) will vanish.) 

Solution (28) represents the superposition of waves with infinitesimal 
amplitudes A(k)dk. If to some frequency, or combination of frequencies, 
there correspond waves whose amplitudes are not infinitesimal (the ampli- 
tudes must still be small, as specified above), we need to add to eq. (28) the 
finite sum over the corresponding values of k: 


Re p A(R) cosh k( - z) exp [ik(x - 9] . (29) 


This is the most general form of the solution to the problem that we are 
considering. However, we can deduce some very interesting conclusions 
from solution (28). 
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Differentiating the integrand in eq. (28) with respect to ¢ and setting 
z=0, we obtain, on the basis of (7), the following expression for the coor- 
dinate z = ¢ of the free surface: 


t - Re |- 1 f S A(9 cosh kh exp [tex - 2 0] ae 


=00 


Let us define 
iw 
Bik) =- "2 AQ) , 


Eq. (28) then becomes 


oo 


t - Re f B(k) cosh kh exp [ik(x - 2 t)] de. (30) 


-00 


Let us assume that at some initial instant, the shape of the surface of the 
liquid is described by the function 


t| f=0 = to(x) . 


Let us see how the surface will change at subsequent instants. From eq. 
(30), 


tolx) = Re f B(k) cosh kh el** dk. 


The functions B(k), as we shall show, can be chosen in such a way that the 
integral on the right side of this equation will be real, that is, so that 


tolx) = f B(k) cosh kh ei** dk . (31) 


-00 


In order to choose B(k) in such a way that thie will be true, we use the 
Fourier integral formula * 


fx) = ge [ell ae {fey ei ar, (32) 


which will be valid if the function f(x) is of bounded variation and continuous 
in an interval having x as an interior point and if, in addition, f(x) is abso- 
lutely integrable over the entire real axis. Let us assume these conditions 
satisfied for the function € (x) for all x and let us set f(x) =¢o(x) in eq. (32). 
Then, it follows from a comparison of eqs. (31) and (32) that eq. (31) will 
be satisfied if we set 


1 Eolk) 


2r cosh kh ’ (33) 


B(k) = 


* See V. Y. Smirnov D), Vol. 2, p. 160. 
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where 
ao 


Eola = f to(9 eri ax. (34) 


-00 


Substituting this value of B(À) into eq. (30), we obtain 
© 
e(d) = Rec | Folk) exp [ikl - 2 9) ak (35) 
pars an J o xp k ` 


This formula makes it possible to determine the change in the form of the 
surface of the liquid with the passage of time. 

Let us consider the particular case in which the initial disturbance is 
caused by extremely long waves (A > h). Then, from eq. (26), 


w/k =/gh 
and eq. (35) takes the form 


t(x, D) Ea Zo(%) exp [ik(x- t/gh)] dk . 


Noting that the expression (x - ^/gh) is independent of k and plays the same 
role here as does x in eq. (32), we obtain 


tlx, t) = lolx - t/ gh) ; 


that is, the initial disturbance is propagated without distortion, as has been 
remarked. 
We obtain another important special case if we assume that 


tol) = Re w(x) elFo* , (36) 


where (x) is a real function having the following properties: 

(a) It changes only slightly over the extent of the wavelength Ao = 27/Ko. 

(b) It is different. from zero only in a finite interval of variation in x. Such a 
disturbance is called a wave group or wave-train of length Ag. 

On the basis of property (a), it follows from the theory of Fourier in- 
tegrals that the function &,(%), defined by formula (34), will be close to zero 
for all k with the exception of those values that are close to the value ko. 
Therefore, in the expansion 


"PIXEL (k-ko) 4... , 


| 
ak keko 


we may discard all but the first two terms without causing any significant 
error in the calculation of the integral (35). If we use the notation 


ow 
k-hy-R , IE! ph TE? 


we obtain 
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exp [i(kx -w#)] = exp [ilko +k')x] exp [-ilwo +vgk')t] 
= exp [i(kox - wot)] exp [1k'(x -vgt)] , 
so that an approximation to the integral (35) can be written in the form 


t(x, t) = Re L exp [i(kox -wot)] f Tolk’) exp [ik' (x -vgt)] dk , 


where 
oo 


to) = f we eo er ax = [ vie) en as 


-00 


By using the Fourier integral formula (32), we easily see that 
1 a0 
= T Tolk’) exp [ik'(x- vg] ak! = (x - vgl) , 


from which it follows that 
t(x, t) = Re y(x- vgt) exp [i(kox - wof)] . (37) 


Thus, as a first approximation, the wave train that we are consider- 
ing is propagated as a unit with velocity 


v = omy 
E aR keko 


This velocity is called the group velocity. However, the individual wave in 
the group (the crest and the trough) travels with velocity wo/Ko, represent- 
ing the phase velocity of waves of corresponding wavelengths. These waves 
neither lag behind the train nor outstrip it, since their altitude at the boun- 
dart of the train, which is characterized by the factor y(x- vgf), vanishes. 
This, of course, is true only for that approximation which we are consider- 
ing at the moment. Calculation of terms of higher order would show that, 
with the passage of time, the train, generally speaking, changes its shape 
and increases without bound as a result of wave dispersion. 

We emphasize that the concept of group velocity must not be introduced 
in the general case of an arbitrary disturbance. It is applicable only in con- 
nection with wave trains whose spectrum, characterized by the function 
folk), extends only over a sufficiently narrow interval of the values of the 
wave number k. 


Problems 


1. Show that when a two-dimensional wave passes, the particles of a liquid 
in a basin move in an elliptic orbit whose major axis a is directed along 
the direction of propagation of the wave and whose minor axis b is ver- 
tical and that 
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a= A cosh k(h-2), 5 =A sinh k(h-2). 


Method: Use the expression for the velocity potential (27). 

Note that differentiation of the potential with respect to the coordinates 
of the particle of the liquid when there is no disturbance (instead of dif- 
ferentiation with respect to the moving coordinates when the wave 
passes) leads only to a second-order error in the determination of the 
velocity of the particle. Then find the component of the velocity of a par- 
ticle situated at depth z: 


Ux = - ae = Re ikA cosh k(h - z) exp [ik(x - "2 ; 


Ug 7 - ae = Re RA sinh k(h - z) exp [ik(x - $9] . 


Integrate these expressions to determine the displacements x', z' of the 
particles from the equilibrium position as functions of time. Choose the 
constant of integration from the condition of periodicity of the motion. 
Finally, show that the quantities x' and z' satisfy the equation 


(x'/a)? + (21/6)? 21. 
2. Examine the case of a basin of infinite depth. 


3. Annular waves 


A disturbance at any point of the surface of a liquid causes the appear- 
ance of annular waves with center at the point of the disturbance. 

To study these waves, we use cylindrical coordinates *, 9, z with 
origin at the point of the disturbance and with the z-axis directed downward. 
On the basis of formula (3) of Chapter XVIII, Laplace's equation (2) for the 
velocity potential @(7, 9, z; i) then takes the form 

198 / 3$, 1 3% o?» — 
Y 8v y 3v * 2 a3 eb . (38) 

Let us turst consider oscillations that are purely periodic with respect 

to time. In connectiuu with this, in accordance with section 1, we take 


$(r,9,2;) = Re u(r, o, z) eit , (39) 


where w is the angular frequency of the oscillations and u is a complex 
function of the coordinates which, like 9, satisfies eq. (38). Assuming that 
the waves in which we are interested are symmetric about the center, we 


obtain the equation 
12 (ðu) | a2u _ 
7 av ay) +522 0] (40) 


If we now assume that the basin is infinite, we retain the initial conditions 
only for the free surface (13): 
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forz -0 got - wu - 0 (41) 


and for the bottom of the basin (12), 
forz=h ðu/ðz «0. (42) 


As in the preceding section, we shall seek a solution to eq. (40) by sep- 
arating the variables. If we set u(r, - v(r)w(z) and perform the obvious 
manipulations, we obtain the equations 


2 

dw ldv,,2,. 

gtr art, (43) 
2 
A Rw -0, (44) 


where £2 is an arbitrary number. 

Both boundary conditions (41) - (42) refer to eq. (44). Eq. (44) itself and 
these boundary conditions are the same as in section 2. Therefore, on the 
basis of formula (21), we can immediately assert that, except for a constant 
factor, 


w(z) = cosh k(h- 2) , (45) 


where, because of (22), k is a real number dependent on the angular fre- 
quency w of the oscillations as indicated by the equation 


w2 = gk tanh kh. (46) 


Eq. (43) is Bessel's equation of zero order (see Chapter XII). Its solu- 
tion, which is bounded and continuous for ally including * = 0, is Bessel's 
function of zero order Jo(kr). Thus, by taking eqs. (39) and (45) into con~ 
sideration, we conclude that all continuous solutions to eq. (40) with boun- 
dary conditions (41) - (42) are of the form 


u(v,z) = AJg(kr) cosh b(h- z) , 


where A is a quantity independent of both v and z. On the basis of eq. (39), it 
then follows that 


Q(v, 2; = Re AJg(kv) cosh k(h - 2) e7iwe , (47) 


By virtue of formula (7), the altitude of the free surface above the undis- 
turbed level is determined by 


t(v,l) = - Re Ado(kr) cosh kh e~iwt , (48) 


It is easy to see from the graph of the function Jo(kr) that the distance be- 
tween two adjacent crests of the periodic annular waves that we are consid- 
ering (the analogue oi wavelengths in the two-dimensional case) increases 
as the distance from the poini x = O increases, while the altitude of the wave 
decreases as the distance from y = 0 increases. 

Let us now examine the case of an arbitrary initial disturbance that is 
symmetric about the axes. 
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Suppose that, for £= 0, 
C =€(7,0) = to) , (49) 


where €,(7) is a given continuous function of v. Let us determine the motion 
of the liquid for subsequent values of £ We use the Fourier-Bessel inte- 
gral *: 


fà = f kJolkx) ak Í E fl) Jolkt) dag (O< x< =), 
o o 


where instead of the function /(x) we have Co(v). If we define 


Folk) = [ Etol) Jo(kE) t , (50) 
oO 
we may write 
to = | Eol) Jolkr) kak. (51) 
oO 


This equation gives the initial disturbance olr) in the form of super- 
posed annular waves of different frequencies. From this it is clear that the 
function 


cosh k(h - z) e~iwt 


S(r, zN = Re ig [ Colt) Joler) ELT Rak 62) 
o 


gives the solution to our problem. This is true because (52) gives the su- 
perposition of functions (47) that satisfy the equation of the problem and the 
boundary conditions. Consequently, it possesses these properties itself. It 
then follows from (7) that 
© 
EA = Re f Eol) Jolkr) ete? kak, (53) 
o 

so that for £ 2 0, we obtain eq. (51). Thus, the function é(v,2; /) represents 
the velocity potential of the liquid for the boundary and initial conditions 
that are given and, therefore, it determines the motion of the liquid. For- 
mula (53) determines the shape of the surface of the liquid at instants of 
time subsequent to the initia: instant. 


Problems 


1. Show that, for a basin of infinite depth, formula (52) takes the form 


* For the derivation of this formula see section 4, Chapter XXXI. 
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oo -i t 
a(r zii) =Re ig | Bolk) Jolkr) e-*? kak. 
o 


2. Suppose that 


_yamb for0üsv sro, 
Solr) ={ 0 for r>7o 


Suppose also that we let v9 approach zero and let b become infinitely 
great in such a way that at all times 


nbyg2 =1. 
Show that then 
Tolk) >1. 
(A "unit disturbance" at the coordinate origin.) 
3. Show that, in a basin of infinite depth, when there is a "unit disturbance" 


at the initial instant at the coordinate origin, the potential $ may at 
subsequent instants be represented in the form of the series 


gt VP1(cos 8) gt? 2! Po(cos 6) (gt)? 3! Palcos 4) 
elr z d <9) a th 3 * g 4 tj 
Yi . Yi t Yi 


21 
where ry =i (72 + 22) , where 0 is the angle between the z-axis and the 
ray directed from the coordinate origin to the point (v,z) and where 
Pp(cos 0) (for k = 1,2,3,...) are Legendre polynomials. 
Method: Expand the ratio e-i#//w ina series of powers of w, introduce 
the quantity k instead of w in accordance with (46), and use the formula 


P,,(cos 8) 


9o 
1 -k 
i e^*4 Jolkr) kh dk = mal 


4. Show that under the conditions of the preceding problem the altitude of 
the surface of the liquid can be represented in the form of the series 


e, lk ge - 12x 32 (gy . 12x32x52 (ee ] a] , 


i 2! v 6: 10: 


5. Show that under the conditions stated for problem 3, each phase of the 
motion is propagated from the coordinate origin along the radii with a 
constant acceleration. 

Method: Start with the solution to problem 4, according to which 


elr, t) = (gt2/7) . 


. 4. Stationary phase method 


Stokes (1850) and Kelvin (1887) developed the method of approximate 
calculation of integrals of the type obtained above, known as the stationary 
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phase method. This method has numerous applications and generalizations; 
we shall present it without being rigorous. 
Consider the integral 


b 
J= | ee) eif ar, (54) 


a 


where y(é) and f(E) are real functions such that for most of the interval of 
integration (that is, except in certain neighbourhoods of points at which 
f£) = 0) the function v(E) changes by only a small amount of its original 
value as the function f(£) changes by an amount 27. The interval of integra- 
tion is assumed to be large enough to contain a large number of oscillations 
of the function el f$). 

When we integrate over the segment in which the function /(£) changes 
rapidly, the real and imaginary parts of the integrand change sign fre- 
quently, with the result that the value of the integral barely changes. The 
integral can have significant increases only in the neighbourhood of points 
at which f'(E) = 0. 

The stationary phase method consists in carrying out the integration 
only over the neighbourhoods of those points at which the derivative of f(£) 
is equal to zero and neglecting all other segments of the interval of inte- 
gration — which, because of the considerations explained above, we are 
justified in doing. 

Suppose that 091,05,... are roots of the equation 


PE) =0, 
such that for — = 01,05,..., the second derivative f"(~) + 0. We denote by 
Ep small deviations of the argument £ from ap; that is, we set 
Ek =E - Op. 
As a first approximation, we have, in a small neighbourhood of the point 
£ = ak, 
AE) = flag) + 28,2 P (o) . (55) 
Substituting this equation into eq. (54) and remembering what has just been 
said, we can write 


ree Wap) exp [ifa] | exp[2if' (ag) £ 2] dep , 
(k) (ap) 
where the summation is taken over all values of k and the integration is 


taken over a small neighbourhood of the point £ = og. Because of the oscil- 
lation of the integrand, we may, without causing any great error, set 


Í exp [2if (ape x] dég ~ | exp [żif"(0)E}?] dbx 


(ay) ze 


27 1 
= (Fel) exp [tinsh] , 
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where Sp is equal to 1 or -1, depending on whether the second derivative 
f'(£) is greater or less than zero at £ = op. Finally, as a first approxima- 
tion, we obtain 


2T7 à : 1 
J= 2 Ya) (ross) exe ily + Ens] (58) 


Generally speaking, the approximation (56) gives good results only if the 
terms of the series 


AE) = flay) «3e f (op) + EPS (og) +... 


decrease sufficiently rapidly in a neighbourhood of £ = ap. 

Let us apply the stationary phase method to the problem of annular 
waves considered in the preceding section. 

Let us assume for simplicity that the basin is of infinite depth and that 
at the initial instant a "unit disturbance" (see problem 2 of the preceding 
section) is acting at the coordinate origin. The unit disturbance represents 
that case in which the surface of the liquid is originally disturbed only in a 
very small neighbourhood of the coordinate origin, so that this disturbance 
represents a sink of unit volume, symmetric about the origin. It is easy to 
see that, in the case of a unit disturbance, &(k) = 1 (see, for example, the 
problem referred to). Therefore, formula (53) takes the form 


Clr.) =Re | Jolkr) eio! kdk. (57) 
o 


Let us seek an approximate value of (r, f) for sufficiently large values of r 
and f. 

For small values of k, the integrand is close to zero; consequently, the 
segments of the interval of integration which determine the value of the in- 
tegral must not be sought for small values of k. Therefore, the values of kr 
that correspond to these segments can be considered large and, recalling 
the asymptotic representation (29) of Chapter XI, we set 


Jolkr) = Ve sin (kr * 17) = L V {exp [i(&x -17)] - exp [-i(ey « 17)]) . 


Furthermore, from (46), we have, for k = œ, 


wW=/gk . 


Substituting these expressions into (57), we obtain 


t(r,) =Re i yp {exp [i(&r - i/gk+¢m)] - exp [-i&r + £/gk « 17)]) vR dk . 


(8) 


In accordance with the stationary phase method, the integral of the second 
term on the right side can be set equal to zero. The expression (kr « L/gk) 
has neither maxima nor minima if y, /, and k are all positive. Consequently, 
its derivative with respect to k does not vanish in the region of integration 
and the sum (56) is equal to zero. 
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The equation 
2. (kr - t/g) = 7 - àt/g7E = 0 


has a unique root 


ky = gt?/ar?. (58) 
Furthermore, we find that 
l 
a 1 gat 
—z (kr - t/gk)| pop, =- 24> 0 


and, from (56), we obtain — 
1 

11/2 4-)87kj? 

t(r.) = Red VR V 

ilar git 


Substitution into this equation of the value of k1 given by eq. (58) leads, af- 
ter some simple manipulations, to the final relationship, which is valid for 
sufficiently large values of y and £: 


exp [i(k1v - £/gk1 +37)] . 


2 
t(v, t) = E cos £7. (59) 


Let us analyze the formula that we have obtained. 

If we fix /, we see that, with increasing 7, the profile of the surface of 
the liquid is made up of longer and longer waves with progressively smaller 
height. They finally become an infinitely long "hump", whose height van- 
ishes only at infinity. On the other hand, if we fix v, we see that the oscil- 
lations at every given point first take place slowly and have a small ampli- 
tude, but with the passage of time, they speed up without bound and increase 
in amplitude. 

Without going into a detailed investigation, we shall confine ourselves 
to some brief remarks on these results. First of all, we note that the ve- 
locity of propagation of the disturbance is infinitely great. For, at any in- 
stant subsequent to the initial instant, there is no undisturbed region. It is 
easy to show that this fact is a direct consequence of the assumption that 
the liquid is incompressible. In practice, every liquid is compressible, 
which is the reason there is no infinitely-fast-moving component of the 
disturbance. 

Furthermore, we conclude that the amplitudes of the oscillations in- 
crease without bound with the passage of time. It is easy to show that this 
conclusion is due to the supposition that the area of the original sink is 
infinitesimal (since its volume is assumed finite). Therefore, the ampli- 
tude of the initial disturbance is infinitely great. The propagation of this 
"infinite amplitude" also implies an unbounded increase in the amplitude of 
the high-frequency component. A detailed investigation shows that, in the 
case of finite area of the region of the initial sink, when waves of length 
considerably less than the cross section move out of the different points of 
the sink, they absorb each other as a result of interference. Therefore, in 
practice, the high-frequency component, containing waves of length consid- 
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erably less than the cross section of the region of the initial disturbance is, 
as it were, "trimmed" and there is no infinite increase in the amplitude. 

In view of the remarks that we have made (about the trimming of the 
instantaneously propagating component and of the short waves), formula (59) 
gives an accurate picture of the propagation of the disturbance. Initially, 
the long waves with a greater speed of propagation leave an originally lo- 
calized "wave packet" and reach an arbitrary point of observation. Then, 
Shorter waves of greater amplitude reach that point. As the crests and 
troughs get farther from the center of the disturbance, they become longer 
(which reflects the wave dispersion that takes place). If we observe the 
propagation of an individual crest, it seemingly belongs to a wave of ever 
greater length, so that the crests (generally, points of a single phase in the 
motion) are accelerated. Their magnitude rapidly drops. All this describes 
what is observed when a stone is thrown into the water. 


Chapter XXV 


THE HELMHOLTZ EQUATION 


1. The connection between the Helmholtz equation and certain hyperbolic 
and parabolic equations 


Consider the equation 


At = āo u * 201 9 age ; (1) 
where ao, @1, and a2 are constants. If all these constants are positive, eq. 
(1) is the telegraph equation. We already had occasion to speak of its one- 
dimensional analogue in Chapter I. If a4 and a9 are both zero and if ag is 
positive, it becomes the wave equation (Chapter I); if ag and a9 are both 
zero and aj is positive, it becomes the thermal-conductivity and diffusion 
equation; if ag = 0, ay > 0, ag + 0, it becomes the equation for diffusion in a 
medium in which chemical or chain reactions take place. We encountered 
the last two equations in Chapter III. 

Following the method of separation of variables, let us seek solutions 
to eq. (1) of the form 


w(x, t) = w(x)w() , (2) 
where u(x) is a function only of the space coordinates and v(/) is a function 
only of time. Substituting eq. (2) into eq. (1), we obtain 

1 1(, d?» dv 
zerr aoo «epar ay) . 
Since the left side of this equation does not depend on ¢ and the right side 
does not depend on the coordinates of the point x, we have 
Au + ku =0, (3) 
d?v dv 2,- 
Go ap * 241 ag t 0278» -0, (4) 
where k? is some constant. 

The elliptic equation (3) is called the Helmholtz equation. It plays an 
important role in mathematical physics because of its simplicity and be- 
cause of the significance of the problems that lead to it (wave processes, 
heat flow, diffusion, etc.). 

It follows from formula (2) that the Helmholtz equation immediately 
determines the intensities, which obey a single time law and vary from 
point to point, for processes occurring at all points of a region under scru- 
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tiny. In the special case in which the function v(/) is constant, it determines 
the steady state. By a combination of solutions of the form (2), one can ob- 
tain almost any space-time dependence. 

The possibility of constructing an arbitrary time dependence (satisfy- 
ing only certain general requirements) by means of a combination of solu- 
tions of the form (2) is retained if, instead of arbitrary functions v(t), we 
consider only functions that together form a complete system. Therefore, 
with no loss of generality, we may examine instead of the substitution (2), 
the substitution corresponding to harmonic oscillations with amplitude and 
phase that vary from point to point. In this case, according to Fourier's 
theorem, an arbitrary space-time relationship can be obtained by a com- 
bination of oscillations of different frequencies. 

It is convenient to describe harmonic oscillations in terms of complex 
functions of the form 


u(x) e-iwt (5) 
or 
u(x) ele , (6) 


where w is the angular frequency of the oscillations and u(x) is a complex 
function of the coordinates of the points x. The real parts of the expressions 
(5) and (6) determine at every point x the same harmonic oscillation 


Re[u(x) eiw} = | u(x)| cos (wt+8) (1) 


with amplitude | u(x) | and phase 6, the latter being a root of the equations 


LI 


The symbols Re and Im denote respectively the real and imaginary parts of 
the functions following them. The plus-or-minus sign in front of Im in the 
expression for the sine is chosen according to whether expression (5) or (6) 
is used. If we substitute expression (5) into eq. (1) and divide by e~i#! we 
obtain the Helmholtz equation (3) with parameter #2. which will, in the 
general case be complex valued: 


k2 = wag - dag + 2ayi. (8) 


If instead we substitute expression (6), we obtain the Helmholtz equa- 
tion that is the complex conjugate of the equation obtained when we substi- 
tute (5). Its solutions, «*(x), and the solutions obtained in the first case 
will be complex conjugates. However, the real function Re u*(x)eiw which 
is a solution to the original equation (1) will be the same in both cases he- 
cause the real parts of complex conjugate numbers are equal. Therefore. 
the two substitutions (5) and (6) are equivalent, and we may use only one of 
them. We shall use the substitution (5). 

Besides the homogeneous equation (1), we shall also examine the non- 
homogeneous Helmholtz equation 


Au + k2u = -47p . (9) 


The function p, as we shall see in section 4 of Chapter XXVI, can be thought 
of as the density of the distribution of the sources of the wave. 
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The theory of the Helmholtz equation is in many ways like the theory of 
the Laplace and Poisson equations. In particular, for the Helmholtz equa- 
tion the same characteristic statement of the boundary problems (Dirichlet, 
Neumann, mixed) is used. These problems can be either external or inter- 
nal. Formulation of the internal problems coincides with what was said in 
section 2 of Chapter XVIII. In the formulation of the external problems, it 
is necessary to introduce an additional condition relating to the behaviour 
of the solution at an infinitely distant point. We shall examine this condition 
below. 

As in the study of the Laplace and Poisson equations, it is the regular 
solutions to the boundary problem which will interest us. In using the inte- 
gralformulae, and without making special assumptions, we shall assume 
the continuity of the first derivative of the solutions in the region in ques- 
tion up to its boundary. 

In addition to the boundary problems, an entirely new type of problem, 
having to do with the natural oscillations, arises in the case of the Helm- 
holtz equation. We shall encounter problems of this type in the following 
section. 


2. Spherically symmetric solutions to the Helmholtz equation in a bounded 
region 


Let us first acquaint ourselves with the characteristic features of the 
solutions to the boundary problem for the Helmholtz equation in the case of 
real spherically symmetric solutions in a bounded region. 

By using the expression (4) of Chapter XVIII for Laplace's operator in 
spherical coordinates v, 0, and qo, the origin of which we place at the cen- 
ter of symmetry of the solutions sought, we easily see that these satisfy 
the equation 


(10) 
Multiplying this equation by y and performing the obvious transformation, 
we obtain 
2 
a e Er = 0. (11) 
dr 


From this it is clear that all spherically symmetric solutions to the Helm- 
holtz equation are included in the general solution 


eikr e-ikr 


u(r) =A > +8 y , (12) 
where A and B are arbitrary constants. 
Let us examine the boundary problem for a sphere * < Yọ: 
2 
d" kyu = 0 when Y< Yo; aM. gu=c when v=7%, (13) 


dy? dr 


where 7p, à, B, and C are real constants and Yọ is positive. 
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To solve the problem, we need to determine the constants A and B in 
the general solution (12) so that it will be regular for Y < 79 and will satisfy 
the given boundary conditions. 

To meet the first requirement, it is necessary to set B - -A. This con- 
dition is also sufficient because if we differentiate and use 1'Hópital's rule 
we easily see that the solution (12) is regular throughout all space. Thus, 
the solutions to the problem (13) are of the form 


u(r) =A 1 (eikr . e-i) , (14) 


where the constant A must be determined from the boundary conditions. As 
we know, the constant k2 can be an arbitrary complex number. 

In this section, we shall consider solutions to the problem (13) for real 
values of k2. We first assume that k2 is positive. Then, the solution (14) 


can be written in the form 
u(r) =A sin $r , (15) 


Substituting this expression into the boundary condition for problem (13), 
we find that the constant A must satisfy the equation 


A[(Bro-a) sin kro - akro cos kro] = Cro? - (16) 
This is possible for values of k that are not roots of the equation 
akro 
tan Èro = BYo-@" (17) 
However, there exists a set of positive values ky < ko <... <kj<... of 


the constant k at which eq. (17) is satisfied and, consequently, for C # 0 
there are no numbers A satisfying eq. (16). The values kj, k»,... are those 
values of k for which 


d sin kr 
(o $7 8) A - o when Y=7%. (18) 


Together with the problem (13), let us examine the corresponding 
homogeneous problem 


2 
a eru = 0 when *<7%; oS + pu =0 when *-7*g. (19) 

ar y 
For values of k that satisfy the condition (18), (19) has the solutions 
sinkyr/r,sinkgr/r,... which are not identically equal to zero. For all 
other values of k, it follows from formula (16) that A = 0, that is, that the 
homogeneous problem (19) has no solutions other than the trivial solutions 
u =0, 

Thus, we have the folowing alternatives: Either the homogeneous 
problem (19) does not have solutions other than the trivial solution 4 = 0 for 
a given value of k2 (and then the non-homogeneous problem (13) has a 
unique solution given by formulae (15) -(17)) or the homogeneous problem 
(19) has a non-trivial solution (and then the non- homogeneous problem (13) 
is insoluble). 
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The functions 
sin kyr 
um =~; — (m =1,2,3,...), (20) 
which are non-trivial solutions to the problem (19) are called the eigen- 
functions of the problem (13) and the numbers &,,2 at which the homo- 
geneous problem (19) has non-trivial solutions are called the eigenvalues of 
the problem (13). 

In studying the boundary problems for the Laplace and Poisson equa- 
tions, we dealt only with the first of the alternatives developed above. The 
corresponding homogeneous boundary-value problems did not have con- 
tinuous solutions other than the trivial one: 4 - 0, and the solution to the 
non-homogeneous problem was unique. This means that the boundary-value 
problems for the Laplace and Poisson equations do not have eigenfunctions. 

In order to understand in greater detail the physical significance of the 
results that we have put forward, let us examine the corresponding solu- 
tions w(r,£) of eq. (1), which was the starting point for our discussions in 
Section 1. It follows from formula (8) that for positive values of k2, we may 
choose as a special case of eq. (1) the wave equation 


1 3w 
=>, 21 
cà af? (21) 
where 1/ cà = ao. Then, the constant k2 is determined by 
K = w/c (22) 


The general expressions for spherically symmetric solutions to the 
wave equation (21) will be obtained if we multiply the general solution (14) 
by e-iwt = e-ickt and take the real parts of the results. This gives us 


w(r,t) A sin by cos (kcf+6). (23) 


This solution represents a system of standing spherical waves. (We 
remember that a system of waves in which the geometrical position of 
points of the same amplitude of oscillation does not change is called a sys- 
tem of standing waves.) The solution (15) represents the amplitude of these 
oscillations. 

The oscillations can be more clearly visualized if they are thought of 
as being purely mechanical. As an example, let us assume that k2 is not an 
eigenvalue and that the boundary condition of the problem (13) is of the form 


“u=C, on the boundary Y = 7%. (24) 


This means that on the boundary of a sphere of radius 7 < Yọ oscillations of 
amplitude 


Cro 


sin kYo 


take place. Oscillations then take place within the sphere, 7 < ro, deter- 
mined by formula (23). On the spherical surfaces 


Ch. XXV] THE HELMHOLTZ EQUATION 403 


vey ene (n = 1,2,3,...), (25) 


for which sin kry - 0, the amplitude of the oscillations is equal to zero. 
These are called nodal surfaces. If v, = T/k > Yo, there will be no nodal 
surfaces. Noting that k = w/c, we conclude that this will be the case if the 
frequency of the oscillations in question w < w1 = 1c/Y 9. The amplitude of 
the oscillations at the centre of the sphere is equal to Ak = Crok/sin kro; 
that is, it is always non-zero. 

Suppose now that k2 = km2; that is, k2 is equal to one of the eigen - 
values of the problem (13) with the boundary conditions (24). It follows from 
formula (25) that this will be the case for a frequency of the excited oscilla- 
tions 

Wm =M us (26) 
and that the amplitude of the oscillations on the boundary 7 = % is equal to 
zero. It is clear that oscillations of this kind cannot be caused by oscilla- 
tions that originate on the boundary, which explains the insolubility of prob- 
lem (13) for values of k2 that are eigenvalues. From the point of view of a 
mechanical interpretation, this solution, which vanishes on the boundary, 
represents oscillations of a medium in a spherical container with solid 
walls. 

Thus, for values of k that are not eigenvalues, the oscillations on the 
boundary cause oscillations within the sphere * * Yọ. Oscillations for which 
the boundary Y = Yọ of the sphere is a nodal surface, cannot then arise. On 
the other hand, when k? is equal to an eigenvalue of the problem, the oscil- 
lations on the boundary cannot cause oscillations in the space Y < Yọ. How- 
ever, oscillations that have the boundary Y = Yo as their nodal surface can 
exist *. Oscillations of the first kind are called forced and oscillations of 
the second kind are free or natural. 

Consequently, the solutions to the problem (13) determine the ampli- 
tude of the forced oscillations, and the solutions to the homogeneous prob- 
lem corresponding to it (19) determine the distribution of the amplitudes 
of the free oscillations. The absolute value of the amplitudes of the free 
oscillations is not determined by the homogeneous problem. The set of fre- 
quencies (26) with m = 1,2,3,... or the eigenvalues 2,,2 corresponding to 
them constitute the spectrum of free oscillations. 

We should arrive at exactly analogous results if we examined the boun- 
dary conditions 


du/dr=C when Y=7%. 


From the standpoint of mechanical interpretation, the derivative du/dy cor- 
responds to the stresses of the vibrating medium. The homogeneous prob- 
lem then determines the distribution of the amplitude in a vibrating spheri- 
cal body with a free surface (that is, the stresses on the boundary are equal 


* The method by which these are brought about does not interest us at the moment. 
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to zero). The general boundary condition of problem (13) gives the different 
intermediary cases, the mechanical interpretation of which is more com- 
plicated, but the general interpretation of the solution as the amplitude of 
free and forced vibrations still remains valid. 

The significance of these results consists in the fact that a pair of al- 
ternatives similar to those shown above arises in the case of the general 
internal boundary-value problem for the Helmholtz equation. However, in 
the processes that lead to the boundary value problem of the general form, 
the amplitude of the oscillations depends on several coordinates and there- 
fore, the forced oscillations can exist along with the free. For example, in 
a sphere with solid walls, not only radial but also angular oscillations, 
which may be caused without radial displacement of the boundary, are pos- 
sible. Therefore, the general boundary-value problem leads to the following 
alternatives: Either the homogeneous problem corresponding to the given 
non-homogeneous problem has no solutions other than the trivial solution 
identically equal to zero (and then the non-homogeneous problem has a 
unique solution) or the homogeneous problem has non-trivial solutions (and 
then the non-homogeneous problem can have a number of solutions differing 
from each other by the solution to the homogeneous problem). 

On the basis of the material of this chapter, the reader should not find 
it difficult to construct solutions for a number of particular boundary-value 
problems (for example, for a sphere) that confirm the validity of the gen- 
eral statements made above or to see that, when there are non-trivial solu- 
tions to the homogeneous problem, the boundary condition for the non- 
homogeneous problem cannot be completely arbitrary. We shall return tothe 
general for mulation of this pair of alternatives in Chapter XXVII, section 6. 

Let us suppose now that k2 ig a negative real number. The square root 
of k2 will then be purely imaginary so that the general regular spherically 
symmetric solution to eq. (14) will be of the form 


u(y =A l (ek"Y - e-E"v) , (27) 


where k" is a positive real number. For the boundary condition of the prob- 
lem (13) to be satisfied, the constant A must satisfy the equation 


A(8K, *aKo) = Cro2 , (28) 
where 


Ki = role” Lo ky 


-k" hk" - 
e" "o, Ko = (k'ro-1) e" o, (R541) e To, 
The function Kj is always positive if 79 and k" are positive. Let us show 
that the function Kə is also positive. The derivative 
09K» 
ok" 
that is, the function Kg increases with increasing k". But the function K9 - 0 
when k" = 0. Our assertion follows from this. 
Consequently, when o and £ have the same sign or when one of them is 
equal to zero, the coefficient of A in eq. (28) does not vanish and, there- 


- kro? o -eF o) >0 when k">0; 
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fore, the problem (13) has a unique solution and the homogeneous problem 
(19) corresponding te it has no solution other than the trivial one ofu = 0. 
In other words, under these conditions, undamped free vibrations are im- 
possible. As we shall see later, this is related to the fact that when the 
imaginary part k" of k is different from zero, energy is dispersed in the 
vibrating medium, as a result of which undamped vibrations cannot arrive 
without a supply of energy from the outside. 

Let us take a close look at the picture of the oscillations that take place 
when the parameters a and 8 are of different signs, so that they may be 
chosen in such a way that the expression 8K] +@Kg will vanish in eq. (28). 
The non-homogeneous problem (13) will then be insoluble, but, on the other 
hand, the expression (27) will satisfy the homogeneous problem (19) for 
arbitrary values of the constant A; that is, free oscillations will be possi- 
ble in spite of the dispersion of energy in the medium. 

Let us consider the oscillations on the boundary when f is positive and 
a = |a| e arE* has an arbitrary complex value. We therefore turn from the 
amplitudes z to the functions of time w = Reue-iw t, We then obtain 


Re pu e-ivt = 4 BK] cos wt. 
Yo 
Re a S e-iwt = -£ Re jaj elarge &» e-iwt - A. Ko |a| cos wt -argo) . 
dz v9? vo? 


The first of these expressions describes the oscillations of the medium on 
the boundary. With regard to the second, as we have mentioned, the values 
of the derivative du/d* characterize the stresses in the medium when there 
are mechanical vibrations. Consequently, these expressions show that when 
arg æ #0, the phase of the vibrations of the stress of the medium is dis- 
placed relative to the phase of the vibrations of the medium. In particular, 
when arg @ = 7, that is, when the parameter a represents a negative num- 
ber, the phases of the vibrations of the stress and of the medium are oppo- 
Site. This means, for example, that the compression of the medium coin- 
cides with the action of forces corresponding to its stretching; that is, the 
forces strive not to return the elements of the medium to the equilibrium 
position but to move them yet farther away from it, so that the energy of 
the vibrations on the boundary is not dispersed but increases. There exists 
then the possibility of undamped vibrations arising despite the dispersion in 
the medium. 

Such self-excitation of vibrations on the boundary without an influx of 
energy from without would, for ordinary physical media, be a violation of 
the law of conservation of energy. Therefore, in boundary -value problems 
connected with technical problems, the coefficients a and 8 cannot be of 
opposite sign. 
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Problem 


Show that in a plane the solutions to the Helmholtz equation that are 
circularly symmetric satisfy the zero order Bessel equation 
d?u 1 du 


da2 rdr’ u=0. 


3. Eigenvalues and eigenfunctions of a general boundary-value problem. 
Expansions in eigenfunctions 


In section 2, we studied the boundary-value problem 
Au + k?u =f when xeV-FV, a% pu=y when xe FV, (29) 


in the special case in which the region V was a sphere. We saw that the 
homogeneous problem corresponding to it 


du 


Au+k2u=0 when xe V-FV, a 
dn 


*Bu-0 when xe FV, * (30) 
had non-trivial solutions for real positive values of k2 and that these values 
formed an unbounded increasing sequence of numbers 


kj? ko... 2 (31) 


To each value kma corresponded one non-trivial solution “m. 

It is shown in the theory of integral equations that these results carry 
over completely to the problem stated for an arbitrary bounded region V, 
and also to the corresponding problem in an arbitrary plane region S with 
this difference that to a single number by? there may correspond not one 
but several linearly independent non-trivial solutions to the problem. 

The numbers km2 (where m=1,2,3,...) are determined by the region 
V (or S) and the boundary condition of problem (29). As before, we shall 
call them eigenvalues of the problem (29) and we shall call the solutions x 
the eigenfunctions of this problem corresponding to the eigenvalues kma. 

The coefficients œ and B in the boundary condition to problem (29) can 
be functions of a point on the boundary. We shall assume that the boundary 
can be partitioned into a finite number of continuously smooth portions. On 
each of these portions we shall assume the coefficients « and 8 to have con- 
Stant values which are non-negative and not simultaneously equal to zero, 
and that the coefficient a is either identically equal to zero or is every- 
where positive. In the latter case, we may divide eq. (29) by it. Therefore, 
we may assume with no loss of generality that the coefficient o is equal 
either to zero or to one. Corresponding to these values of a, we may as- 
sume that on each of these continuously smooth portions of the boundary the 
coefficient 8 is either equal (when o = 0) to one or (if &- 1) it can be differ- 
ent from one. 

If to every eigenvalue km2 correspond several linearly independent 
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eigenfunctions, for example, the two functions uw, and 45;,1, then these 
functions can always be chosen such that they are normalized and ortho- 
gonal in the region V, that is, so that 


fff us Umit av =0, f f fup2av=1, ff umay 21. (32) 
4 V 4 


To show this, suppose that vm and 7,4, 1 are eigenfunctions that do not 

have this property. Let us set 
Um = Wm, up = 010g Wml 

where a, aj, and b are constants. The functions um and m+] are also 
eigenfunctions and, for b + 0, they are linearly independent since the func- 
tions vm and vj41 are linearly independent. Let us now find constants a, 
41, and 6 that will satisfy the first of eqs. (32). To determine these con- 
stants, we take the equation 


aam: Vy) + (Uys vu = 9, 


where 
(Om, Ym) = HJ Um? dV , (Om, Um+1) HJ Vm Ug, ] dV . 


We conclude from this that a can be chosen arbitrarily and that 


ay = 5K, 
where 
(Um Um+1) 
k=- 
Wm Um) 
We can then write 
Um = Wm: Uml = Ue rU 1) - 


The constants a and b can always be chosen in such a way that the last two 
of eqs. (32) are satisfied. This completes the proof. 

If there is a third eigenfunction v,4,9 Such that it, vm, and vj4,1 are 
linearly independent, this process of orthogonalization can be continued by 
setting 


Um) = 030g + DU 1 + CUms2 » 
and choosing the constants dg, bj, and c + O in such a way that the ortho- 
gonality and normalization conditions will be satisfied. 

The number of linearly independent eigenfunctions corresponding to the 
eigenvalue km2 we shall call the dimensionality of this eigenvalue and, in 
numbering these eigenvalues, we shall count each of them as many times as 
it has dimensions. For example, if the dimensionality of the number £,2 is 
2 in the sequence of eigenvalues 12, k2, kg2,..., we shall write not km2 
but 


km? = E412, b 22, 
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etc. We then have the eigenfunctions numbered in the same way as the 
eigenvalues. 

Let us now show that the eigenfunctions corresponding to the different 
eigenvalues are mutually orthogonal. For this, we use Green's theorem (7) 
of Chapter XVII. Ássuming o - 1 and noting that 


v (H+ pu) - u ($+ gv) = vut, 


we transform Green's theorem into the form 
JJ Í wau-uan dV = Hi a ds e Bu) - u ($2 + av)! ds. 


If we make the substitutions v =um and « =u} and if we substitute the values 
of the quantities given in the problem (30), we obtain 


(4-2) [| | em aav = 0. 


Since, by hypothesis, 
RP + Ry? , 


we have 
ff Jum uray =o (+m), (33) 
V 


as was stated. If a= 0, the proof is analogous; in such a case we should 
use Green's theorem in its original form. 

Since all the eigenfunctions are determined up to a constant factor, it 
is always possible to normalize them by dividing by 


Hw dV. 


Consequently, when we orthogonalize the linearly independent eigenfunc- 
tions corresponding to the multiple eigenvalues, we can write the general 
relationship: 


MCI Hp a 


which we shall, throughout the present chapter, always assume to be satis- 
fied. 

The system of eigenfunctions is complete. The most general result 
pertaining to the completeness of the system of eigenfunctions of problem 
(29) belongs to V. A. Il'in *. We shall give some of them. 

Suppose that f is an arbitrary continuous function defined throughout 
the region V and that the integrals 


* Uspekhi Matematicheskikh Nauk 13 (1958) 89. 
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ff BIC xL)'av (m =1,2,3,...) (35) 


are defined for some value of à > 3. Then, 
(1) if a + 0, the function f can be expanded in the series 


f= È fyuy (36) 
v=1 


of eigenfunctions u, of the problem (29). This series converges uniformly 
when the summation is taken in order of increase in the eigenfunctions at 
all points x e V- FV. The coefficients in the series can be calculated from 
the formula 


fo = J | [rueav. (37) 


(2) If a = 0, the same results are valid under the additional condition that 
f=0 when xeJvV. (38) 


If we impose more stringent restrictions on the function f by assuming 
that it and its first derivatives are continuous throughout the region V and 
that the integrals 


NIS y dV (m,1-1,2,8,...) 


exist, then the series (36) will converge absolutely and uniformly. 

An analogous expansion theorem is valid for problems in two dimen- 
sions. (Here, à must be taken greater than 2 in formula (35).) 

These expansion theorems can be applied immediately to the solution 
of the non-homogeneous boundary -value problem: 


Au+ku=f when xeV-gV, as pu=0 when xe FV. (39) 


Let us expand the function 4 in the series 


u= > ay ty (40) 
v=l 


of eigenfunctions 4, of the problem (39). By substituting this series in the 
equation for the problem (39) and by formally carrying out termwise differ- 
entiation, we obtain 

oo eo 

Au + Rus 2 a,(Auy+ Ruy) = 2 ay(ky2 - k2)uy . 

p= y= 
By comparing the series on the right side with the expansion (36) of the 
function f, we see that the conditions of the problem (39) will be satisfied if 
we set 
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ZI ky? - aal reo. (41) 


This equation shows that the method that we have been examining for solv- 
ing the problem (39) can be applied if the parameter k2 is not equal to any 
of the eigenvalues of the problem (39). As we let the parameter k^ approach 
any one of the eigenvalues km? , then under the condition that fm + 0, the 
corresponding coefficient @,, will increase without bound. 

The physical interpretation of this is that when k2 = km2, in the region 
V natural vibrations take place whose amplitudes increase in time without 
bound, due to the action of the disturbance f which is in vesomance with 
them. As a consequence, there will be no steady-state vibrations. This is 
shown by the insolubility of the problem (39). In actuality, when there is 
resonance, the vibrations are bounded either because of the presence of 
damping (Im k2 > 0) or because of non-linear phenomena that were not taken 
into consideration in the mathematical formulation of the problem. 

When k2 =km?, it is easy to find the non-resonant part of the vibrations 
by means of the method that we have been examining. For example, let us 
suppose that the function f satisfies the condition 


JÍ res aveo 


with the consequence that free vibrations do not arise. With this assump- 
tion, we may Set am - 0 and we can compute the remaining coefficients 
from formula (41). To the solutions that we have found by this method, we 
may add any of the eigenfunctions of the problem that correspond to the 
eigenvalue km2; when we do, we obtain the same solution. Thus, we are 
dealing now with the second general alternative described in section 2. 

We may also use the method of expansion in eigenfunctions for solving 
the general boundary-value problem (29). Here, we need to find the func- 
tion 44 that is continuous, that has continuous first and second derivatives, 
and that satisfies the boundary condition of the problem in question. By 
setting « identically equal to v 41, we get the problem 


Av +key =f - Auy - ku when xeV-gV, 


aS + pv - 0 when xe FV, 
which is analogous to the problem (39). 

The method of solving boundary-value problems by means of expansion 
in eigenfunctions of homogeneous problems is not always successful be- 
cause of the difficulty in finding the eigenfunctions. However, when it is 
possible to separate the variables, the eigenfunctions can frequently be ex- 
pressed in terms of familiar functions. We shall give examples of this in 
the following section. 

In the above, we have not gone into the question of the admissibility of 
the termwise differentiation of the series (40). We shall discuss this some- 
what in Chapter XXXIX. Here, we note that the series (40), with coeffi- 
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cients computed from the formulae (41), converges to the solution of the 
problem (39) under extremely general conditions that do not require term- 
wise differentiability. 


Problem 


Find the solution to the Dirichlet problem for the Poisson equation 
Au =f when xeV-S9V, u=0 when xe FV 


by means of an expansion in eigenfunctions. 
Method: Expand in terms of the eigenfunctions of the homogeneous problem 
for the Helmholtz equation: 


Au + k?u=0 when xe V-9V, 4-0 when xeJgV. 


4. The separation of variables in the Helmholtz equation in cylindrical and 
Spherical coordinates 


We find from formulae (3) and (4) of Chapter XVIII that the Helmholtz 
equation has the forms: 
in cylindrical coordinates v, 9, Z, 


12 a d ES P eu eo, (42) 
and in NN coordinates v, e 9, 
m). — (sin e) +— 1 a amu 
E 37 "us sind T * 72 sino 293 " 
Eqs. (42) and (43) allow separation o of variables. In the case of cylind- 
rical coordinates, if we set 


*k?4 20. (43) 


u = ui(»)ua(e)uatz) (44) 
and substitute this expression into eq. (42), we obtain 
1120(70), 1 Lau, 1 du 


li k2 =0. 
uy rdr ug Y? do? ug dz? + 


Since the term (1/u3)(d2u3/d22) depends only on z and the remaining terms 
do not depend on z, it follows that 


(45) 


2 

11d duy 1 1 d^ 

—- |r + -2-, 
( */ 2 uy dg? 


where ,2 is a constant. If we multiply the second of eqs. (45) by 72, we also 
conclude that 
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2 
1 d^u» _ 4.2 rd dui 2.342 
ug do? AM a ar ar) +H = ae, 
where A2 is also a constant. The numbers m and A? are called the con- 

stants of separation. 
Let us rewrite these equations in the form 


ta (,84 a2 
par ar) a, (46) 
d2u 
z «uy 20, (47) 
2ug 
— - _ p2 = 
i (u2 - k2)ug - 0 . (48) 


Eigenfunctions can be defined by means of the solutions to eqs. (46)- 
(48) for regions that have the shape of a cylinder, a hollow cylinder, or 
either of these with a sector removed by cutting along radial planes. 

For example, let us construct eigenfunctions of the boundary-value 
problem for eq. (42) with the boundary condition 


aS +pu=0 when *Y-79, u-0 when z=+2), (49) 


where f, Yo, and Zo are positive constants. The region V then is a cylinder 
Y*76, El * 29. 


Since the eigenfunctions are single-valued and continuous in the region 
that we are studying, it follows that they must have period 27 with respect 
to the coordinate 9. Therefore, we need to set X2 =n2 (where n=1,2,3,... ) 
in eq. (47). Then, the general solution of eq. (47) will be of the form «2 = 
cos (ng + Wy), where Wy is an arbitrary constant. 

The solutions to Bessel's equation (46), which are regular at v = 0, are 
the Bessel functions Jolu”). Therefore, let us set 41(*») = Jalu”). Since 


d/dn = d/dv , 


on the surface v - vo, if we substitute the expression found for “4(7) in the 
boundary condition (49), we obtain the equations 


auJps (uro) *BJg(urg) =0, 


which determine the admissible values of the constant of separation 42. As 
we know from the theory of Bessel functions, this equation has an infinite 
set of distinct roots i15, 105, . -- smn, Which we shall assume numbered in 
increasing order of magnitude. 

Let us now turn to eq. (48). For i = Hmn?» its general solution is of 
the form 


u3(z) =A sin vz + B cos vz , 
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where 
V MT: - umn? . 


Substituting the expression for the function z3 in the boundary condition 
(49), we obtain the system of homogeneous equations for determining the 
values of the constants A and B: 


A sinvzg + B cosvz29 - 0, 
- A sinvzg + B cosv29 - 0. 


Non-trivial solutions to this system will exist if its determinant is equal to 
zero, that is, if 


sin2vz29 2 0. 


The roots of this equation, numbered in increasing order of magnitude, we 
denote by v]. The constants A and B can then be represented by the expres- 
sion 


Aj-2$c0Svjzo, By -isinvjzo, 
and the general expression for the function ug(z) takes the form 
ug(z) = sinvi(z*zg) . 


When we multiply the expressions that we have found for the functions «41, 
ug, and ug, we get the general expression for the eigenfunctions of the 
problem in question: 


Ulm", p, 7) = Cimn ugs?) cos (np + Wy) sinvi(z* Zo) , 


where Cj are arbitrary constants. The eigenvalues of the problem are 
determined by the relationship 


KI? = v? + lmn - 

We are also interested in writing the general expression for the solu- 
tions to the Helmholtz equation that are of the form u1(rv)uo(q)ug(z) for va- 
riations of ¢ in the interval (0,27). In this case, A2 = n2, where n is an in- 
teger and the solution to eq. (47), as before, is of the form ug = cos(np+ Wy). 
The general solution 4 to Bessel's equation (46) for A2 = n2 we denote by 
Zr(ur). Finally, we write the general solution to eq. (48) in the form u3 = 
cos (vz yy), where v = (RÀ - ), and y, is an arbitrary constant. Thus, 
the general expression for the solution of the form (44) that we are seeking 
can be written in the form 


uy = AZy(uv) cos (np ey) cos(vzew,) (v= Jk? - u2) , (50) 


where A is an arbitrary constant. 

Let us turn to the question of separating the variables in the Helmholtz 
equation written in spherical coordinates. When we substitute the expres- 
sion 4 = v1(v)vo(6)u3(q) into eq. (43) and separate the variables, we obtain 
the equations 
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d dvi 
dr (72 a)t (k?y? ~A)jvy =0, (51) 
1 da, , de m? 
sin@ dð sinó ai) * Q 7 sind) v2 -0, (52) 
d?v3 
——— 2 LE 
ag? + m*va =0, (53) 


where X and m? are constants of Separation. 

When we find the corresponding solutions to these equations, we can 
construct the eigenfunctions of the region having the form of a sphere, a 
hollow sphere, or either of these with a deletion in the form of a circular 
cone having vertex at the center of the sphere or of a lune formed by two 
half-planes which meet along a diameter of the sphere. 

If the region in question encompasses the entire interval of variation of 
9, the function v3(q) must be of period 27. The general solution to eq. (53) 
satisfying this requirement is of the form 


valy) = cos (mo + Ym) , (54) 


where m=1,2,3,... and yj, is an arbitrary constant. 

Eq. (52), for à = n(n + 1), where n is an integer, is the equation for 
associated Legendre polynomials Pym(cos 80). As we know (Chapter XXI), 
the product formed by /multiplying the associated Legendre polynomials by 
functions of the form (54) constitute a complete system of spherical func- 
tions in the intervals 0 < 9 s 27 and 0 € 80 < 7 of variation of the variables 
9 and 0. Therefore, for given intervals of variation of the variables ¢ and 
8, no other products that are linearly independent with these can go into the 
composition of the eigenfunctions. Consequently, if the region in question 
encompasses the entire interval of variation of 0, we need to set A=n(n+ 1). 

Let us turn to eq. (51). For A = n(n«1), we can, by means of the sub- 
stitution w=./7rv4(4, transform it into Bessel's equation of half-integral 
order: 


2 142 

d^w zr fr) -o, (55) 
dv "dr y 

the solution of which we denote by Zy 41m). Then, 


1 
v4(7) = Ty Zn ir) . 


If we multiply the functions v4, v9, and vg, we get the following gen- 
eral expression for the eigenfunctions for regions in which the coordinates 
q and 0 vary in the intervals 0 «0 <a and 0 € q < 2r (sphere and hollow 
sphere): 


Ugin(Y,O ,q) 27: Zg im) Prym(cos 8) cos (mp + Ym) . (56) 


The particular choice of the solution Z% +4. (k2) and the eigenvalues kê are 
determined by the given boundary conditions. 
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For example, let us examine the boundary conditions 


4-0 when vsvg and r=ry (vi* ro), 


corresponding to the Dirichlet problem for a hollow spherical shell with 
internal radius v; and external radius rọ. The general solution of eq. (55) 
is of the form 


2 ni (kr) = Ad, 4iUT) + BY, (kv) ; 
from which, 
va(v) = AS. Ja ikv) + BS. Y, i (ev) . 


Substituting this expression into the given boundary condition, we obtain the 
system of equations for determining A and B: 


Ads i ro) + BY p4 (kro) =0, Ads i (kri) * BY, (Evi) -0 


There will be non-trivial solutions to this system if its determinant is equal 
to zero, that is, for values of the parametar k that satisfy the condition 


Jg, 1 (kro) Ynt (kri) - (kri) Yn 43 (ko) -0. 


The roots of this equation, numbered in increasing order of magnitude, we 
denote by Rjy,. For k = Rin, 


so that we may set 


v3 (7) =+ Ys i (Ruro) Jy ier) - Jn X gro) Ynt Rin”) . 


From this, we obtain the expression for the eigenfunctions of the Dirichlet 
problem stated for a region having the form of a hollow sphere: 


1 
"mp = AImn Zyl Ya igo) Jp 1e) - Init (Rint) Y, (kinn)] 


X Pym(cos6) cos (mo Wm), — (87) 


where the Aj), are arbitrary constants. 


Problems 


1. Show that the eigenfunctions of the boundary problem for eq. (42) under 
the boundary condition 


du 
OG, 70 when Y=% OT Z-ztZg, 


which corresponds to the mixed boundary problem in a cylindrical re- 
gion, are of the form 


416 THE HELMHOLTZ EQUATION [Ch. XXV 


Ub panl 952) = Abg! ns) cos Met Yp) 
X [8 sin w(z *zg) + æv cosvj(z2 +2 9)] , 
where vj is a root of the equation 


2ogv 

ar - g2 

2. Show that the eigenfunctions of the boundary-value problem for eq. (43) 
with the boundary condition 


tan2vzg = 


u=0 when *-*9, 


corresponding to the Dirichlet problem for a sphere, are of the form 
1 
ULmn Ur, 9,9) = Almn Jy Jg 1 (kin) Py (cos 0) cos (mo * vy) , 


where the kzn are roots of the equation 
Jy 4i ro) =0. 


5. Spherically symmetric solutions of the Helmholtz equation in an infinite 
region 


We begin our study of the external boundary-value problem for the 
Helmholtz equation with problems characterized by spherical symmetry. 
Let us examine the external problem 


d?ru 


2 + k?yu - 0. when Y? YO; a% 


an thu =C when r=ro, (58) 


where vo is positive anda, 8, and C are real constants. We shall return to 
the condition at an infinitely distant point later. 

Let us first assume that the parameter k2 is a real positive number 
and let us seek the real solution to the problem (58). From the expression 
(12) for the general spherically symmetric solution to the Helmholtz equa- 
tion, we find that the general expression for the real solution is of the form 


cos kv 4 sin kr 


u(r) =a b y? (59) 
where a and b are arbitrary constants. This solution is regular throughout 
the entire infinite region v 7 vg and it vanishes at infinity. Values for the 
constants a and b can in the general case be chosen without difficulty and in 
an infinite number of ways so that the boundary condition of problem (58) 
will be satisfied. Consequently, the problem (58) has an infinite number of 
regular solutions that vanish at infinity. To understand the meaning of these 
solutions, let us, as in section 2, examine the solutions w(r, £) of the wave 
equation (21) corresponding to them. We multiply the general solution (12) 


by e-iwt, This gives us 
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eilkr-wt) B e-ilkr+wt) 


7 + 7 (60) 


If, in accordance with eq. (22), we make the substitution w = kc in the above 
expression and if we remember that the numbers A and B are complex, we 
easily see that, for real values of k, the real part of this expression can be 
represented in the form 


Ay i cos[h(v - ct) + 8] + By L cos[b(v ct) +8], (61) 


where Aj, B1, and 6 are constants. 

As we shall see right away, this last expression corresponds to two 
systems of spherical waves. Let us examine the first term of the expres- 
sion (61). We can represent the argument of the cosine function in the form 
of a sum 2an +8o, where n is an integer and ĝo is a positive number not 
exceeding 27. To every value of the difference v - ct there correspond val- 
ues of n and 069. We shall call the number 69 the phase of the wave. The 
position of points of like phase represents for the first term of (61) a system 
of spherical surfaces concentric with the surface v - vg. The expression 
k(v - cf) + 8 has a constant value on each of these surfaces. Consequently, 
with the passage of time, their radius v increases with the velocity c. Thus, 
the first term corresponds to a system of spherical waves leaving the sur- 
face v - vg with phase velocity c. In the same way, we can show that the 
second term corresponds to a system of spherical waves converging on the 
surface v = vo from infinity. 

If we regard the surface v = Yo as a source of waves, we must ascribe 
a physical meaning only to the first term of the sum (61), considering the 
term corresponding to the system of waves that originate at infinity as hav- 
ing no physical meaning. Consequently, in the sum (60), and hence in the 
general expression (12) for a spherically symmetric solution to the Helm- 
holtz equation, we must keep one term, namely, the first. 

Let us seek an analytic criterion that will allow us to pick out those 
solutions of the Helmholtz equation that correspond to the diverging waves. 
Consider the functions 


u = eikr/y and v=erikr/y, 
that appear in the general solution (12). When we differentiate these func- 
tions with respect to v, we find that they satisfy the differential relation- 
ships: 
v (ŽE - iku) = -u v (ÈZ + ikv) = -v 
or d ar ` 
Letting r go to approach infinity and noting that 


linz-0, limv=0, 


roa Tec 


we obtain the limiting relationships 
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lim v (S - iku) = 0, lim (S + ie) -0, 
which provide a general analytic criterion that will allow us to distinguish 
the functions u and v by their behaviour at infinity. It is easy to see that, if 
we reverse the positions of u and v, these limiting relationships will not be 
satisfied. 

This criterion becomes trivial when the spherically symmetric solu- 
tions to the Helmholtz equation are considered. However, it is of great 
heuristic value in setting up the general external boundary-value problem 
for this equation. 

First of all, it is natural to try to extend it to an arbitrary system of 
spherical waves with an angular distribution of amplitudes since this dis- 
tribution should not change the general rule of decrease of amplitudes along 
the radii. Also, it is natural to assume that at a sufficiently great distance 
from a bounded region in which a source of waves is located, waves of an 
arbitrary system will be very nearly spherical. Therefore, at a great dis- 
tance from their source an arbitrary system of diverging waves must dis- 
play the same features as does a system of diverging spherical waves; that 
is, the limiting relations 


lim v (5% - iku) = 0 and lim = 0 (62) 
will be observed. This convergence to zero must be uniform as the dis- 
tance increases along an arbitrary radius beginning in the bounded region. 
These relationships, which were first shown by Sommerfeld, are called the 
radiation condition. As we shall prove rigorously, the radiation condition 
ensures a unique solution to the external problem for the Helmholtz equa- 
tion; that is, it plays the same role as does the condition of vanishing at 
infinity in the problems for the Laplace equation. 

Let us return to problem (58). We seek a solution to it that will satisfy 
the radiation condition. As we have shown, the general spherically sym- 
metric solution that satisfies the radiation condition is of the form 


A(eikr/y) , (63) 


Substituting this expression into the boundary condition of the problem (58), 
we obtain the following equation for determining the value of the constant A: 


A el&"o(igk +) =C. (64) 


If we equate separately the real and imaginary parts of this equation, we 
obtain 


A'(B cos kro - ak sinkro) - A"(8 sinkro «ak coskvg) =C, 
A'(B sinkro + ak cos kmo) + A"(B cos ko - ak sinkro) =0 , 


where A and A" denote the real and imaginary parts of the complex num- 
ber A. The determinant of this system 
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A = B2 + ak? 


does not vanish for positive values of k2. Consequently, its solution always 
exists and is unique. In particular, for C = 0, it has only the trivial solu- 
tion A' - A" - 0 so that the homogeneous problem 
d^ru 
dy? 
has no solutions that are not identically equal to zero. This means that in 
an infinite region free vibrations are impossible and only forced wave pro- 


cesses can arise. 
After some simple manipulations, we see that 


C " c ; 
A'=- 5i bee cosk(vrg«vp) , A= * Ji aid Sin Mero ri) ; 


where the constant vp is deter mined by the relationship 


B ak 
krp= ; in krp => . 
cos Erk Ja + k? SIn EYR Jp + k2 


From this, we see that 


+ k27u =0 when Y? fo, aS + Bn =0 when 7*9, (65) 


A-A' iA" = C e ros p (66) 


7 g? * ak2 
Substituting this value of A into the expression (63), we find the solutions 
that we have been seeking: 

c LIF (r-To- 9) 


EN PTT 7 e 


For real values of k, this solution is always complex. 

Let us now examine the general case, assuming that k is an arbitrary 
complex number. If we denote by k = k'+ik" the square root of k2 , whose 
real part k'is positive, we can transform the general expression (12) for a 
spherically symmetric solution into the form 


ikty n eik'r 
A e-E'r 2, Bok r2 . (68) 


It is easy to show that, as before, the first term of this sum 


ope elE Y 
A eil Y v . (69) 


corresponds to a system of diverging waves. However, depending on the 
sign of k'j it may either become infinitesimally small or increase without 
bound. 

To grasp the meaning of this result, we use a well-known proposition 
in the theory of oscillations, according to which the flow of energy trans- 
mitted by a wave through an area dS normal to the direction of its propaga- 
tion, is equal to q|u|4?dS, where |u| is the modulus of the amplitude of the 
wave and q is a constant depending on the choice of the unit. 
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For k" = 0, we found the solution (67) such that 
|? _ 0 
»?(g? + a?k?) 

For this value of |z| 2 the energy flow through an arbitrary spherical sur- 
face * - constant, of constant phase of the wave is equal to 
a 

82 + ak2’ 
that is, it does not depend on v. In other words, the energy of the wave is 


conserved as it is propagated. In contrast, for k" + 0, we obtain from the 
expression (69) 


Ju 


4 


Al? k" 
MLES e-2E"v | 
ye 


If k" is positive, the value of |x| 2 will decrease exponentially as v in- 
creases, that is, much faster than the area 4nr2 of the spherical surface of 
constant phase increases. Consequently, the energy of the wave will be dis- 
persed exponentially. However, if k" is negative the energy of the wave will 
increase exponentially as it gets farther from the region of its formation. 
This process has no physical meaning for an infinite space and therefore 
must be excluded from our examination. 

Thus, the quantity k" characterizes the dispersion of energy in a me- 
dium that transmits a wave process and is called the complex absorption of 
the medium. 

It is useful to show the connection between the sign of the imaginary 
part of the ameter k? and the sign of the complex absorption. Let us 
represent k^ in trigonometric form: 


k2 = |k2| (cos20+isin20)  (-ir«8«im. 
The two values of the root of this expression are 
+ | R2| (cos 8 +i sin 8). 
Above, we denoted by k the root with positive real parts. Since 
cos 8 70, 
we have 


k=/|k2| (cos@+isiné). 


For -ir < @< im, the functions sin @ and sin20 have the same sign. Conse- 
quently, the sign of the complex absorption coincides with the sign of the 
imaginary part Im k2 of the parameter ká. Therefore, in the case of actual 
media, Im k2 is non-negative. 

The condition of radiation for media with positive complex absorption 
obviously can be defined as the condition of exponential convergence of the 
solution to zero at an infinite distance from the wave source. The condition 
of radiation can also be formulated in the form of the equations 
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" te 
lim el? |, (3 - iu) - o, lim el# luz, (70) 
which become eqs. (62) when k" = 0. The verification of this formulation is 
left to the reader. 

Let us now find an expression for the solution to problem (58) when 
k" + 0 that satisfies the boundary condition of the problem. If we substitute 
the expression (69) into the boundary condition, we obtain the following 
equation for determining the constant A: 


ND ib! 
A e Fro d To p +8 on) = C. (11) 
This equation can be obtained from eq. (64) by the substitutions 


-k'r 
A-Ae C, hg-kv9, ochk-ok', p-g-ok". 
Consequently, the solution to the problem (58) for the case in question can 
be obtained by making the analogous substitutions in the expression (67) 
This gives us 

ei (7-70-7p) 
B C -E'ya ol, (72) 


Hu /(B - ok")? «o2? e Y 


where the constant rp satisfies the relations 


cos k'rp "und at , sink'r, = ar . 
(B - ok")? +k’? Jg - og")? - e? 


The expression (8 - ok")2+a2k'2 in the denominator of the solution (72) 
is the determinant of the system: of linear equations determining the com - 
plex constant A. For k" + 0 and for arbitrary real values of « and fj, this 
determinant does not vanish. Consequently, the problem (58) has a unique 
solution, and the homogeneous problem (65) corresponding to it has no so- 
lution not identically equal to zero. 

If k' = 0 (that is, if the parameter k2 is a negative real number), the 
expression (72) will be of the form 

C ekr 
un B-ak" + 
It follows from the expression (71) that in the given case, for 8 - ok" = 0, 
the problem (57) has no solution since the homogeneous problem corre- 
sponding to it has solutions of the form A(e7À" */5) for an arbitrary value of 
the constant A. These solutions correspond to self-excitation on the boun- 
dary, discussed in section 2. 

Let us briefly pause for the case of two dimensions. The solutions to 
the Helmholtz equation that are circularly symmetric satisfy the zero order 
Bessel equation 


duoi 


+ 
a? Y 


The general solution of this equation can be represented in the form 


du _ 
dr * Ree - 0. (73) 
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u(r) = ABS D (ev) + BH (kv) , (74) 


where A and B are arbitrary constants and Ho(1) (bv) and Ho(2) (ey) are Han- 
kel functions of the first and second kind (see Chapter XII, section 6). 
This form of the solution corresponds to the solution, expressed in terms 
of the exponential functions elÉ" and e-ik’, for space. In real form (for 
real k), the solution (74) is expressed in Bessel and Weber functions: 


u(r) = aJo(ky) + bYo(kv) , 


where a and b are real constants. 

The particular solution Jo(kr) (like r-l sinkv in the three-dimensional 
case) is regular over the entire plane but the solution Yọo(kr) becomes in- 
finite, of the order of ln(1/») at the point v = 0. Using the asymptotic ex- 
pansions of Hankel functions (64) of Chapter XII 


i(kbv-iT7) ikr-17) 
Ho (D (Ry) ~ 2 UE ; ADIT ~ 2 BUE , (75) 


we find that the solutions in question approach zero at infinity. 

By using formulae (74) and (75), it is easy to construct systems of 
solutions that correspond to the divergent and convergent waves. Then, the 
system of waves that diverge at infinity can, for a real value of the param- 
eter b, be singled out by means of the radiation condition: 


: au : 
um /7 (5, - thu) =0, dimus. qe 


It is suggested that the reader derive the radiation condition on a plane for 
an arbitrary complex value of the parameter k. 


Problems 


1. Assume that the coefficient 8 in the boundary condition of the problem 
(58) can have complex values. Show that a condition of self-excitation on 
the boundary will be attained for 8 = (R"+ik')a. 


2. Show that if we take the time factor not in the form e-19f but in the form 
ewt, the minus sign in front of the term iku must be changed to plus in 
the radiation conditions (62) and (76). 


3. Show that the Hankel function Ho (D (y) of the first kind satisfies the ra- 
diation condition (76) and that the Hankel function Ho(2) (ky) of the second 
kind does not satisfy it. 


6. Integral formulae 


We saw in sections 2 and 5 that the function 
eikr/y , (77) 
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where * is the radius vector of a spherical system of coordinates, is a so- 
lution to the Helmholtz equation for y + 0. In the expression (77), the letter 
r obviously may be understood as the distance from a variable point ¢ to an 
arbitrary fixed point x. The expression (77) is then a solution to the Helm- 
holtz equation Agu + ku = 0, stated in arbitrdry coordinates, for all £ * x. 
Because of the symmetry of the expression (77) with respect to the coordi- 
nates of the point £ and x, it will also satisfy the equation Ayu + ku = 0, in 
which the differentiation is with respect to the coordinates of the point x. 
Consider the function 


ikr 
LED = a; Eoen], (78) 


where q(£,x) is a solution to the Helmholtz equation Aro +k2@ = 0, which is 
regular in some region V. We shall call the function L(£,x) the fundamentai 
solution of this equation 1n the region V. 

If £ = x, the fundamental solutions of the Helmholtz and Laplace equa- 
tions approach infinity as functions of the same order. Therefore, the fun- 
damental solutions of the Helmholtz equation satisfy a number of the same 
integral relationships as do those of the Laplace equation. We shall give 
these relationships without proof. The proofs are almost word for word the 
same as those in Chapters XVIII and XIX. By using Green's theorem (7) of 
Chapter XVII and passing to the limit, we obtain the relationship 


Jež- as- 


where Ry is 3-dimensional space, V is a bounded region, and u(x) is a 
regular solution of the Helmholtz equation that, along with its first deriva- 
tive, is continuous in the region V. This formula is analogous to formula 
(44) of Chapter XVIII. 

Let us suppose now that the function (x) is a regular solution of the 
Helmholtz equation in an infinite region V and that it satisfies the radiation 
condition (62) at infinity. Suppose that Vg is a finite subregion of the region 
V and that it is contained within some sphere 2 Let us apply formula (79) 
to the region Vg, making the substitution L(E, x) = (1/41) (eifr/7. This gives 


perseae Ha og a 


0 whenxe Rg-Vg , 
u(x) when x € Vg-FVg. 


0 whenxe Rg-V, (79) 
u(x) whenxe V-FV, 


(80) 


The integral over Fo can be written in the form of the sum 
ikv ikv 
[[ «ass [jet e- iku) as . 
Fo y2 Fó Y \ar 


Since the function « satisfies the radiation condition, as the radius of the 
surface Fo increases without bound, both terms of this sum approach zero. 
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Let us consider, for example, the second term. Remembering inat, De- 
cause of the radiation condition, the imaginary part of k is non-negative, 


we see that 
kr 
ie (34 - iku) as} < Fe e)l of 


where 


> (2s - 22] H 


is the greatest absolute value of 


(Ge) 


ME 


go 7? 


is bounded, when the radius of the surface Yo increases without bound, the 
right side of this inequality approaches zero in accordance with the condi- 
tion of radiation. It can be proved in an analogous way that the first term of 
the sum approaches zero. Thus, if we take the limit in the relationship (80) 
as the radius of the surface Yo increases without bound, we obtain 


slt Se e 


By using this formula, let us show that the regular solutions of the 
Helmholtz equation that satisfy the radiation condition decrease at least as 
fast as 1/v as v approaches infinity. We take for FV a spherical surface 
with center at an arbitrarily chosen point 6. We choose the radius of the 
surface FV sufficiently large that in an infinite region V with surface FV as 
its boundary, the function u is everywhere defined and is a regular solution 
of the Helmholtz equation. Suppose that R is the distance between the points 
€ and x, that 71 is the distance between the point ¢ and a variable point £ on 
the surface FV, and that y is the angle between the segment Ux and T£. 
Then, as R becomes infinitely great, 


on ¥o. Since the integral 


0 when x e Rg-V, 
u(x) whenxe V-9V. 


(81) 


v1? Y1 
"i -2 g cosy = R[1+0(1)] , 


where o(1) denotes a set of infinitesimal terms. Using this expression, let 
us write formula (81) in the form 


ikr 
u(x) = T HW (exp [ikri cos v] E -u E exp [ikr] cos vJ) as [1*0(1)] 
V 


r= R24712-2Rr, cosy =R 1+ 


(x e V-9V). 
If we note that the integral on the right hand side, which is taken over the 
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bounded surface FV, is known to be bounded and that the quantities R and v 
are of the same order, we obtain the following evaluation, valid for large 
values of v: 


u(x) = e-F"" O(1/r) , (82) 


where O(1/7) is a factor of the same order as 1/7 and k"' is the imaginary 
part of k. This formula proves the assertion made. 

Now, formula (81) can be generalized to the case of an arbitrary fun- 
damental solution L(£,x). For in the derivation of this formula, we used the 
fact that the fundamental solution v71 elkr decreases as 1/r at infinity. But, 
from what has been said, an arbitrary fundamental solution must have this 
property. Therefore, for an infinite region, we obtain a formula coinciding 
with formula (79). 

Finally, let us suppose that w is a solution to the Helmholtz equation 
that is regular throughout all space and that satisfies the radiation condition 
at infinity. Suppose that x is an arbitrary point and that o is a sphere of ra- 
dius * with center at the point x. Let us use formula (79) to express the 
value of the function « at the point x in terms of its values on the surface of 
the sphere, d/dn = 90/àv, we obtain 


u(x) MES Er ECOL [p +r (Se. iku) | as . 


As y increases without bound, the integral on the right hand side approaches 
zero and since the value of u(x) does not depend on v, it must be identically 
equal to zero. 

It follows from the fact that the point x is chosen arbitrarily that the 
solution to the Helmholtz equation which is regular throughout all space and 
which satisfies the radiation condition is identically equal to zero. In physi- 
cal terms, this means that when there are no sources of radiation (points at 
which the solution ig not regular), a steady-state system of waves that di- 
verge at infinity is impossible. 

By analogy with Newtonian potentials, let us define the functions 


v(x) = Ho e? av j (83) 

D(x) = Í Í p em as , (84) 
S 

a(x) = JJ po ee as , (85) 


which we shall call the vibrational potentials of a volume, of a single layer, 
and of a double layer, respectively. Since the factors el** do not change the 
conditions of convergence oi the integrals at the point r = 0, all the analytic 
properties of Newtonian potentials are carried over to the vibrational po- 
tentials. Let us enumarete the basic properties of these. 

A volume vibrational potential (83) with a density which is integrable 
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and whose integral is bounded is continuous throughout all space. Its first 
derivatives can be computed by differentiation under the integral sign, and 
if the density p is uniformly bounded, the first derivative will be continuous 
throughout all space. At points at which the density p is differentiable, the 
second derivatives of the potential exist and satisfy the inhomogeneous 
Helmholtz equation 


AT + kv = -4p . 


The vibrational potential of a single layer (84) is continuous throughout 
all space. At points not belonging to the layer, it is infinitely many times 
differentiable and it satisfies the homogeneous Helmholtz equation 
AD + k2p = 0; at points ¢ of the layer, its normal derivatives satisfy the 
equation 


dng E + 220(0) D dni -ün. 2np(t) , (86) 


where dv/dng and dv/dn; are the limiting values of the normal derivatives 
as the point 6 is approached from without and within the surface S, respec- 


tively, and 
im ras, C729, 


which we call the direct value of the normal derivatives at the point € of the 
layer. 

The vibrational potential of a double layer (85) at points outside the 
layer is infinitely many times differentiable and satisfies the Helmholtz 
equation AJ + k2p = 0, and at pbints ¢ of the layer it satisfies the equations 


Dell) =To(€) - 220(0) , — vi(t) = Fol) + 220(t) , (87) 


where Jel) and 3;(¢) are the limiting values of the potential as the point ¢ 
is approached from without and within S, respectively, and a(€) is the di- 
rect value of the potential at the point ¢. 

The boundary-value problems for the Helmholtz equation, like those 
for the Laplace and Poisson equations, admit the construction of Green's 
functions, by means of which the solution of the problem can be written in 
integral form. These Green's functions can describe fields arising from 
point sources. 

For example, let us consider the relationship determining the Green's 
function of Dirichlet's problem: 


Au + ku -0 when xeV-9V, u-w when xe FV (88) 


We shall define the function q(5,x) that appears in the general expression 
for the fundamental solution (78) as a solution of the boundary problem 


AQ *k)o 2-0 when x,EeV-9V, 
ọ =- eÌkr/y when tegV,xeV-gv. 


In this case, the fundamental solution (78) vanishes on the boundary of the 
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region in question and formula (79), in view of the boundary condition of the 
problem (88), gives 


u(x) = - M dast , (89) 


where 


ib 
6-663 = 4 P7 «eta 


The fundamental solution G(E , x) represents Green's function of the problem 
(88). It can be shown that Green's function G(£, x) exists if the solution to 
the problem (88) is unique. If it is not, we can still construct a function 
G(E, x), known as the generalized Green's function, such that formula (89) 
will hold. We shall speak in greater detail of this in Chapter XXVII. 


Problems 


1. Show by direct differentiation that the function r-leiky, where 


3 
r= V2 (xa- Eq)? 


a=1 
satisfies the Helmholtz equation. 


2. Show that, in contrast with harmonic functions, the derivatives of the 
regular solutions of the Helmholtz equation need not satisfy the condition 


lim 72 <% (i=1,2,3). 


yo 


3. Show that the boundary -value problem of the non-homogeneous equation 
Au + ku =f can be reduced to the boundary-value problem for the homo- 
geneous equation Au « &2u1 = 0. 

Method: Set u = 41«v, where v is the volume vibrational potential with 
density p = -(1/4n)f. 


4. Show that Green's function of the boundary-value problem (88) is sym- 
metric with respect to both its arguments, that is, that G(E,x) = G(x, £). 


5. Consider Dirichlet's boundary-value problem Au +k24=0 when x belongs 
to V- ZV and u - y when x belongs to FV. Assume that the solution to 
this boundary-value problem can be represented in the form of the vi- 
brational potential of a double layer: 


«jfi T ema 


Show that the density p satisfies the Fredholm integral equation of the 
Second kind: 
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- -d seik 
bs [Ioa Cr dS-y. 


Method: Use formula (79). 


. Suppose that G(£,x) is Green's function of the Laplacian operator (that is, 


that AgG(E,x) = 0 when £ + x) that satisfies the homogeneous boundary 
condition 


dG 
aa, * PG =O when £eZ7V,xeV-9gv. 
Show that the solution z of the homogeneous boundary-value problem for 
the Helmholtz equation 


Au + k)u - 0. when xeV-JV, a. Bu =0 when xe FV, 


satisfies the homogeneous Fredholm integral equation of the second kind: 


u- è [ff cuay =o. 
[4 


Method: Write the Helmholtz equation in the form Au = -k2u and use 
formula (67) of Chapter XVIII. 


. Assume that z is a regular solution of the Helmholtz equation in a bound- 


ed region V and that it has continuous first derivatives in that region. 
Derive the formula 


3 
HAE gu ave [eras 


Then use this formula to show the uniqueness of the solutions of the Di- 
richlet and Neumann problems for the Helmholtz equation with negative 
k2 in the class of functions that are continuous and that have continuous 
first derivatives in the region V. 

Method: Make the substitutions of «2 for « and 1 for v in Green's the- 
orem (7) of Chapter XVII. 


. Series expansions in particular solutions of the Helmholtz equation in an 


infimite vegion 


We introduce the spherical coordinates v, 0, and ọ. Suppose that 


u(r, 0, q) is a solution to the Helmholtz equation which is regular for * > 7g 
and which satisfies the radiation condition. Within the region of regularity, 
the function 4 can be expanded in a series of spherical functions (Chapter 
XXI, section 3): 


9o o 
u= à (aso) Pa(cos0) + à [29g (7) cos AP *bag(r) sin By] Pag(cos 6)) . (90) 


Ch. XXV] THE HELMHOLTZ EQUATION 429 


Let us show that, up to a factor that is independent of the coordinate, the 
coefficients awo, aag and bag in this series are, for every fixed € =n, equal 
to the functions 


hy (er) = /n72&r Hu Pk) (m-0,1,2,.., 0g em), — (91) 


where Hg i (kr) represents a Hankel function of the first kind and of half- 
integral order. 

We use the particular solution (56) of the Helmholtz equation in rie 
cal coordinates and we set Zy 1 (kv) = Hy 4 )(kv). With the notation (91), it 
takes the form 


Unm = hnlkr) P4 (cos0) cos (mo +ym) (Q<m<n), (92) 


where we set Pyo(cos9) = Pp(cos8). It is easy to show that the functionuym 
is a solution to the Helmholtz equation in spherical coordinates that is reg- 
ular in an arbitrary region not containing the point * = 0 and that satisfies 
the radiation condition. 

Suppose that Zo and = are two spherical surfaces with radii rọ and 
Y> vg with center at the point v - 0. Let us apply Green's theorem (7) of 
Chapter XVII to the functions u and “ym in the region V between the sur- 
faces Zo and Z. Since the functions u and 4,4,, by hypothesis satisfy the 
Helmholtz equation, we have 


J | Jew tam - Um Au) dV =0, 


and therefore, 
I! (u “nm - unm S) s - ff (unm -u 


For large values of 7, it follows from the radiation condition and from the 
approximation (82) that 


du/ðr = iku + O(1/72),  dunm/Ər = ikunm + O(1/72) , 
u =0(1/r), tam = O01/7) , 


(93) 


from which 


ou dnm 
Unm 3y ` u— = 00/0) . 


Therefore, the integral on the right hand side of eq. (93) approaches zero 
as y increases without bound and since the integral on the left hand side of 
this equation is independent of v, we have 


MILLS unt) as = 0. 


Let us substitute in this equation the expressions for the functions u and 
unm given by eqs. (90) and (92). Recalling the orthogonality relationship 
for spherical functions (Chapter XXI, section 2), we obtain, after integrat- 
ing over 2, 
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hy (kr) M [Cam@nm) + Dumdnm)] = [Cua m 7 + Pnm?nm)] 2 h,{er) 


(0<m<n), 


or, because of the arbitrariness of the values of Cym and Dnm, 


Pan (v) 9h, (kv) 8b, s, (v) 8h, (kr) 
har) —37 — "anm ay ^» — nr) — 5; = bmi) —5,—- 


It then follows that h,(kr), anm(r), and bym(r) differ from each other only 
by a factor independent of y since otherwise the above equations could not 
hold. Thus, our assertion is proven. 

If we set 


anml”) = Anmin(kr), — bam) = Bnmhnlkr) , 


where Anm and Bnm are independent of the coordinates and if we substitute 
these expressions into the series (90), we obtain 
oo 
u= > hok) À P, ag(cos 8) [Aog cospe + Byg singg] . (94) 
a=0 
This proves the sossibility of expanding a solution to the Helmholtz equation 
in a series of particular solutions of the form (56). 

If we multiply the series (94) by the complex conjugate series and if we 
take into consideration the orthogonality relationship for spherical functions 
(Chapter XXI, section 3), we can compute the integral of this product over 
the surface Fo of some sphere c. The result is 


[Jiu as= 2 Mm gay Pl halen)? 


x [|Aqol? +4 À iP (lAggl? +1Bogl”)} — (05) 


The following assertion, known as the damen lemma. of the theory of 
the Helmholtz equation, follows from this relationship: a solution to the 
Helmholtz equation that is regular in an infinite region, that has k real, and 
that satisfies at infinity both the radiation condition and the condition 


lim [f 1u2as-o, (96) 
T9 Fo 


where c is a sphere of radius v, is identically equal to zero. For, if kis 
real, the expression 


P| gle? =E vl Hye) (er) |? 


does not approach zero as * increases without bound. Therefore, eq. (95) 
and the condition (96) can both be satisfied only when 


Aag = Bag = O, Osas, Ossa. 
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But since all the coefficients of the series (94) are equal to zero, u must 
also be equal to zero. This proves the lemma. 


8*. Questions concerning the uniqueness of solutions to the external boun- 
dary-value problems for the Helmholtz equation 


We have touched on the problem of the uniqueness of the solution to the 
internal boundary-value problem for the Helmholtz equation and have for- 
mulated a pair of alternatives (see section 2) according to which the solu- 
tions of the internal problem are always unique up to additive factors cor- 
responding to the free vibrations. 

Let us turn now to the external boundary value problem. We first prove 
the following uniqueness theorem: 


THEOREM. The solution of the external boundary-value problems of 
Dirichlet and Neumam for the Helmholtz equation 


Au+Ru=0, k=k'+ik", 
in the class of regular functions that satisfy the radiation condition 


M 
lim el 17, (2 - iu) =0, limu-0, (97) 


yo yo 
is unique. 


To prove this theorem, it is sufficient to show that the solutions of the 
external homogeneous problems of Dirichlet and Neumann that satisfy the 
radiation condition are identically equal to zero. 

Suppose that V is an infinite region in which we are seeking a solution 
to the problem, that FV is its boundary, and that © is a spherical surface 
of radius v containing the surface FV inside it. 

Let us consider the positive- -definite form 


eÈ CE 5 ay), (98) 


ni 


where 
v = Re ecickt y, (99) 
We note that the function v satisfies the wave equation 
1 32v 
AU-z-—.. (100) 
cà at? 


This can be seen to follow also from the fact that the function u satisfies 
the Helmholtz equation, so that 
9 7 - Re (- k2 erickt u)-Re enickt Au =A Re e7ickt y = Av 


? 


If we differentiate C with respect to £, we get 
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3 
8€ _ y 3v aw _ 1 8v 0?» 
at a1 Ixy OXe at c? at ar? 
Let us substitute in the term on the right the expression for (1/c2)(? 2» /at2) 
given by eq. (100). After certain uncomplicated transformations, we obtain 


3 
ae _ 9 av w 
Ot w21 Xa at Ixa 


If we now apply Gauss's theorem to d¢/dt in the region V* between the sur- 
faces FV and £, we obtain 


a SJS eav- I Irssss ff mas, (101) 


where Tj is the component of the vector T that is normal to the boundaries 
SV and £, the components of T along the axes being determined by 


.9v ðv 


Í Bt ax; (j= 1,2,3). 
It is clear from the expressions for Tj that 
.8v dv 
D^ at dn‘ 


Let us use eq. (99) to express v in terms of v. Using the notation 
k-k -ik", usu ciu", (102) 
where £' and $" on the one hand and z' and z" on the other are the real and 


imaginary parts of k and u, respectively, we then rewrite eq. (99) in the 
form 


v = eCE"t (u' cos ck't + u" sinck'l). (103) 


' t 19 
av dv. c e2ck"t we cos ck't + 2 sin ck't) 
n dn 


[*?] 
[d 
a 
2 


x [(R'w* + k'u") cos ck't + (E'u" - k'u’) sin ck't] . (104) 


The normal component of T, Ty, is zero on JV for either of the boundary 
conditions u = 0 or du/dz = 0, x belongs to FV, so that the integral over FV 
in formula (101) is equal to zero. 

To evaluate the integral over 2, we use the radiation condition (70) and 
the evaluation (82): 


as y- œ une lt" 


O(1/7) , (105) 


which, in the notations (102), we represent in the form 
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|p" -| pt 
u'-e |k I* o») , u"z-e lk It o(1/7) ; 
al'l SUI) 
aut " ut _ ou" n 
-gy = Ru + k'u" + of? —): - 3r = k'u" - k'u' + o($— —— 2—). 


Here, the symbol o(¢) denotes the set of terms of higher order of smallness 
than ©. Substituting these evaluations into formula (104) and remembering 
that d/dn = 3/ər, on E, we obtain 


Tp = - c e2Ck"É [(k"u' + k'u") cosck't 
eel k'ir 
+ (k"u" - k'u') sin cit? * «(6 —,—) d 
from which it is clear that 


um 2; J [J eav 


=- cete lim ff one t k'u") cos ck't + (k"u" - k'u') sin cit]? dS. (106) 
Tan E 


If k" + 0, the integrand of the integral over © represents an infinite- 
simal quantity in comparison with 1/72. Therefore, this integral approaches 
zero as y increases without bound, with the result that 


acl |Jeaveo, J Í £ av = constant. (107) 


We now substitute in these equations the value of C given by eq. (98), 
keeping formula (103) in mind and setting £ = 0 once and / = £ once. We then 
conclude, on the basis of the relationship (107), that, for all £, 


IÈ GES + c2(b"u" + k'u") je 
= e2Ck"t cos ck't Hi [i Gr) an c2(k"u' + k'u") ?|av 
+ e2 CF" t sin chit [n M + c2(ku" - ew? dV 


+ 2e2Ck"t cos ck't sinck't f [2 5 oul gu" 
V 


-1 Ixa REZA 


+ c2(k"u' + k'u") (k"u" - jew?) dV. 


This is possible only if all the integrals appearing here are equal to 
zero. Since the integrands of the integrals that are coefficients of cosck't 
and sinck't are non-negative, it follows that, in the region V, k'u'+k'u''=0 
and k'u" - k'u' 20 , which implies that in this region «' =u" - 0 and is 
identically equal to zero. Thus, the theorem is proven for k" + 0. 
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If k" = 0, the relations (98) and (103) imply that 
I f f c dV 
V 


is a periodic function of time and hence that its derivative with respect to £ 
changes sign infinitely many times. But the right side of eq. (106) has a 
definite sign. Therefore, eq. (106) is possible only if both sides are equal 
to zero; hence, 


lim Hh o cos ck't + u' sinck't)2 dS - 0. 
Tao 2 


For arbitrary £, this is possible only if 


lim fw2as= tim [ fw2as=0, 
z roe y 


Y-o 


from which it follows that 
lim Í | lu? as- o. 
Yao Di 


It then follows on the basis of the fundamental lemma of the theory of the 
Helmholtz equation (see section 7) that u is identically equal to zero in the 
region V. This completes the proof of the theorem. 
It is easy to show that the theorem can also be proven if, for k" # 0, 
the radiation condition is taken not in the form (70) but in the form 
linz-0, k">0, 


Yao 


since the vanishing of the integral 


Jj Tp aS 


as v increases without bound is ensured by the exponential decrease, shown 
by (82), of the functions w' and u". 

The reader will find it interesting to attempt to extend this proof to the 
mixed external problem. 


Problems 


Show that the considerations which, for k" + 0, lead to the proof of the 
uniqueness theorem after eq. (93) is established do not lead to this result 
when #" = 0. 


Chapter XXVI 


THE EMISSION AND SCATTERING OF SOUND 


1. The fundamental relationships for sound fields 


In this chapter, we shall examine a number of problems relating to the 
emission of sound waves, that is, waves representing small oscillations of 
some elastic medium. In connection with this, we recall the basic relation- 
ship regarding sound waves (see Chapter VI, section 2) and we shall trans- 
form them to a form that is more suitable for our purposes. 

The velocity potential of particles of a non-viscous sound transmitting 
medium obeys the wave equation (27) of Chapter VI, which, in the case of 
steady-state sound vibrations that take place with angular frequency w, can 
be replaced by the Helmholtz equation 


Au + ku - 0, (1) 


where 4 is the amplitude of the oscillations of the potential and where k2 = 
w2/a2; a is the velocity of sound in the medium. 

We note that we are using for the amplitude of the potential the same 
notation u that we used in Chapter VI for the potential itself. The potential 
in our present notation is represented by the expression u e`iwt, Hence- 
forth, for the amplitudes of the vibrations, we shall use the notations that 
are used for the quantities themselves. Here, we shall dispense with the 
word "amplitude" and speak simply of the potential, velocity, etc., instead 
of the amplitude of the potential, the amplitude of the velocity, etc. This is 
more convenient in that we need not introduce new symbols, and thus we 
simplify the terminology; when used cautiously, it cannot lead to misunder- 
standing. Transforming from the general equations for the oscillations to 
the equations for steady-state oscillations will then be quite simple. When 
we introduce the time dependence by a factor e~iwf, the transformation is 
reduced to the substitution 


a/at ^ -iw . (2) 


The retention of this notation is also justified by the fact that in a steady 
state, the amplitude field gives a complete solution to the entire problem by 
determining, in particular, the fields of the vibrating quantities themselves. 

According to the definition of velocity potential, the projection of the 
velocity of motion of the medium in the direction Z is 


vy = 9u/Al . (3) 


The velocity of the medium is related to the pressure p in the medium as 
shown in eqs. (12) of Chapter VI, which on the basis of (2) can be written in 
the form 
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__ i 8p 
v= pw al? (4) 
where p is the density of the medium. It now follows from eqs. (3) and (4) 
that 

8p , du. 

a] ^99 3, = ipwr, . (5) 
Since acoustic vibrations are small vibrations, we will not introduce any 
significant error in the determination of p in (5) by assuming the quantity p 
to be equal to the density Po of the undisturbed medium and, under this as- 
sumption, we can integrate it with respect to Z. This gives us 


b = ipgou + constant . 
It then follows from this and eq. (1) that 
Ap + kp «0; (6) 


that is, the pressure (the amplitude of the pressure oscillations) satisfies 
the Helmholtz equation. 

In acoustic theory, we have the concept of the intensity I of sound. It is 
defined by the equation 


I = | pl2/2pa . (7) 


The intensity of a sound wave is equal to the rate at which energy transmit- 
ted by a wave flows through a unit area perpendicular to the direction of 
propagation of the wave. 


2. The acoustic field of a vibrating cylinder 


Let us suppose that a cylinder of radius 7g undergoes small harmonic 
oscillations of amplitude b in a direction perpendicular to its axis. Let us 
find the steady-state acoustic field that arises in this situation. 

As was shown in section 1, the field of the pressure of a sound wave 
satisfies the Helmholtz equation (6) so that the mathematical statement of 
the problems that we are considering consist now in establishing the boun- 
dary conditions. We introduce cylindrical coordinates (7,¢,2) with the 
z-axis directed along the axis of the cylinder at that instant at which the 
cylinder is in its equilibrium position. We put the plane from which the an- 
gles 9 are measured into coincidence with the plane of vibration of the cy- 
linder. If the cylinder vibrates with a velocity that does not exceed the ve- 
locity of sound in the medium, as we shall assume, no vacuum will be 
formed between the medium and the cylinder. Therefore, the velocity of the 
motion of the medium in the direction perpendicular to the surface of the 
cylinder coincides with the radial velocity of the motion of this surface: 


Uy = wbcos o. 


From formula (5), we then conclude that the boundary condition of the prob- 
lem in question is 
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8p = ipsu? 

3r rro ^ ipgw“b cos Q . (8) 
Also, at infinity, the radiation condition (62) of Chapter XXV must be sat- 
isfied: 


er (8b _ 
lim p=0, lim (27 ikp) =0. (9) 


To find the solution P, we use the results of section 4 of Chapter XXV, 
where we saw that particular solutions of the Helmholtz equation can be 
represented by formula (50): 


u = AZy(uv) cos(np + Wy) cos(vz -,) w= M - u2) . 


One of these will be the solution to our problem. 

In the case in question, there is no dependence on z. Therefore, v - 0 
and » = k. Furthermore, on the basis of the boundary condition (8) the de- 
pendence on q must be expressed only in terms of the factor cos o, which 
is possible only if n = 1 and V, = 0. Finally, in order to have the radiation 
condition satisfied as r becomes infinitely great, we choose the Hankel 
function of the first kind Hy) (Ry) as our solution Z1(Er) of Bessel's equa- 
tion. Thus, the choice of a solution from among a number of solutions of 
the form (50) of Chapter XXV is unique and we obtain 


b = AH, (Ez) cos o , (10) 


where A is a constant to be determined from the boundary condition (8). 
This gives us 


(1) 
A 4 ) cos Q = ipow?b cos Q , 
Y=Yo 
from which, 
2 
ip,w“b 
^^ GD array aD 
( 1 v, Y-Yo 
If 

krg = 20v9/A « 1, (12) 


where A is the wavelength of the oscillation of angular frequency w, that is, 
if the length of the sound wave is much greater than the perimeter of the 
cross section of the cylinder (wire), we may compute the value of A by us- 
ing the relations (18) and (61) of Chapter XII. Then, for n - 1 and small 
values of x = kr - ov/a, we obtain 
2i- ~ __2ia 
tkr twr’ 
where a is the velocity of sound in the medium. Then, 

(288 x 2ia 
dr Y=Yo Tov? 


Hyer) z- 
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and 
3, 2 
"o)9v,^b 
Aw ero Pho 


2a (13) 


Let us investigate the behaviour of the solution that we have obtained at 
large distances from the cylinder, that is, for 


kr 220Y/A > 1. 
If we use the asymptotic representation (64) of Chapter XII, we obtain 
H D (by) = ./27akr exp [1(er-11)] . 
Then from eq. (10), 
exp [i(kr-4)] 
——————— cos 
J| kr 


If we apply formula (4) and note that k = w/a, we can find the compo- 
nents of the vector velocity of the medium at great distances from the cyl- 
inder. The radial component is 


A i(er-i 
op cg js RUPEM Qd) eon 


b-AÀ 42v (14) 


and the tangential component is 
i(Er-17 
A Wy exp [i( i )] 51 


Up =-i 


Discarding terms of higher order of smallness than r-i, we obtain 


vy = ya A. 99 [i(kr-łr)] 
Pow Jer 
that is, at a great distance from the cylinder, the motion of the medium is 
basically radial and the tangential components of the velocity decrease 
faster (as dr-3) than do the radial components, which go as /v-1. 

Finally, let us determine the intensity 7 of the acoustic field — the quan- 
tity that is of the greatest practical interest. From formulae (7), (14), and 
(15), we obtain 


cosy, o0, (15) 


2 
A s?o (16) 


I= co 
TWPor 


or, for a string, 

Tpgb?2r uS 

7 4a?r 

Thus, the energy flux of the acoustic field of a vibrating cylinder decreases 
in proportion to the first power of the distance. It falls very rapidly witha 
decrease in the cross section of the cylinder or of the frequency. This last 
fact explains one of the reasons why the base strings of musical instru- 
ments must be thick. In a plane perpendicular to the plane of the vibrations 


cos 2o . (17) 
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of the cylinder, there is no acoustic field (or, more precisely, it is deter- 
mined only by a rapidly decreasing tangential component). 


Problems 


1. Compute the acoustic field of a pulsating infinite cylinder (that is, of a 
cylinder whose radius changes periodically). 


2. Determine the energy emitted from a unit of area of a vibrating and of a 
pulsating cylinder. 
Method: Integrate the expression for I and apply the results to a unit of 
area, 


3. The acoustic field of a pulsating sphere. Point sources 


Consider a harmonically pulsating sphere, that is, a sphere whose ra- 
dius oscillates harmonically. Suppose that 79 is the average radius of the 
sphere, that 5 is the amplitude of the vibrations, and that w is their angular 
frequency. 

As we know (section 1), the pressure field outside the sphere must 
satisfy the Helmholtz equation (1). If the vibrations of the sphere take place 
with subsonic velocity, the boundary condition consists in the equality ofthe 
radial velocities of the surface of the sphere and the medium adjacent to it 
(for greater detail, see section 2). If we introduce spherical coordinates 
(r,9,9) with origin at the center of the sphere, on the basis of formula (5) 
this boundary condition can be written in the form 


ap 


op 2 impÀ 
3r r=ro ^ ipw“b . (18) 


In order to exclude waves that converge on the sphere from an infinite dis- 
tance, we require that the radiation condition (62) of Chapter XXV be satis- 
fied: 


lim v(22 - ikp) - 0. (19) 


The solution of this problem is contained directly in one of the particu- 
lar solutions of the Helmholtz equations in spherical coordinates (56) of 
Chapter XXV: 


1 
Je Z, A Rr) Pj (cos 8) cos(mo +Y) . 
In order that the solutions do not depend on either 0 or ọ when r = vo, it is 
obviously necessary that m = 0 and that n = 0. Also, for the radiation con- 
dition to be satisfied, we need to choose a Hankel function of the first kind 
as a cylindrical function. This singles out the solution 
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S H Dr) , (20) 


where A is a constant, from among all the solutions that we are consider- 
ing. The uniqueness theorem for the Helmholtz equation (Chapter XXV, 
section 8) assures the uniqueness of this solution. Remembering (from 
Chapter XII, section 6) that 


mq = -iJ/2a/x e , 


we rewrite the solution obtained in the form 
elkr 
b = -iA /Inrk pr ` (21) 


Differentiating this expression, setting v = 79, and comparing the results 
with the expression (18), we find that 


Az 1 wÊrotbpvk 
Jn 1-ikro , 
and consequently, 
i er, otp e(r- Y o. 
P = a eg * 


The quantity 41r92b represents the amplitude of the pulsation of the volume 
of the sphere. Therefore, the quantity 


Qo = 41v 2 bow (23) 
represents the amplitude of the volumetric velocity of pulsation. It is called 
the generator or equivalent strength of the spherical source of sound. By 
combining eqs. (22) and (23), we obtain 

1 PQ elk(r-79) 
p= 4ri 1-ikro Y 


Now, let us suppose that the radius of the sphere is negligibly small in 
comparison with the length A of the emitted wave, that is, that 


(22) 


(24) 


Yo 
kvo 220 D «1. 


In this highly important case, the pulsating sphere approximates in its 
properties an idealized emitter, namely, a point source the pressure field 
of which, as is clear from formula (24), is determined by the relationship 


wp elkr Qo w2p eikr 
b = Tri v 40 a ikv 


On the basis of formula (4), the velocity of the motion of the medium at 
great distances from a point source is 
__ 1 ap_ 1 9?Qo gir 

pwdr 4" a2 ik ` 


(25) 


VEU, 
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Finally, the intensity of the acoustic field of a point source is 


2 2 
wp Qo (26) 


32ra v? ` 
Thus, the flow of energy in the field of a point source (and in the field of a 
small pulsating sphere) decreases at a great distance from the source in 
proportion to the square of the distance. 

The importance of the concept of a point source consists in the fact 
that an extended source of sound can be replaced by an equivalent system of 
distributed point sources with generator q(x)dV. Then, the field of the 
pressure can be found by means of the following formula, which is a direct 
consequence of formula (25): 


s «rJ [Ta er av, (27) 


where V is the volume occupied by the source and v is the distance from 
the point x at which the field is determined to a point £ belonging to the ele- 
ment of volume dV. This formula gives a representation of the pressure 
field in terms of a volume vibrational potential. The relative phase of the 
vibrations of different point sources can easily be computed by introducing 
complex values for q. 


Problem 


Compute the energy emitted by a point source. 


4. Emission fvom an opening in a plane wall 


As a simple example, let us show how an approximative calculation can 
be made for an acoustic field by replacing an emitter with a system of dis- 
tributed point sources. 

Let us assume that in an infinite plane wall there is a circular opening 
through which a plane sound wave falling on one side of the wall penetrates 
into the space on the other side. Leaving aside the question of the intensity 
of the acoustic field emitted from the opening, let us see how it is distri- 
buted in the space in front of the wall at a sufficient distance away from it. 

We shall consider each element dS of the area of the opening as a point 
source of sound with generator 4zqdS, where q is a constant (that is, the 
distribution of the intensity of emission is uniform over the opening). We 
introduce spherical coordinates (v,0,«) with origin at the center of the 
opening and with polar axis perpendicular to its plane. From formula (25), 
the pressure created by the source dS at a point x(r,8 , 9) is equal to 


2, eikR 
_gqw*pe 
dp = TEP ug 55 (28) 


where R is the distance between a point E(v',37, ~') belonging to dS and the 
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point of observation x(r,0,«o). By using a familiar formula of analytic geo- 
metry, we find that 

R2 = (v sin 0 cos Q - Yx' cos o")? + (v sin 0 sing - v' sin o»? +7? cos?8 . 


Assuming that we are considering the field at a great distance from the 
wall (r > »', we neglect the terms containing v'2. After some simple 
transformations, this gives 


R2xy2.2yy sinð cosy (29-9), 
so that 
R*wv-Yv'sinücosy. (29) 


We can, without causing any significant error, take R ~ v in the denomina- 
tor of the right side of eq. (28). In the exponent, however, we must, as will 
be clear from what follows, keep the more exact expression given by (29). 
This gives us 


26 . ikr' sin? cosy 
re eik* aCe dS. 


dp = ikr 
Noting that dS = v' dvy' diy, we obtain the expression 
' 
2,5 eikr (o mou 
.4w^p e t dy! -ikv' sin 0 cos Y 
p= a ier J r' ar I e dy , 


where rọ is the radius of the opening, for determining the pressure from 
the entire set of point sources on S. From (58) of Chapter XII, the inner 
integral yields: 


21 
f enter’ sin cosy ay = 24g (br sin 0) . 


o 
Therefore, 
anqweo eik” Yo 2nquw2pr,2 J,(kri, sin 0) elkr 
p = dere e [7 quer sin 0) v dr' = ———* 
a ikv 5 a kro sin@ ikr 


Substituting this expression into eq. (7), we find that the intensity of the 
acoustic field at a great distance from the opening is 


4TAq2apr.? (2J4(21(v/A) sin 6))2 
HEP TU 21(v5/A) sin 8 , 


written in terms of the wavelength A of the emitted sound instead of the an- 
gular frequency w. 

The function 2J4(x)/x is close to unity when x < 1.5; thereafter, its 
variation acquires an oscillatory character with rapidly falling amplitude, 
Therefore, if 2774/A = 1.5, that is, if v9 < 4A, the emission from the open- 
ing into the space beyond the wall will be propagated very nearly uniformly 
(the case of long waves). As the wavelength decreases, the emission will 


Ch. XXVI] EMISSION AND SCATTERING OF SOUND 443 


acquire an ever more directional nature and as 0 varies from 0 to 37, the 
appearance of some maxima and minima in intensity is possible (side 
petals). 


5. The acoustic field due to arbitrary oscillation of the surface of a sphere 


In this section, we turn to the more complicated problem of determin- 
ing the field of a sphere whose surface is undergoing harmonic oscillations 
of a definite frequency with amplitude and phase varying arbitrarily from 
point-to-point. This problem is more general than it might seem at first 
glance. For if we construct around an arbitrary source of sound a spherical 
surface that is large enough to contain the source within it, the field on this 
surface will determine uniquely the field in the space outside it because of 
the uniqueness of the solution to the boundary-value problem for the Helm- 
holtz equation. Therefore, if we consider a sphere with arbitrarily vibrat- 
ing surface, we obtain a number of results that apply to the field at a great 
distance from the source that are valid for an arbitrary source of sound. 

We first recall how the change in the phase of the vibrations from point 
to point on the sphere can be calculated. When a phase shift is involved, the 
vibrations are described not by the expression a (8 ,q)e7iet, where a(@,¢) is 
the amplitude of the vibrations, but by the expression 


a(o,g)e-ilwt+a(9,¢)] , 
where q(0,q) is the phase shift. Let us set 
a(0,q) e-14(0,9) = b(9,9) . (30) 


Then, as in Chapter XXIV, we formally return to the expression b(8, p)e7iw E 
This is of the same form as when there is no phase shift, but now the num- 
ber b(0,q) is complex. By introducing the complex amplitude 5(0,9) given 
by the identity (30), we allow for a phase shift. 

As in sections 2 and 3, we shall examine the field of the excess pres- 
sure D, which, as we know (section 1), satisfies the Helmholtz equation 


Ap« kp-o (k= w2/a2) , (31) 


where a is the velocity of sound in the medium and v is the angular velocity 
of the oscillations. The requirement that the radial velocities of the surface 
of the sphere and the points of the medium adjacent to it be equal gives the 
boundary condition. In spherical coordinates v, 6, y, with origin at the 
center of the sphere, it can be written in the following way: 


Flr, = 1907000,0) , (32) 
where rọ is the radius of the sphere (at equilibrium). Noting that the deri- 
vative with respect to v coincides up to sign with the normal derivative at 
the surface of the sphere, we see that we are dealing with the external 
Neumann problem for the Helmholtz equation. To ensure that its solution be 
unique, we require that the radiation condition be satisfied: 
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: - ; op. _ 
limp=0, limv( S - ik$) = 0, (33) 
which then excludes waves coming from infinity. 
Let us seek a solution in the form of the series (94) of Chapter XXV: 
n 
p= 2, hy (kr) P Prm(cos 9) [Anm cos mo + Bray, sin mo], (34) 
n= zi 
where 
ha) = den Le 35 
nt) = Fine) . (35) 


On the basis of formulae (28), (62), and (64) of Chapter XII, we immediately 
observe the following two limiting relationships: 
(1) As x approaches zero, 


hylx) = -i a [Qu-1)! = 1x1x3x5Xx... (27 -1)], (36) 
(2) As x approaches œ, 
hoo) = (ie SE, (37) 


which we shall be using below. The error made by replacing the values of 
h,(*) with their limiting values for small x is of the order of 1/x", and for 
large x, it is of the order of (x2 -»2)-2. It then follows in particular that as 
X becomes infinitely great h(x) does not approach a limit in the same man- 
ner for all n. Therefore, at large values of x (x >> 1), the replacement of 
hy (x) by the asymptotic form is possible only if x > n. 
Let us differentiate the series (34) termwise with respect to v. We use 
the formula (section 6, chapter XII) 


d 1 1 1 
às [js HG 9J- 2n «1 ls /x HA 30 - UE Fash TE 
which gives us 
3 hnr) = tla red Fin-107) - gpi yan], (38) 


so that under the assumption that after differentiation the series converges 
uniformly for v = 7g, we obtain 


ap) o , 
Ir |r=ro 7 “Boku (kro) + k A hy (kr o) 


n 
il 2, Pnm(cos 0) (Anm cos mo + Bnm sin mo] , (39) 
nz 


where, for brevity, we define 


hr (er) = 5 am) - ZE bue) . (40) 
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If the real and imaginary parts of the function 5(0,«) have continuous 
first-order partial derivatives, we can expand this function in a series of 
spherical functions: 

$2 n 
N . 
be, g) = 2 "A Pg (cos 9) (anm cos my + bym sin me) , (41) 
n= = 


where the coefficients aym and bym can be determined from formulae (30) 
of Chapter XXI. By comparing the series (39) and (41) and taking into con- 
sideration the relationship (31) and the boundary condition (32), we conclude 
that this last will be observed if we take 


anm b 


nm 
Anm = ipwa — » o Bgm = ipwa ———. (42) 
m hy ero) m haero) 
We introduce the notation 
n 
Y4(0,9) = anoPnlcos 8) + Za Pym(cos 0) (anm cos mp + bgg sin mo) . (43) 


The functions Y54(0,«) represent the same spherical functions that appear 
in the expansion 


b(06,9) = 2, ¥nl0,9) . (44) 
n=0 
With this notation, the series (39) can finally be written in the form 
oo 
hy (kr) 
= ipwa > na OY (8, o). 45 
p= ip 2o hero) "PUE (45) 


Thus, the formal solution of the problem posed is found in the form of an 
infinite series. Let us consider the convergence of this series. We shall 
show that it converges absolutely for any arbitrary finite value of v greater 
than ro. 

Let us discard a finite number n of terms of the series (45) by choos- 
ing n9 so that 


1o »46.25(ng*« 1 + (v)? , ngo kr. (46) 

We note that the first of these inequalities implies that no is greater than 

18. Let us now use the following asymptotic representation for Hankel 
functions of the first kind *: 

H(I (y) = 1/2725 exp [-s + vtanh-1(/p)] [1 + O(1/s)] (47) 


(s =y v2 - x2) ED 


which is valid if 


* See V. I. Smirnov D, vol. 3, Part 2, p. 152. 
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v/e>> 1, vl. (48) 


On the basis of the inequalities (46), the inequality (48) will hold if x = kr 
and v is greater than no. By using the fact that kr « ng, we have 


s/v = 1 -4(kr/v)2 . 
Since s/v is close to unity, we have 
E = tanh-l(s/v) > 1 


and 
eb -e-5  1-e-25 
ef+e-E 1+e-28 


samte find 2 bei 


~sevtanht Sa -veZ Os yin w v(m ~ 1) ~ in (Z ” 


$ = tanh-l¢ = = (1-e726)2 ~ 1-20-26 , 


and hence, 


If we substitute the approximative expressions that we have found into for- 
mula (47), we obtain 

HU er) = - i 272v (2v/kr)” , (49) 
from which, because of the definition (35) of the functions h,(x), it follows 
that 


hay (bro) = Jn JE Hes (Erg) ~ 2 my. (50) 


Let us now set * = 79. Then, on the basis of formula (40), if we discard the 
small terms, we obtain 


; n 
hare) = ec (Gr) — (n9. (51) 


If we substitute these expressions into the series (45) without the first 
no terms, we see that the problem in question is reduced to investigating 
the convergence of the series 

eo 


To” 
= —) Ype . 
Rp za C9) vt, 9) 


But this series is known to converge absolutely since 79 is less than v and 
the series 


PES 


converges by hypothesis. 
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6. Investigation of the field of a sphere with arbitrary vibration of its sur- 
face. Acoustic or vibrational multipoles 


Let us investigate the solution obtained in the preceding section. 

It follows from eq. (45) that points for which ky(kr) = 0 when v = vg can 
be singular points. This, however, is impossible because the functions 
h4(x), like Hankel functions, do not have real zeros. This is easy to show 
for small values of kro that satisfy the inequality 


bro M vo «1, 


where X is the length of the waves emitted by the system. For small values 
of kro, it follows from formulae (36) and (40) that 


(2n - 1)! 


hy (Evo) = i(n+1) (br y 


(n = 0,1,2,...). (52) 


Substituting these relationships into formula (42), we obtain 


(kro)” 
Anm = pwalkro)2 Gar yn -1yi “nm » 


(kro)” 
Bap = poa(kvg)? Derin bnm ; 


from which the validity of the assertion made follows since all the numbers 
Anm and Bym are known to be bounded. 

The expressions (52) also make it possible to obtain an approximative 
representation of the series (45) when the dimensions of the source are 
small. If we substitute the expression (52) into the series (45), we obtain 
the series 


= a Py rn iyi "nU Yal, 9) , (53) 


which usually converges rapidly. 

Let us now clarify the physical meaning of the individual terms of the 
series (45). 

Consider the first term, which, in view of the fact (see Chapter XII, 
section 6) that 


= fr 1 pl), 8 
hola) = Jin FH" x) = > 
can be written in the form 
wpro? ico eikr 


a hoyo) (Erg)? ikr ` 


Let us set 
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ico 
her) (kro) 2 


where Q and fp are real numbers. Then, the first term can be broken into 
two terms 


l. 
- iL żin 
= Œo + ifo =o + Boe , 


wipro? ik w3pro2 RI 
a Cog, and a Po ` 
Comparing these with the expression (25), we see that they correspond to 
the fields of point sources with generators 


ikr 


Qoo = 4n792way and = Qog = 4r Yg?wfo 


and a mutual phase shift of 37. 
To show the physical meaning of the second term, we find the corre- 

sponding distribution of the radial velocities v, on the surface of the 

sphere. From formulae (4) and (5), 

i 8p. i 3, hglkr) 


pw ov pw ar "^ hi (Evo) Y1(0,9) = 


ite o wY1(0,9) , 
from which, 
vyl mr ^ wY1(8,¢). 
But, from (43), 
Y1(0, 9) = a1gP1(cos 6) + P11(cos 0)(a1; cos o + b11 sin q) 
= 419 cos 8 + sin 8 (2,1 cos ọ + b11 Sing). 


If we represent each of the complex quantities 210, 411, and b11 in the form 


din iiv dim 
419701 *v1e* , 3d1-0ojp«vjje^ , blg = B11 + By, e* , 
we break the expression wl 1(6,q) into two terms. The first of these is 
equal to 


w ¥y,(8,¢) = w[ay cos 6 + sin 6 (011 cos o + 811 sin g)] . (54) 
In particular, for a4 = 811 = 0, we obtain 


vyl pore 7 904 cos 6 . 


But it is easy to show that just this distribution of radial velocity exists in 
the case of har monic vibrations of a rigid sphere that have an angular fre- 
quency w and an amplitude a, along the polar axis of a spherical system of 
coordinates. With this in mind, let us examine the case of vibrations of the 
sphere with amplitude 51 along the axis whose direction is determined by 
the angles 0 = 0' and 9 = 9'. In this case, the radial velocity vy of a point 
on the surface of the sphere in question with coordinates 0,«q (equal to the 
projection of the velocity of the vibrations of the center of the sphere in the 
direction given by the angles @ and 9) is determined by the equation 
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vy vro = (ws1 cos 8') cos 8 + sin 6 [(ws1 sin 6' cos ¢') cos o 
+ (ws, sin 0' sin 9") sin g] , 


which coincides with eq. (54) if 


S1 cos 0' =01, s1 sin Ó' cos g' = 041, 81 Sin 6' sin ọ' = 811, 
that is, if ETE 
o2 +B 
ee a) 


In just the same way, we find that the second term in w¥ (8, ¢) which 
contains a factor e217, also gives a field corresponding to a harmonic vi- 
bration of a solid sphere but, generally speaking, one with a different am- 
plitude and along a different axis. We can determine the amplitude and di- 
rection of the vibration by making the substitutions in formula (55): 


M71,  911-—Y11 811 ~ 611. 


Also, the phase of the second vibration is displaced by an amount 37 rela- 
tive to the phase of the first. 

In analogy to our study of the first term of the series (45), we can in- 
troduce a point object, which is called an acoustic or vibrational dipole. 
By this we mean a sphere which is harmonically vibrating in some direc- 
tion and whose cross section is negligibly small in comparison with the 
length of the emitted wave. The reader will find no difficulty in showing that 
if v exceeds 79, the second term of the expansion (45) corresponds to the 
field of ‘wo properly oriented acoustic dipoles with phases that are mutually 
displaced by an amount 37. 

By considering in succession the terms of the series (45), we could 
continue the construction of acoustic multipoles. However, we prefer some 
other approach to the matter, all the more so since the model (a small 
vibrating sphere) of only an acoustic dipole is of any great practical value. 

Each of the spherical functions Y4(0,«9) and of the terms appearing in 
its composition gives a distribution of the vibrations of the surface of the 
sphere that is characterized, in the first place, by a definite degree of 
symmetry - that is, by a definite number and by the relative positions of 
the axes and the planes of symmetry - and, inthe second place, by a defi- 
nite orientation of these figures of symmetry in space. A particularity of 
each of these figures of symmetry is that the corresponding patterns of the 
field on all the spherical surfaces concentric with the source are similar, 
which, generally speaking, is not the case with an arbitrary pattern of the 
field. 

We encountered an analogous situation when we examined the electro- 
static fields of an arbitrary system of charges. As was shown in Chapter 
XIX, sections 3 and 4, the field of an arbitrary system of charges can be 
represented in the form of an expansion in multipoles of different orders: 


Yp(8, P) 


6 
k=0 k+l (58) 
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With increasing 7, the role of the different terms varies. Therefore, if, for 
some value of v, the term with ” = £1 for example plays a special role, this 
role will, with increasing v, be transferred sooner or later to the term 
with m =n9 < n1 (provided all the terms with n less than 21 are not identi- 
cally equal to zero). The pattern of the field approximates more and more 
closely a symmetric one corresponding to the multipole of lowest order for 
which the multipole moment of the system is not equal to zero. Thus, ata 
sufficient distance from an arbitrary system of charges with net charge not 
equal to zero, the field of this system approximates the spherically sym- 
metric field of a point charge. If the net charge of the system is equal to 
zero but the dipole moment is different from zero, then at a sufficiently 
great distance the field will approximate the field of a dipole, etc. 

On the other hand, with increasing y, the fields of each individual mul- 
tipole Y4(0,9)/ vk*l can only decrease; its patterns are similar on all 
spherical surfaces with center at 7 = 0. Because the system of spherical 
functions is closed, the multipoles (or the systems that, through the field 
they create, are equivalent to a single multipole) exhaust all systems hav- 
ing this property. To show this, suppose that some system not reducible to 
any multipole has this property. Then, according to sections 3 and 4 of 
Chapter XIX, it can be represented as the sum (finite or infinite) of multi- 
poles of different orders situated at the point 7 = vg. But fields of multi- 
poles of different orders change according to different laws as * increases 
and so the system cannot have the required property. This contradiction 
proves the assertion. 

In fact, a multipole may be characterized by the ability to create fields 
which are similar on each member an infinite system of concentric spheri- 
cal surfaces of arbitrary radius. In particular, by an acoustic or vibra- 
tional multipole, we mean a point source that creates in a homogeneous 
medium a field with the following properties: (a) It satisfies the Helmholtz 
equation; (b) the phase of vibrations of the field depends only on the dis- 
tance from the source (so that, in particular, the phase of the vibrations is 
the same at every point of an arbitrary spherical surface with center at the 
point at which the source is located; (c) the fields are similar at all spheri- 
cal surfaces with center at the point at which the source is located; and 
(d) the radiation condition is satisfied. An emitting system whose field, be- 
ginning at some distance, is similar to a multipole field can be called re- 
ducible to a multipole. 

Let us now continue our comparison of electrostatic and acoustic 
fields. 

If we substitute the expression (36) for h,4(kv) for small values of the 
argument into the series (53), we obtain the expansion 


eo 

: 1 

p =- iworo 2. gyi Yul.) o/y] (er « 1). (57) 
n-0nt 

If we include here the factors (-iu2prg*2/ (n+1)) in the composition of the 

functions Y4(0,9), we obtain a series that coincides in form exactly with 

the series (56). Therefore, within the limits of applicability of the series 
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(57), what was said about the field of a system of electric charges applies 
to the field p. 

There are, however, significant differences in the natures of the two 
fields. In the first place, when kr > n, the field of the pressure of the 
acoustic multipoles of all orders falls off only as 1/7. This follows from 
the relationship (37). Therefore, in contrast with the electrostatic field, in 
which the role of the multipole moments of higher orders becomes arbi- 
trarily small with increasing distance from the system of charges, in an 
acoustic field, as v increases, the difference in the rate of decrease in the 
fields of multipoles of different orders becomes less and less perceptible. 
As a result, the dependence of the pressure in an acoustic field on the an- 
gular coordinate, generally speaking, approaches with increasing 7 not the 
dependence corresponding to some one acoustic mujtipole but a dependence 
that is distinct in each case. This is clearly shown by the following: Sup- 
pose that no « kv. Then, the sum of the terms of the series (45) with n 
less than zo is, on the basis of (37), approximately equal to 


ipsa eikr J NEA 
Png = iulbro) Wer 2o -i) heri) Yn(6,¢) . (58) 
The series "o " 
Vepa) = 2, C 2 9 Yn) (59) 


appearing in this expression does not depend on y and it defines, as kr and 
No become infinitely great, the limiting angular dependence. 

Thus, if the electrostatic field approaches arbitrarily closely the field 
of a multipole of some order with increasing distance from the source (that 
is, if an arbitrary system of motionless electric charges is reduced to a 
multipole), this phenomenon will not generally take place in an acoustic 
field. However, the role of multipoles of higher order in an acoustic field 
is ordinarily not great, as we might expect in view of the rapid decrease of 
the terms in the series (53) caused by the presence of the factor 1/(2n - 1)::. 

In the second place, the difference between electrostatic and acoustic 
fields appears in the fact that acoustic fields (and in general, vibrational 
fields) can differ one from the other not only in amplitude but also in phase, 
which is not the case with an electric field. Therefore, every term of the 
expansions (45) and (53) corresponds to the field of not one but two multi- 
poles, differing from each other in phase of vibrations. 

From formulae (4) and (58), the radial velocity of the medium, deter- 
mined by multipoles with n < no and kr > ng, is equal to 

7 w3yg? elkr " 
vmo ~ ae ikr (6, P, no) + O(1/r ) . (60) 


The tangential components of the velocity vg and vg are of the order of 
1/ v2, as is clear from the expressions for the differential operators in the 
directions of the tangents to the curves ọ = constant and @ = constant: 
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19 1 à 
v 00' rvsin6809g" 


Therefore, at a great distance from an emitting system, when the role of 
multipoles of higher orders is small, the motion of the medium is basically 
radial. 

By using the relationship (T) and assuming that the pressure of the 
acoustic field is sufficiently well represented in the form 


ipwa elkr 
" 1 6, ,79 , 
holero) ikr v(8,o, 9) 


we find that the intensity of the field at a great distance from an emitter is 
equal to 


p^ 


2| wiprotcy2 w?p qj? 
I= I| 2——9-9. F(0,o = 5 80" Fto, 9) , 
20a 2a? 3272a 2 
where 
1 
o 


This is the so-called angular distribution function of the intensity of emis- 
sion and 


Qo = ATW Co (62) 


is the "averaged equivalent strength" of the source. For a uniformly pul- 
sating sphere, F(0,9) - 1. 


Problems 


1. Investigate the field of emission of a point source of low frequency that 
1s located on the surface of a sphere. 
Method: It is convenient to locate the source at the pole of the sphere 
(8 - 0). Then, 


2 
go = 3, (1*2 Sr, anm - bum - 0, 
Yo 


where Q is the equivalent strength of the source. Then consider the point 
source as the limiting case of a source with the form of a circular area 
of radius 7’ and equivalent strength (bwrr'2). 


2. Investigate the field of an acoustic quadrupole. 
7. The scattering of sound 


If a sound wave meets an obstacle, it is partially reflected from it and 
partially transmitted through it. As a result, the initial direction of propa- 
gation of the wave is changed. This process is called scattering or diffrac- 
tion of the sound waves. 
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Let us consider a steady-state sound wave that is set up In a homo- 
geneous medium characterized by a density p and sound velocity a in which 
there is a homogeneous body of density p; and sound velocity a;. As above, 
we shall characterize the sound wave by the pressure p and the angular 
frequency w of the acoustic vibrations. We shall assume that the medium 
occupies all space Ry with the exception of the volume V occupied by the 
body. 

We shall call the field 59(x) that would exist if the body were not there 
the incident wave; we shall call the field pi(x) within the body the refracted 
wave; and we shall call the field fe(x), which on combining with the incident 
wave bo(x) gives the actual acoustic field p(x) in the medium, the reflected 
or scatteved wave. 

Because of the homogeneity of the body and of the medium, the pres- 
sure at their internal points satisfies the Helmholtz homogeneous equations 


Ap, + kip; =0, ke w/a? , XeV-Sgv, 


Ap-k)p-0, k2 = w2/q2, xe Rg-V. 


Since fbe(x) = p(x) - bo(xX) and the incident wave po(x) also satisfies the 
Helmholtz equation, we have 


Abe + k2be = 0 when xeRp-V. 


At infinity, the scattered wave Pe(x) must obviously satisfy the radiation 
condition: 


ee 
lim 7 Vo— - ik =0, lim =0. 
rao (2; Pe fim Pe 


Finally, on the boundary FV of the body, the pressure and velocity of vi- 
brations in the body and in the medium must coincide. On the basis of for- 
mula (4), this leads to the following conjugacy conditions: 
1 di 1 dpe 1 dpo 
bi = be + Do, pj dn ^p dn tp dn when xe FV, 

where d/dx indicates differentiation in the direction of the outer normal to 
the boundary of the region V. 

By combining these results and assuming that the incident wave is 
given, we arrive at the following problem: 


Ap, + kp, =0 when xe V-9V; 


Ape + kpe = 0 when xe Rg-V; 


be (63) 
lim r (= -ibpe)-0 lim pe = 0 
Yo ( ov e) ; yw e ? 
1 dbi 1 de 1 dto 
bi = Pe + Po, (i dn ^p dn "p dn when xeZV, 
which represents one of the simplest problems in the mathematical theory 
of diffraction. 
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Let us consider this problem with the assumption that the region V is a 
sphere and that the incidenl wave is plane. 

We introduce spherical coordinates 7, 6, and q with origin at the cen- 
ter of the sphere V and with polar axis directed toward the incident wave. 
The incident wave can then be represented by the expression 


bo(r,9) = A eikrcosé , (64) 


which does not depend on the coordinate o. Because of the symmetry of the 
pattern of the scattering relative to the polar axis, the solution of the dif- 
fraction problem (63) will also be independent of ¢. 

Consequently, the expansion of the scattered wave in a series of the 
form (94) of Chapter XXV in particular solutions of the Helmholtz equation 
will take the form 


Be = 2. agii) Palcos 0), gl kr) = /a/2kr Hg), (65) 


where HA) (ky) is a Hankel function of the first kind. We seek a solution 
for the refracted wave in the form of an analogous Series: 


eo 


bi P bajalkir) Palcos 0) , — jg(kv) = /z/2E; Ty, (ir) , — (66) 


in which instead of Hankel functions we have Bessel functions. These en- 
sure that the terms of the series are bounded for v = 0. It follows from the 
expression (56) of Chapter XXV for particular solutions of the Helmholtz 
equation that the terms of the latter series satisfy the Helmholtz equation. 

To determine the unknown coefficients vy and bg (for a = 0,1,2,3,...), 
we use the expansion that we are familiar with from the theory of Bessel 
functions for a plane wave in spherical functions: 


00 


eikrcos 0 . RA (20 1) ij (Ev) Palcos 9) . 


If we substitute these series into the conjugacy conditions and equate 
the coefficients of the Palcos 0), we obtain the following equations for de- 
termining the coefficients a, and bg: 


bajalkiro) - Ggtof(kro) = A(2a+1) i”jalkro) , 
ki k k (67) 
pi bai (kiro) - D aghtiylkro) =A 5 (2a+1) i%ja(kro) , 


where *g is the radius of the boundary surface FV. If we find the coeffi- 
cients ay and by from this system of equations and substitute them into the 
series (65) and (66), we shall have the solution of the diffraction problem 
that we are examining. 
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Problems 


. Formulate and solve the problem of the scattering of a plane sound wave 
(64) from an absolutely rigid immovable sphere V of radius rọ. 
Answer: The formulation of the problem, 


Ape + hb -0 when 7»^»79; 


abe 
lim r (55 - ikbe) -0, — lim pp = 0, 


d ; 
ve =A ik cos 0 elévCOSÓ when y - vg. 


The solution, 


eo st 
dglF 9) 
be=-A > (2041) i* ——_Aglkr) Pg(cos 0) . 
e a=0 hykvg) 9 2 
This solution is obtained by setting pj == in the second of eqs. (67) and 
substituting the values of the coefficient ay thus found into the series 
(85). 
. Show that when the wavelength is great in comparison with the dimen- 
sions of the sphere V (kro « 1), the solution of the preceding problem at 
a great distance from the sphere (kr > 1) can be represented by the ap- 
proximating formula 
Ak? e 
Pe--7—. 

Method: Use the approximative expressions for Bessel functions for 
small values of the argument. 


(1 - 3 cos 6) eir , 


Chapter XXVII* 


COMMENTS ON EQUATIONS OF THE ELLIPTIC TYPE 
IN THE GENERAL FORM 


1. The genere! form of equations of the elliptic type 


In accordance with the definition given in section 4 of the Introduction, 
we shall say that the equation 


n 5 n 
Y acu > ou 
>. aag z~ by arc + cu =f, (1) 
a,8-1 8 3x 9X8 a-1 9 ox f 
where ajj, bi, c, and f are functions defined in a region V, belongs to the 
elliptic type in this region if the quadratic form 
> 
yg Ia 4, 
odi 08 ATB 
retains the same sign in this region and does not vanish. 

The number z is the dimensionality of the region V. In this chapter, we 
shall consider only three-dimensional regions (7 = 3); however, all the re- 
sults will be equally applicable to planes (n = 2) and to many dimensional 
regions (7 > 3). 

We shall assume that the functions @;;, bj, c, and f are continuous and 
that both the functions aj and the functions 


S an 
B-i 99g 


have continuous first derivatives. Under these conditions, eg. (1) can be 
transformed into the form 


ej = bj- 


Ou ou 
= log a. exz t+ chaff. 2 
a 5-1 a 0f 3x; * e 13x, * f (2) 


We shall denote the differential expressions on the left side of eqs. (1) 
and (2) by lu. With this notation, these equations can be written in the 
form 


oua =f. (3) 
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2. The basic boundary-value problem 


In the first part of this book, we examined the physical quantities that 
satisfy equations of the hyperbolic type. All these quantities characterized 
time-dependent processes. In connection with this, for the equations that 
were examined in the first part, there was a characteristic problem in 
which the unknown quantity had to satisfy, in addition to the equation, cer- 
tain boundary and initial conditions. We also saw that when a process that 
is described in the general case by a hyperbolic-type equation is of a 
steady-state character, it is described by an equation of the elliptic type 
because the terms containing time derivatives vanish. 

This allows us to assume that equations of the elliptic type are natur- 
ally connected with physical problems involving steady states. It is natural 
to assume in turn that steady states of physical objects are dependent only 
on the conditions at their boundaries and not on the succession of prelimi- 
hary states. The solutions of equations describing such states must be 
completely determed when just their boundary conditions are given. 

To be more precise, in problems involving equations of the hyperbolic 
type, we had to state one relationship (on the boundary of the region in 
question) involving the unknown function, its first derivative, and certain 
given functions and /wo relationships involving both the unknown function 
and its first derivative with respect to time at the initial instant. Conse- 
quently, we must expect that the solution of a second-order partial differ- 
ential equation of the elliptic type will be completely determined when one 
relationship pertaining to the boundary of the region in question is given, 
that is when a boundavy condition involving given functions, the unknown 
function, and its first derivative is given. This supposition is justified un- 
der the natural supplementary requirements regarding the smoothness of 
the unknown function and its behaviour at infinity (if the solution is being 
sought for an infinite region). For internal problems, these requirements 
can be reduced to the regularity of the solution. 

We shall not deal with the question of the conditions at infinity but shall 
confine ourselves to a consideration of the internal problem only. In its 
most general form, the boundary-value problem for an equation of the 
elliptic type can be formulated as the problem of finding functions which 
(a) are regular solutions of eq. (3) in the region V in question, and 
(b) on the boundary FYV of the region V satisfy the boundary condition 


ad, + Bua when xe ¥V, (4) 


where a, 8, and ¢ are given functions defined on FV such that |o| + |p] > 0 
and d/d? denotes differentiation in the direction /, this direction being given 
at every point on FV at which a # 0. 

Up to now, we have not fully studied a boundary-value problem in such 
a general setting. The particular boundary-value problems that we have 
already encountered are the most important ones for mathematical physics. 
It is convenient to classify them in a manner suitable for an equation of the 
elliptic type in the general form, that is, in a different way from that used 
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in Chapter XVIII. We shall define them in a way depending on the form of 
the boundary condition as follows: 
1. Dirichlet's problem or the first boundary -value problem: 


Wu=f when xe V-JV; u-wy when xeJ7V. (5) 
2. Neumann's problem or the second boundary-value problem: 


du 


Ou =f when xe V-FV; a v 


+Bu=wWw when xeFV, (6) 
where the coefficient œ does not vanish on the surface FV and d/dv denotes 
differentiation in the direction of the conormal to ZV (Chapter XVII, sec- 
tion 3). 

3. The mixed or third boundary-value problem: 


OKu-f when xeV-9V; aS + fu = when xe FV, (7) 


where the coefficient a is equal to zero at some but not all points of the 
surface FV. 

We note that, with our new definition of boundary-value problems, 
Neumann's problem embraces both Neumann's problem and in part the 
mixed boundary-value problem in the original meaning of the word. 

These boundary-value problems are called internal or external depend- 
ing on whether they apply to regions within or without the finite closed sur- 
face FV. In this chapter, we shall deal with only the internal Dirichlet and 
Neumann problems. This classification of boundary-value problems can be 
extended to the case of two variables. 


3. Conjugate boundary-value problems 
Let us consider the Neumann boundary-value problem: 


aS + pu = p when XE FV (a * 0). (8) 


If we multiply this equation by the ratio c/o, where a is the normalizing 


divisor defined by formula (11) of Chapter XVII, we obtain 
aguy when xeFY, (9) 


where g and y are known functions. Comparing this relationship with the 
first identity of eqs. (14) of Chapter XVII, we see that it can be written in 
the form 


Susi when xe FV. (10) 


The boundary condition 


Qv =a F + (g- Du = V^ when xeY¥V, (11) 
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where the differential expression Qv is defined by the second of the identi- 
ties (14) of Chapter XVII and y* is some function defined on FV, is called 
the conjugate to the boundary condition (10). 

We shall also call the following boundary-value problems conjugate 


Mu =f when xe V-JV; Pu=W when xe FV, (12) 
Mu 2f* when xe V-FV;  Qv-wWV* when xe FV, 


where Mlu and%wv are conjugate differential expressions, Fu and Qv are the 

expressions corresponding to them defined by the identities (14) of Chapter 

XVII, and f and f* on the one hand and V/ and Y* on the other are functions 

defined respectively in the region V in question and on its boundary FV. 
In the case of Dirichlet's boundary -value problem, 


Wu=f when xeV-JV; usw when xe FV, (14) 
the conjugate problem is 
Mu 2f* when xe V-JV; v-w* when ve FV. 


It is easy to see that the property of conjugacy is mutual and that mu- 
tually conjugate problems always have analogous boundary conditions; that 
is, either they are both Dirichlet's problems or they are both Neumann's 
problems. 

If both functions f and y are identically zero, the corresponding prob- 
lem is said to be homogeneous. Similarly, the conjugate problem is said to 
be homogeneous if both functions f* and w* are identically equal to zero. 
To every boundary-value problem these is one conjugate homogeneous 
problem. 


4. Fundamental solutions. Gveen's funclion 


Along with the regular solutions of equations of the elliptic type, an 
important role is played by the so-called fundamental solutions. 

A fundamental solution of the equation MXL -0 is a Lévy function L(£, x) 
(see Chapter XVII, section 4) which, for £ + x, satisfies this equation for 
the coordinates of one of the points x or £ and depends on the coordinates of 
the other point as parameters. We shall write WL and MyL depending on 
whether we are considering the coordinates of the point ¢ or those of the 
point x as the variables with respect to which we are differentiating. We 
shall use the expressions Mu and "Ww to indicate M u(x) and Mg ulg). 

Consider Dirichlet's problem: 


Wye =f when xe V-9V;  w(x-w when xe FV, (15) 


where f and y are continuous functions. 

Let us suppose that both the solutions u(x) of the problem (15) and the 
Lévy function L(£,x) of the differential expression ‘Miyu are continuous in a 
closed region V along with their first derivatives. If we apply the Green- 
Stokes formula (39) of Chapter XVII to the function u(x), we obtain 
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u(x) = {J (LPU - Og L) dS; - f J fas- UNL) dV; . (16) 


If there is a fundamental solution to the homogeneous problem 
eG , x) -0 when §£¢€ V-FV-x > 
G(E,x)=0 when £eZV, xeV-9V, 


which is conjugate to Dirichlet's problem (15), and if this solution and its 
first derivatives are continuous in V, we may set L(£,x) = G(é,x). Formula 
(16) then takes the form 


ut) =- | J we) Gece, ase - | f ] ft) e, avg. (18) 
FV V 


(17) 


Thus, if there exist both a solution to Dirichlet's problem (15) anda 
fundamental solution to the homogeneous conjugate problem and if these 
solutions and their partial derivatives with respect to the coordinates of the 
point — are continuous in the region V, then we can seek, instead of the so- 
lution to the problem (15), the fundamental solution of the homogeneous 
conjugate problem, after which the solution of the problem (15) will be de- 
fined by formula (18). This principle is at the basis of Green's method of 
solving Dirichlet's problem. 

The fundamental solution of the homogeneous problem (17) is called 
Green's function of Dirichlet's problem (15). 

In an analogous manner, we can get Green's function for Neumann's 
problem. Consider the problem 


We =f when xe V-FV; Pue= Ww when xe FV. (19) 


Suppose that u(x) is a solution to this problem continuous in a closed region 
V along with its first derivatives. If we apply the Green-Stokes' formula, 
we get 


u(x) = If (Ly - uQeL) dS; - HH (Lf - VGL) dV; . 
gy Vv 


Suppose that G(é,*) is a fundamental solution of the homogeneous problem 
OtgG(E,x) -0 when Ee V-FV-x ; 
QeG(E,x)=0 when EcFV, xeV-FV, 


which is conjugate to the problem (19). If this solution and its first deriva- 
tives are continuous in the region V, then, by setting L(£t,x) equal to G(£,x) 
we obtain 


(20) 


ve) = | [uto ce,» as, - | [ | ne 6,9 av, . (21) 
FV V 


Thus, if the function G(£, x) is found by some method or other and if it sat- 
isfies the smoothness requirements, the solution of the problem (19) which, 
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together with its first derivatives, is continuous in the closed region V can 
be found by means of formula (21). 

The fundamental solution of the problem (20) is called Green's function 
of the problem (19). The names "second Green's function" and "character- 
istic Neumann function" are also used. 

Let us consider two mutually conjugate boundary-value problems and 
let us assume that their Green's functions G(£, x) and G*(£, x) exist. By defi- 
nition, 

Me G*(E , x) =0, We GCE, x) 2-0 when £eV-ZJV-x, (22) 
G*(E,x) -0, | G(t£,x) -0 when Ec FV, xeV«JgV, (23) 

or 
3E G*(E, x) 2-0, Q:G(&,4)=0 when £e FV, xeV-Sgv. (24) 


The first boundary condition is satisfied for Dirichlet's problem and the 
second for Neumann's problem. 

Let us suppose also that the functions G(£, x) and G*(E,x) have contin- 
uous first derivatives with respect to the coordinates of the point £ in the 
region V- x. Then, if we fix two points x = x' and x = x" (where x' + x"), we 
may apply Green's theorem (15) of Chapter XVII to the functions G(E, x‘) and 
G(£,x") in the region V- V4(x', p) - V1(x',p), where Vi(x',p) and V4(x", p) 
are ellipsoidal neighbourhoods of the points x' and x" defined by inequalities 
of the form (27) of Chapter XVII. Recalling the relationship (22)-(24), we 
obtain 


| [G(5,x') PeG*(E, x") - G*(£, x") OgG(5, x')] dS = 0. 
FV (x! p V1(x",p) 


Let us take the limit as p approaches zero. On the basis of the considera- 
tions made in the derivation of the Green-Stokes' formula (Chapter XVII, 
section 5), we note that the following limiting relationships are valid: 


lim ff [66,20 256,9) - CHE, x") Qc, x] dsp = -G* 6,2) , 
970 JViG p) 


lim f [G(£, x') P_G*(E, x") - G*(E, x") QgG(&, x')] aS; = G(x",x') . 
e FV4(2",p) 
We then obtain the formula 
G*(x',x") = G(x", x") , (25) 


which connects Green's functions of the conjugate boundary-value problem. 
In particular, if the differential expression lu is self-conjugate then, 
G*(£, x) = G(£, x), and it then follows from formula (25) that 

G(x', x") = G(x", x!) . (26) 


Thus, if, for a self-conjugate boundary-value problem stated for the re- 
gion V, there exists a Green's function G(£, x) that is continuous along with 
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its first derivative in the region V - x, then this function is symmetric with 
respect to the point £ and x. 


5. Uniqueness theovem 


If we set v = 1 and u = w2 in Green's theorem (15) of Chapter XVII, we 
obtain, after some manipulations, 


. 3 
I | (w Hew + ot aap TA $2; dV 


HE ea E tan Enna [ [ann etas. (27) 


Suppose that 41 and “9 are two solutions to Dirichlet's problem: 
Wu=f when xe V-FV; w= W when xe FV, (28) 


satisfying the conditions under which Green's formula is valid. The differ- 
ence w «41 - 43 of these solutions is a solution to the homogeneous Dirichlet 
problem: 


Wae=0 when xe V-FV,  w-0 when *e« FV, 


which satisfies the same requirements. If we substitute the difference in 
formula (27), we obtain 


3 
HES TL ig dV = HI -i PLI (29) 


The left side of this equation is non-negative because of the inequality 


3 
da aag a ^g» 0 for 2 Age > 0. 
If 
c-i > aig (30) 
*al9v C 


the right side will be non-positive, and so eq. (29) is possible only if both 
sides are equal to zero. Because of the continuity of the function w and the 
zero boundary condition, it follows that the function w=0, that is, that 
u1 = ug in the region V. 

Thus, when the inequality (30) holds, Dirichlet's problem has no more 
than one solution that is continuous and has continuous first derivatives in 
the region. 

We might prove this uniqueness theorem in another manner by showing 
that the requirement that the derivatives of the solution in the closed region 
V be continuous is superfluous and that it is sufficient to require continuity 
of the solution itself. 
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Consider Neumann's problem: 
Wu =f when xe V-FV;  9u-y when xe FV. (31) 


Suppose that 44 and #g are two solutions of the problem that satisfy the 
conditions under which Green's theorem is applicable. The difference w = 
uq -u9 is a solution of the homogeneous problem 

dw 


Mw=0 when xe V-FV; Pw =a + gw =0 when xe FV. (32) 


Applying formula (27) to the difference w, we obtain 


8-1 8x, 8Xg ; 
rs) ^ 
= fft 1X = weave] | G5. we dS. (33) 
y a-1** gy 
If 
a 


then, as can easily be seen from this integral relationship, 


9". o0 (-1,2,9 when xev, (35) 
oxi 


so that the problem (32) takes the form 
We -cw-0 when xe V-ZV; Pw=gw=0 when xe FV. 


It then follows that, if the inequality (34) holds, then if at least one of the 
functions g and c is not identically equal to zero, w must be equal to zero. 
It also follows from eq. (33) that, since the function w is continuous, w = 0 
if at least one of the inequalities (34) is a strict inequality. However, if 
neither of these conditions holds, it follows from (35) that w = constant. 

Thus, when g # 0 and the conditions (34) are satisfied, Neumann's 
problem has no more than one continuous solution with a continuous first 
derivative in the region V. For g - 0, the solutions to Neumann's problem 
can differ by only a constant term. If at least one of the inequalities (34) is 
a strict inequality or if the function c is not identically equal to zero, this 
constant must be zero. 


Problems 


1. Show that if Dirichlet's problem has only one solution admitting the ap- 
plication of Green's theorem, its conjugate problem also has no more 
than one such solution. 


2. Show that the self-conjugate Dirichlet problem has no more than one so- 
lution admitting application of Green's theorem if c is non-positive and 
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that the self-conjugate Neumann problem has no more than one such so- 
lution if in addition g is positive. 


6. Conditions of solubility of boundary-value problems 


Up to now, we have been considering boundary-value problems under 
the assumption that their solutions exist and satisfy certain additional re- 
quirements. The proof of the existence of solutions to boundary-value prob- 
lems is an extremely complicated question which requires the development 
of a special mathematical apparatus that goes far beyond the framework of 
that usually used in the study of specific physical situations. As a conse- 
quence, except for certain solubility conditions that follow immediately 
from Green's theorem, we shall confine ourselves to an exposition of the 
basic results regarding the existence of solutions to boundary-value prob- 
lems and shall omit the proof. 

Suppose that 4 is a solution to Dirichlet's problem 


“Wu =f when xe V-FV; u-wy when xe FV, (36) 


that is continuous and has continuous first derivatives in the region V and 
that v is a solution of the homogeneous conjugate problem 


Otv20 when xe V-FV; v=0 when xe FV, (37) 


satisfying the same conditions. We shall assume that the functions f and y, 
are continuous. Under these assumptions, we may apply Green's theorem 
(15) of Chapter XVII. Making the corresponding substitutions from eqs. (36) 
and (37) in it, we obtain 


J [Jrav+ LI uo (38) 


In the same way, for Neumann's problem, 
Wu=f when xe V-FV; Pu=wW when xe FV, 


we obtain 
f f fio av - f [ow as-o, (39) 
V gv 


where v is a solution of the homogeneous conjugate problem 
Yu 20 when xeV-9V; Yu=0 when xe FV, (40) 


which, along with its first derivatives, is continuous in the region V. 

Thus, in connection with the solutions of the boundary-value problems 
that admit application of Green's theorem, we encounter the following alter- 
natives: Either the solutions of the homogeneous conjugate problems that 
are continuous and have continuous first derivatives in the region in ques- 
tion are identically equal to zero or the boundary-value problems are solu- 
ble only when the appropriate condition (38) or (39) is satisfied. 
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This property is closely associated with the uniqueness conditions. For 
if an inhomogeneous boundary-value problem has no more than one solu- 
tion, then, as we saw in the preceding section, the solution of the homo- 
geneous problem corresponding to it is identically equal to zero. There- 
fore, the uniqueness of the solution to the problem conjugate with the boun- 
dary-value problem that we are considering implies the vanishing of the 
function v and the identical satisfaction of the corresponding condition (38) 
or (39). In particular, if the self-conjugate problem has no more than one 
solution, the condition (38) or (39) is identically satisfied. 

The case in which the uniqueness theorem does not hold is of great in- 
terest. Before stating the results that are applicable here, let us recall the 
definition of a Hülder condition. A function 9 is said to satisfy this condi- 
tion in a region V if the ratio |g(x') -q(x")|/v^, where * is the distance 
between the points x' and x" and à is some positive number, is bounded for 
an arbitrary choice of the points x' and x" belonging to V. 

Consider the elliptic-type equation 


3 3 
_ a au ou 

Mu = P 8x, 708 axg + 2, eg FIM eu-f, (41) 
in which the coefficients ajj, ej, and c (where i,j - 1,2,3) and the free 
term f are defined in a closed region V and the first derivatives of the co- 
efficients a;; and e; and the coefficient c are continuous and satisfy a Höl- 
der condition in the region V. Suppose also that the free term f is contin- 
uous in V and that it satisfies a Hilder condition in the region V - FV. 

Under these conditions, if c is non-positive, the Dirichlet problem 


MWusf when xeV-JV; usw when xe FV (42) 


has a unique solution if the function y is continuous on the boundary FV. If 
the condition (30) is satisfied, the Dirichlet problem (42) and its conjugate 
problem 


Ku = when xe V-FV; u-iy* when xe FV, 


where the functions f* and Y* have the same properties as the functions f 
and y respectively, have unique solutions. 

If the coefficient c is positive, one of the following two alternatives 
holds: Either the homogeneous mutually conjugate problems 


Wu-=0 when xe V-FV; u-0 when xe FV, (43) 
%v=0 when xe V-FV; v-0 when xe FV, (44) 


both have no solution not identically equal to zero (in which case the Dirich- 
let problem (42) has a unique solution) or these problems have each the 
same number m of linearly independent solutions 41,42,- .., um and v,'2, 
...,Um (in which case the Dirichlet problem (42) is soluble only if the inte- 
gral relationships of the form (38) are satisfied for each of the solutions 
V1, 2,...,Uy). When this last condition is satisfied, Dirichlet's problem 
has an infinite number of solutions. If 4 is one of them, all the remaining 
ones can be represented in the form 
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m 
u + > Ca Ua >» 
a=1 
where the cy are constants. This last remark shows that a solution u of 
Dirichlet's problem that is orthogonal to all the solutions 414,%9,... ,uys of 
the homogeneous problem (43) is unique For suppose that the solution u 
satisfies the orthogonality condition 


J J Jone av =o , 1-21,2,...,m. 


Any other solution Z of the problem can, according to what has been said, 
be represented in the form 
m 
d-usd > Cy Ug - 
a=1 
But for at least one coefficient c; + 0, the integral 


J | Jaw dV = cj HT dV 


is different from zero, from which the assertions made follows. 

If the region V is sufficiently small, Dirichlet's problem (42) will 
always have a unique solution. 

Let us turn now to a formulation of the conditions under which Green's 
functions of Dirichlet's problem exist. 

If Dirichlet's problem (42) has a unique solution u(x), then Green's 
function G(£, x) of this problem will exist and 


u(t) »- | ve) oe as - fS f fre ce nave. — a9 
FV V 


If Dirichlet's problem has a non-unique solution, we can still construct a 
function G(£, x), called the generalized Green's function, so that the solution 
is still given by formula (18). This function is not uniquely defined. For 
example, one may take for the generalized Green's function the fundamental 
solutions of the boundary -value problem 


m 
S NES 2. volé) Vole) when xe V-FV; (45) 
a= 
G(£,xX) -0 when xe FV, 
satisfying the additional requirement of orthogonality: 
JS JE Ed avgs0 @=1,2,...,m). (46) 
V 


Then, the function u(x), defined by formula (18) is a solution that is ortho- 
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gonal to all the solutions 41,42,...,um of the homogeneous problem (43). 
As we have shown, such a solution is unique. 
Analogous results hold for the Neumann problem 


Wu =f when xe V-FV; Pu -aS e gu when xe FV, (47) 
if the functions y and g are continuous on FV. 

Ifc <0,g>0orc<0,g 2 0, problem (47) will have a unique solution. 
However, if inequalities (34) hold and at least one of the functions c and g is 
not identically equal to zero, the problem (47) and its conjugate problem 
will, with continuous boundary conditions, have the same solution. 

If these conditions are not satisfied the following alternatives exist: 
Either the homogeneous conjugate problems 


WMu=0 when xeV-9V; Pu=0 when xe FV, (48) 
"(v 20 when xe V-9V; Qu=0 when xe FV, (49) 


have no solutions not identically equal to zero (in which case, the problem 
(47) has a unique solution), or these problems have each the same number 
m of linearly independent solutions 41,42,...,4U,4 and v1,U2,... 7,4 (and 
then the problem (47) is soluble only when the integral relationships of the 
form (39) are satisfied for each of the solutions 21,v5,... 7,4). When this 
last condition is satisfied, the problem (47) has an infinite number of solu- 
tions and all of them can be represented in the form 


m 


uc > Ca Ug > 
a=1 


where the cy are constants and u is any solution to the problem (47). The 
solution u is orthogonal to all the functions u; and is thus unique. 

If c - 0 and g - 0, then m - 1, u; - constant, and the solution of the 
problem (47) is determined up to an additive constant. 

Green's function of the problem (47) always exists when the solution to 
the problem (47) is unique. This solution can be represented by means of 
formula (21). If the solution to the problem (47) is not unique, the various 
solutions can yet be represented in the form (21) by suitably defined gener- 
alized Green's functions. 


PART III 


EQUATIONS OF THE PARABOLIC TYPE 


Chapter XXVIII 


THE SIMPLEST PROBLEMS 
LEADING TO THE HEAT-FLOW EQUATION. 
SOME GENERAL THEOREMS 


1. The heat-flow equation in an isotropic solid body. Initial and boundary 
conditions 


Consider a solid body whose temperature at a point (x,y,z) at an instant 
of time / is determined by a function u(x, y, z, t). If the different parts of the 
body are at different temperatures, heat will flow from the hotter portions 
to the cooler ones. Let us take some surface S within the body and some 
small element AS of that surface near a point M(x,¥,2). It is assumed in 
the theory of heat-flow that the amount of heat AQ passing through the ele- 
ment AS in the time Af is proportional to A/AS and to the normal derivative 
of the temperature du/an, that is, that 

AQ = -k(x y, 2) At- AS E, (1) 
on 
where A(x,y,2), the internal heat conductivity, is positive and n is the 
normal to the element of the surface AS in the direction of decreasing tem- 
perature. We also assume that the body in question is isotropic with regard 
to heat conductivity, that is, that the function &(x,y,2) does not depend on 
the direction of the normal to the surface S at the point (x, y, z). 

We denote by q the heat-flow, that is, the amount of heat passing 
through a unit of area of the surface in unit time. Then, (1) can be written 
in the form 


q--hR-. (2) 


To derive the heat-flow equation, we take an arbitrary volume V within 
the body that is bounded by a smooth closed surface S and we observe the 
variation in the quantity of heat in that volume during the interval of time 
(4,12). It is easy to see that the amount of heat flowing through the surface 
S in the interval (4, fg) is, according to (1), equal to 


Q1= fe dt f [50.5.2 2* as, 
t S 


where 7 is the inner normal to the surface $. 
Consider an element of volume AV. An amount of heat 
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AQ» = [u(x, y, 2, i - At) - u(x, Y, 2, 0] eG y,2) p(x, y. 2) AV, 
where p(x, y,2) is the density of the substance in question, and c(x, y. 2) is 
its specific heat, is needed to change the temperature of this volume by an 
amount Aw in the time interval Af. Thus, the amount of heat needed to 
change the temperature of the volume V by an amount Au = u(x, y, 2,19) - 
u(x, y, 2, t1), is equal to 


Q2 = J | tation eam - u(x, y, 2, 4)] cp dV 


or 


a-[' ali | odio 


since 


u(x, y, 2,19) - u(x, y, 2,11) = f at d£. 
ü 
Suppose that there are sources of heat within the body. We denote by 
F(x,y,2,0) the density of heat sources (that is, the amount of heat absorbed 
or liberated per unit of time in a unit of volume of the body). Then, the 
amount of heat liberated or absorbed in the volume V in the time interval 
(4, 42) will be equal to 


Q = f dt f f Eros vias pav. 
h V 


Let us now set up the equations for thermal equilibrium for the volume 
V that we are considering. Obviously, Qo = Q1 + Q3; that is, 


Pafii [eoitav- - [^ arf fattass f afff resena, 
ti V t V 


or, by applying Ostrogradekdi S formula to the integral over the surface $, 
we obtain 


fy 
Since the integrand is continuous, and since the volume V and the interval 


(44. /9) are arbitrary, it follows that for an arbitrary point (x,y,z) in the 
body and for an arbitrary instant /, 


au 
€P3t 


Qu 2 p?! ai) Qu 
CP 3t ^ 3x ZEE 5 V y ees x, y, 2L. (3a) 


fo 
dt f] f teo 24 - div (k grad u) - F(x.y, 2,0] dV- 0. 
V 


= div (k grad u) + F(x,y,z,1) (3) 


or 
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This equation is called the heat-flow equation for an inhomogeneous iso- 
tropic body. 

If the body is homogeneous, the quantities c, p, and will be constant 
and eq. (3a) can be written in the form 


LIE Es +2) + f(x,y, 2,6), (4) 


where a2 = k/cp is the diffusivity, and 


_ F(x, 9,2, é) 
fi ya.) = 
If there are no sources of heat in the homogeneous body that we are con- 
sidering, that is, if F(x,y,2,¢) = 0, we obtain the homogeneous heat-flow 


equation 
ou 32u 
= = . 5 
at (E 22-3) (5) 


In the particular case in which the temperature depends only on the 
coordinates, x, y, and £, which, for example, is the case for the conduction 
of heat in a very thin Ma sheet, eq. (4) becomes 


a (2 T =) TOENE (6) 


Finally, for a body that is essentially one-dimensional, for example, for a 
homogeneous rod, the heat-flow equation takes the form 


2 
du _ 42 ou 
at =a uà Ie. (7) 


Note that in this form eqs. (6) and (7) do not take into account the heat ex- 
change between the surface of the sheet or rod and the neighbouring space. 

To find the temperature within the body at an arbitrary instant, eq. (3a) 
is alone insufficient. As one can see from physical considerations, it is 
also necessary to know the temperature distribution within the body at an 
initial instant (the initial condition) and the conditions on the temperature at 
the surface of the body (the boundary condition). 

The boundary condition can be given in different ways: 

(1) At every point of the surface 5, the temperature may be given: 


uls = V1(P, 2) D (Ba) 


where y/1(P,£) is a known function of the point P on the surface S and of the 
time for £ 2 0. 
(2) The heat flow on the surface S 


may be given. Then, 


Í 
=] = we(Pp, 
s Wo(P,é) , (8b) 
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where 1/2(P, £) is a known function expressed in terms of the given heat flow 
by the formula 


(3) The temperature 49 may be given for the medium surrounding the 
surface of the solid body. The law of the heat exchange between the surface 
of the body and this medium is very complicated, but to simplify the prob- 
lem it can be assumed to have the form of Newton's law. 

According to Newton's law, the amount of heat transmitted in unit time 
from a unit of surface area to the surrounding medium is proportional to 
the temperature difference between the surface of the body and the sur- 
rounding medium: 4 - a(4 - 4g), where a is the coefficient of heat exchange. 
The coefficient of heat exchange depends on the temperature difference, 
4-ug, and on the natures of the surface and the surrounding medium. (It 
may vary from point to point on the surface of the body.) We shall assume 
the coefficient of heat exchange to be constant with respect to temperature 
and uniform for the entire surface of the body. 

From the law of conservation of energy, this amount of heat must be 
equa] to the amount that is transmitted through a unit of area of the surface 
in unit time as a result of the internal thermal conductivity. This leads us 
to the boundary condition 


ou 
au - uo) = -k 2n (on 5) , 


where n is the outer normal to the surface S. Setting h = 0/k, we have 
au 
5 * A -ugls-0. (8c) 


Thus, the problem of the propagation of heat in an isotropic solid body 
is seen to be that of finding the solution to eq. (3a) thst satisfies the initial 
condition 


u| 1-0 = Q(x, y, 2) (9) 


and one of the boundary conditions (8). 


2. The diffusion equation 


The basic law of diffusion in a motionless medium is Fick's law, which 
states that the diffusional flow is proportional to the gradient of the concen- 
tration 


ac 


q= -D 5g > 


(10) 
where C is the concentration of the diffusing substance and q is the diffu- 
sional flow, that is, the amount of the substance that passes through a unit 
of area of a surface in unit time. D is called the coefficient of diffusion. 
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Diffusion in a motionless medium can be observed in pure form only in 
solid bodies because in liquids and gases the motion of the liquid or gas 
— free or forced convection - will necessarily be superimposed on these 
processes. 

It is obvious from formula (10) that Fick's law of diffusion is analogous 
to Fourier's hypothesis in the theory of heat conduction (see formula (2)). 
Following the same reasoning as in the derivation of the heat-flow equation, 
we obtain the following equation for the diffusion in a motionless medium: 


262 (090). 2 (08) 2 (0) resen, a 


where F is the density of the sources of matter, that is, the amount of 
matter that is formed as a result of chemical reaction in unit volume in 
unit time. 

If the coefficient of diffusion D is constant and F = 0, then eq. (11) will 
take the form 


(12) 


aC _p (atc azc ate 
= + -+ . 
at ax? ay? 222 


3. The heat-flow equation in a torus 


Suppose that we have a torus whose cross section is sufficiently small 
that the temperature can be assumed to be the same at all points of a given 
cross section. The initial temperature of the torus is given and we are to 
determine the temperature at an arbitrary subsequent instant after it has 
Started cooling as a result of the internal heat conduction and the heat ex- 
change with the surrounding medium. 

We denote by x the coordinate determining the position of a point on the 
circle passing through the centers of the cross sections of the torus as 
measured from some fixed point on that circle. Consider that part of the 
ring between two near-by cross sections x; and x9. The amount of heat 
flowing into this part of the torus through the sections x = x, in unit time is 
equal to 


(-&c ou , 
0X/x-x1 


where o is the area of the generating cross section. The amount of heat 
flowing out of this portion through the cross sections x = x5 in unit time is 
equal to 
(-ko ou - 
ax. X-X9 
Hence, the heat increment in this portion of the torus that is caused by the 
flow of heat through the two cross sections in unit time is expressed by 
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x2 
(ko 2u) - (ko et) =| po 2 ax . 

OX x=x9 WKEKY Cu ax 
The heat loss due to the exchange on the surface of this part of the torus is 
equal to 

x2 
[atu - ug) p ax , 
xl 

where a is the coefficient of heat exchange, ug is the temperature of the 
surrounding medium, and P is the perimeter of the cross section of the 
torus. Thus, the net heat increment in this portion of the torus in unit time 
is obviously equal to 


X2 32y x2, 
f ko S s dx - [ a(u - uo) p dx . (13) 
x1 ax x1 
On the other hand, this amount of heat is equal to 
X2 
f cpo 2 dx , (14) 
*1 


where c is the specific heat and p is the density of the torus. Equating the 
expressions (13) and (14), we obtain 
x2 
f [coo 94 - ER + alu -ug)p] dx - 0 , 
at ax? 
xl 


from which, because of the arbitrariness of x, and x9, we obtain the differ- 
ential equation for the heat flow in the torus: 


2 
au alu 
cpa at = ko 2 - ap(u - uo) 


or 2 
du | 29^" 
[^4 a - b(u-ug) , (15) 
where 
at = k/cp, b = pa/c pa. 
If the external temperature ug is constant, eq. (15) will, by the simple 
substitution 


u-2ugsve bl, (16) 
lead to the equation 
2 
oe gh (17) 
ax 


It should be noted that these considerations are applicable to an arbi- 
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trary dense rod of small cross sections, the axis of which forms a closed 
curve which does not intersect itself, and if the coefficient of internal heat 
conductivity may not be considered constant, we arrive at the following 
equation: 


cpo = oH - => 2 (ko w). palu -ug) . (18) 


4. An extreme -value theorem. The uniqueness of the solution to the first 
boundary -value problem 


Consider the homogeneous heat-flow equation in a bounded region 2 of 
space (x, y, z): 


e - 2 d2u NL +4) (19) 
ax2 t» 
with the initial and boundary conditions 
"|t297€(x,y,z) (inthe region®); uls=¥(P,f (£20), (20) 


where S is the boundary of the region ®. The functions 9 and Y are contin- 
uous; so, the values of Y coincide for ¿= 0 with the values of 9 on the 
boundary S. P is a point on the surface S. 

The problem of finding the solution to eq. (19) with the conditions (20) 
is called the first boundary-value problem for the heat-flow equation. 

In the four-dimensional space (x, y, z, /), let us denote by D the cylinder 
whose base is the region 22 and whose generators are parallel to the /-axis. 
Let Dr be that portion of the cylinder bounded below by the plane £ = 0 and 
above by the plane ¢ = T (where T is positive). We denote by I the lower 
base (¢ = 0) and the lateral surface of the cylinder. 


THEOREM. The function u(x,y,z,l) that satisfies the homogeneous 
heat-flow equation (19) within the cylinder Dy and that is continuous up to 
its boundary has its largest and ils smallest value on T, that is, either 
where t= 0 (the lower base) or on the boundary S of the region Q. 


Since the theorem for the minimum reduces to the theorem for the 
maximum if we change the sign of u(x, y, z, f), we can confine ourselves to 
proving the maximum theorem. 

Let us denote by M the greatest value of the function u(x, y, 2, f) within 
the cylinder Dy and let us denote by m the largest value of u(x, y, 2,0) on T. 
Let us suppose that there exists a solution u(x, y, 2,7) for which M exceeds 
m, that is, for which the maximum theorem does not hold. Suppose that this 
function takes the value M at the point (x5, 35,26, fo), where (xo, yo, 29) be- 
longs to Q and 0~ ty * T. 

Consider the function 


v(x, y, zl) eua yz D + M-m [x - xg? * ( - »9? + (2 - zo] , 


where d is the diameter of the region 2. 
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On the lateral surface of the cylinder D7 and on its lower base, 
v(x, y,2,l) < m+ &(M- m) = {M+ im - 0M , 
where 0 « 6 < 1 and 
U(X9,99, Zo, lg) =M 


Consequently, the function v(x, y, z, f), like the function u(x, y, z, t), does not 
have its maximum value either on the letaral surface of D7 or on its lower 
base. Suppose that v(x,y,z,f) has it greatest value at the point (x1, y1,21, 41), 
where (x1,31,21) belongsto and O < ¢y < T. Then, at that point, the second 
derivatives 

ay aw ay 

ax2'  342' z2 
are non-positive and av/dé is non-negative. (If 4, is less than T, we have 
av/dt = 0 and if fy = T, we have 3v/6t > 0.) It then follows that at the point 
061,1, 25/1), 
92v 32v 


s. oy 


On the other hand, 


a a2 M- 
"LIC IE EE [C 2. E De 2 


aM Mco, 
d? 
This contradicts the inequality (21) and proves the theorem. 

The following two facts follow immediately from this theorem: 

(1) The solution of the first boundary-value problem (19) - (20) in the 
cylinder Dy is unique. For if we had two solutions of the problem u] and 
ug, their difference w = u4 -ug would satisfy the homogeneous equation (19), 
and would vanish for / - 0 and on the surface S of the region 2. But then, 
because of the extreme-value theorem, it would follow that w must be iden- 
tically equal to zero in the region Q for 0 < £ < T; that is, “4 is identically 
equal to uz. 

(2) The solution of the first boundary -value problem (19) - (20) is a con- 
tinuous function of the right hand side of the initial and boundary conditions. 
For if we change the functions ¢ and ¥ in (20) so that the difference be- 
tween the old and new functions appearing respectively in the initial and 
boundary conditions does not exceed in absolute value some positive num- 
ber €. Then the difference w = 41 - 49 in the corresponding solutions, being 
a solution of the homogeneous heat-flow equation with small initial and 
boundary, would also not exceed € in absolute value anywhere throughout 
the cylinder D7. 
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5. The uniqueness of the solution to the Cauchy problem 


The Cauchy problem is to find u (x, £) (for non-negative ¢ and -œ <x% < +00) 
satisfying the heat-flow equation 


Qu 2 au 
TES à (t> 0, -æ< x « «) (22) 
and the initial condition 
Uj tg = P(x) (--x«9. (23) 


Let us prove the uniqueness of the solution to the Cauchy problem un- 
der the assumption that the solution u(x, £) is bounded throughout the entire 
region, that is, that there exists a number M such that |u (x, f| < M for all 
-œ< x< +% and for arbitrary non-negative /. 

Suppose that ję, £) and u»(x, 4 are two solutions to eq. (22), both sat- 
isfying the initial condition (23). Then, the difference 

w(x, t) = u(x,t) - uo(x, 4 
will satisfy eq. (22) and the initial condition 
w| 1-0 = 0. 
Also, the function w(x, 4 is bounded throughout the entire region 
| w(x, A] <= |ui H| + lugal, N| 82M. 
We cannot immediately use the extreme-value theorem for an unbounded 


region because the function w(x, 4) may not have a maximum or a minimum 
anywhere. To use this theorem, we consider a finite region 


[x SL, OstsT. (24) 
Let us take the function 


4M 
v. = oy Gehen, 


which is a solution of the heat-flow equation (22). It is easy to see that 
v(x,0 > 0(x,0 20,  wxL,£*2M*?1|w(xL,0|. 
By applying the extreme-value theorem to the difference between the func- 
tions v(x, /) and x w(x, £) in the region (24), we obtain 
v(x, i - w(x,) 20, v(x, i) +wx, A »0, 
so that 
-v(x,L) s w(x, s v(x, t) 
or 


ES 


|o(x, | < v(x,t) = 72 4x24 a2) . 


By fixing the values of (x,/) and letting L become infinite, we obtain w(x, £) 
= 0, which proves the uniqueness of the solution to the Cauchy problem. 


Chapter XXIX 


HEAT-FLOW IN AN INFINITE ROD 


1. Heat-flow in an infinite vod 


The problem of heat-flow in an infinite rod whose lateral surface is 
thermally insulated is mathematically formulated as follows: 

Find a bounded function u(x,t) (where t = 0, -œ< x < æ) that satisfies 
the heat-flow equation 


EIE (t> 0, -œ< x < æ) (1) 
and the initial condition 
uligz29(x) (sx. (2) 
Let us first find particular solutions to eq. (1) of the form 
u = T(t) X(x). (3) 


Substituting this expression into eq. (1), we get 
T'( X(x) = a? T(t) X(x) 
or 
t 1 
T() X'(). 9 


aÀT(I) ^ X(x) 
where A2 is a constant. We thus obtain 
T'A + aT 20, — X"(3) + A2X(x) 20, 


3 


so that, if we discard the constant factor in the expression we find upon 
integrating for T(/), we have 


T(t) = e- ante , X(x% =A cos àx +B sin ax, 


where the constants A and B may depend on A. Since there are no boundary 
conditions, the parameter à is completely arbitrary. 
From eq. (3), we obtain 


ux(x, t) = e-a? [A (à) cos Ax + B(A) sin àx] , (4) 


which is a particular solution to eq. (1) for arbitrary A(A) and B(A). If we 
integrate eq. (4) with respect to the parameter à, we again obtain a solution 
to eq. (1): 
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u(x, t) = f e-a7n74 [AQ) cos Ax + BA) sin Ax] d (5) 


-00 


provided this integral converges and can be differentiated under the integral 
sign once with respect to £ and twice with respect to x. 

Let us choose A(A) and B(A) so that the initial condition (2) will be sat- 
isfied. If we set £ = 0 in eq. (5), we obtain, from eq. (2) 


ao 


9 (x) =Í [AQ) cos Ax + B(A) sin Ax] dà. (6) 


-%0 


If we compare the integral on the right side with the Fourier integral for 
the function o (x): 


p -d. f af e) cosat -x d 


= Ł f [cos ax f 9 (£) cos AE d£ + sin dx f P(E) sin AE d£] d , 
we see that we may satisfy eq. (6) by setting 


AQ) =E f e&)cosat at, BO)-d.([ et)smoat. —(m 
Substituting eq. (7) into eq. (5), we obtain 


u(x,t) - i f 


T 
= 


ar f ot) ett cos alg - 2) at 


-L[ a e) e*t cos (E - x) at 


[e] -00 
or, by reversing the order of integration, 
tf O ar 
u(x, = z f o (E) d£ [ e FAME cos X(E- x) dA. (8) 

-00 [e] 
The inner integral can be evaluated. Let us set 

aX t-z, Al -x)= uz, 
so that 


Therefore, 
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i 242 1 2 1 
-a SE - = -Z = 
] e cos A(E - x) dà aft ] e cos uz dz aJ J(u). (9) 


Differentiating the integral J(u) with respect to the paremeter u, we see 
that 


oo 
J'(u) - -Í e-z? z sin uz dz . 
o 


This differentiation is permissible because of the uniform convergence of 
the integral obtained. If we now integrate by parts, we obtain 
ad 2 
J(u)--iu | e-"cos uz dz =- $u J(u), 
fe) 
so that 


.142 
J(u) = c et^ 


To find the constant C, let us set i£ = 0. This gives us 


Therefore, 2 
i 
Ju) =T et, 


and, from eq. (9), 
oo 
f e-22t cos A(E - x) dà = AT e- (6-242 . 
3 2a,/t 


When we substitute this into eq. (8), we finally obtain 


u(x, t) = Í ol) ia fit en 02/4221 dé. (10) 


We note that the function 


2 1 _ e (£-)2/4a?t 
v(x,t) = da Jat e ; (11) 
regarded as a function of x and / is a solution to eq. (1) for x * and posi- 
tive /. The function (11) is called the fundamental solution of the heat-flow 
equation (1). 

Let us show that for an arbitrary continuous and bounded function g(x) 
the function (10) satisfies the heat-flow equation (1) and the initial condition 
(2). 

It is easy to verify that the integral (10) and the integrals that are ob- 
tained by differentiating it any number of times under the integral sign with 
respect to x and / converge uniformly in a neighbourhood of an arbitrary 
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point (x, /) if £ > fg > 0. It then follows that for £ = to > 0, the function u(x, £) 
defined by formula (10) and its partial derivatives with respect to x and £ of 
all orders exist. Since the integrand satisfies eq. (1) for ¢ > tg > 0, it fol- 
lows that the function u(x, £) itself satisfies this equation for £ > tg > 0. 

To verify that the initial condition (2) is satisfied, we introduce, in 
place of £, a new variable a, defined by 


.5-x 


77 2a JE? 


where we are assuming, of course, that ¢ is positive. Formula (10) then 
takes the form 


u(x, t) =+ Í olx + 2aa./t) ex da. (12) 


It is easy to show then that the solution u(x, £) for positive ¢ is bounded if 
| o(x)| < M ftor all x. For 


a 


| u(x, D| <+ | lo (x + 2204/0] eas ec da = M, 


because, as we know, 


+ f e-o? a-1. (13) 


-00 


Multiplying eq. (13) by y(x) and subtracting the result from eq. (12), we ob- 
tain 


u(x, - p =T= f [olaa - pl] e da, 
so that 
cL” -a2 
Iu. -oG9| <2 f lotza - pa] e” da. (14) 


Because the function ¢(x) is bounded for arbitrary values of x, £, and a, we 
have 


| e(x«2aat) - e(x)) < 2M. 


Let « be any small positive number. We can choose some positive number 
N sufficiently large that, because of the convergence of the integral (13), 


2M (7 ed ase ge 2M (ooa da < te 
"RM 36; lay © Qs 3€. 


It then follows from (14) that 
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h -oml ede eL (^ Lotestan/t) - et) e- da 
Ju(x, t) - e(x)| s $e Fly lx+ e(x)| e . 


Since the function 9(x) is continuous, we may assert that for all £ suffi- 
ciently close to zero and for |a] < N, we have 


le(x*2aa/T) - e(x)| < Fe, 
and this inequality then gives 


lute i) - e(2] < Fe «de 


al" 
2 2 
s, 
Ro 
a 
R 


and hence 


1 -g2 
Ju(x,t) - (x)| < łe there | el da, 


that is, on the basis of eq. (13), we have 
u(x.) - eo) «e 

for all £ sufficiently close to zero. Since € is arbitrary, it follows that 
lim u(x, t) = g(x) . 
t-0 


We have thus shown that the function 


ules t) = |. o) zog e699? /407F a (10) 


-00 


is bounded and that it satisfies the heat-flow equation (1) and the initial 
condition (2). 

The uniqueness of this solution for a continuous bounded function g(x) 
follows from the theorem proven in Chapter XXVIII, section 5. 

It follows from formula (10) that heat flows along a rod not with any 
finite velocity but instantaneously. For suppose that the initial temperature 
v(x) is positive for a < x < 8 and equal to zero outside that interval. Then, 
for this temperature distribution, we have 


8 2 
u(x,t) = [ Oy e 670 Aa, 


from which it is clear that for arbitrarily small positive values of ¢ and for 
arbitrarily large values of x, the function u(x,é) is positive. This is ex- 
plained by the inexactness of the physical premises that lie at the basis of 
the theory of heat flow. 

Let us also note one very important fact. The solution to the problem 
(1)-(2) (the Cauchy problem) is a function that is infinitely many times con- 
tinuously differentiable with respect to x and / independently of whether the 
function e (x) has derivatives or not. This smoothness of the solutions to the 


Ch. XXIX] HEAT-FLOW IN AN INFINITE ROD 485 


homogeneous heat-flow equation is in sharp contrast, for example, with the 
equation for the vibration of a string. 

Let us now clarify the physical meaning of the fundamental solution (11) 
of the homogeneous heat-flow equation (1). 

Let us take a small element of the rod (xo - ^, xg +) about a point xg 
and let us suppose that the function ọ (x) giving the initial temperature dis- 
tribution is equal to zero outside the interval (xo - 4, xg +) and has a con- 
stant value 4 within it. This would be the physical set-up if at the initial 
instant of time we gave this element an amount of heat Q = 2hcpuo, which 
caused a temperature rise of «o in this section of the rod. At subsequent 
instants of time, the temperature distribution in the rod would be given by 
formula (10) which in this case would take the form 


‘oth 1 PECE 
u(x, t) Ju "o Zaft € & x) /4a t gr 


h 
Q 1 (9. (92/421 
=— = e d£. 
cp2a mt 2h M 


If we now decrease the value of k to zero, that is, if we assume that 
this amount of heat Q is being distributed over an ever smaller portion and, 
in the limit, is being given to the rod at the point x = x9, we arrive at the 
concept of an instantaneous point source of heat of strength Q located at the 
point x = xg at the instant / 2 0. From the action of such an instantaneous 
point source of heat in the rod, we obtain the temperature distribution from 
the formula 


Xgh 
; Q l([9 .-(t-22/4a2t 
lim 3r e dé. (15) 
h-.0 3cpa st 2h | 
By using the theorem of the mean, we obtain 


Xo*h — (y 274g - (E. 274g? 
Li e 6-9" /4a*t ae qo) /4a*t 
2h ; 
Xo -h 
where 
Xo-h« Eg € xg *h, 

and since £g approaches x, as k approaches zero, the expression (15) takes 
the following form: 


Q 1 e (o7 392/4221 
cp 2a/nt ` 


Thus, the fundamental solution (11) gives the temperature distribution 
caused by an instantaneous point heat source of strength Q = cp placed at 
the point x = £ of a rod at the initial instant of time ¢ = 0. 

The graphs of the fundamental solution 
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vix t 


Fig. 64. 


v(x, t) = save en (E-x)2/4a2t (11) 


for fixed £ as a function of x at various instants of time 0 < £1 < fg < ig <... 
are shown 1h fig. 64. The area under each of these curves is equal to 


2a fat 


This means that the amount of heat Q = cp in the rod remains the same with 
the passage of time. It is clear from the figure that almost all of the area 
bounded by the curve (11) and the x-axis falls within'the interval (E-€,£««), 
where € is an arbitrarily small number, if / is a sufficiently small positive 
number. This area multiplied by cp is equal to the amount of heat added at 
the initial instant of time. Thus, for small positive values of /, almost all 
the heat is concentrated in a small neighbourhood of the point x = E. It fol- 
lows from this that at the instant / = 0, all the heat is located at the point 
x = E; that is, we have an instantaneous point source of heat. 

Now, it is eagy to give a physical interpretation to the solution (10). 
Specifically, in order to give the cross section x = E of the rod a tempera- 
ture o(£) at the initial instant, we must distribute over a small element d£ 
around this point an amount of heat dQ = coq (£) d£ or, what amounts to the 
same thing, place at the point £, instantaneously, a point source of heat of 
strength dQ. The temperature distribution caused by this instantaneous 
point source will, according to formula (11), be 


I. 1_ e-(£-a)2/42?t ge -3f e? da = 1. 


e(£) dé gg e 6 at 


The overall effect of the initial temperature ¢(£) at all points of the rod is 
the sum of the effects of these individual elements. This gives us the solu- 
tion (10) that we obtained above: 


ui. = j e(t) nc e- (E-*)2/4a2t d. 


We have been examining the flow of heat in an infinite rod. In a com- 
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pletely analogous way, we have the equation for the heat flow in the case of 
infinite space 


au L9 
LIC ayl ^ 2:2) 


and, correspondingly, the initial condition 
ult=0 =¢(x,y,2). 
Instead of formula (10), the solution will be 


-f{f (792 + (1-7)? + (6-2)? 
u(x,y,2,t) = f Í J ^t. nt) oa =a OP - "s | d£ dy dt . 


2. Heat-flow in a semi-infinite vod 


Let us consider the problem of heat-flow in a semi-infinite rod the 
lateral surface of which is thermally insulated. Suppose that the end x = 0 
is maintained at a given temperature, which we can vary with the passage 
of time. Then, the problem is reduced to solving the equation 


at - oa (0<x<~, t>0), (16) 
with the boundary condition 
u| x-0 = y(i) (t 2 0) (17) 
and the initial condition 
ulto =9(x) (x20). (18) 
We seek a solution to the problem (16) - (18) in the form of a sum 
w= V+W, (19) 
where v and w are solutions to the following problem: 
av _ 292v aw _ 292v 
at axe’ at ax1 ^ 
olx0=0 3, @ wlx =V , (I) 
vlo = PX), wlio = 0 


Let us first solve the problem (I). The solution to this problem can be ob- 
tained from the solution that we have found for an infinite rod. We rewrite 
formula (10) in the form 

en 


u(x = mg ! [e() e-6-92/42?t , (=g) e- (64x)? 4a) ag. (20) 


When we satisfy the boundary condition, we have 
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vleo gimp] 65/4 (ole) «e(-6)] dt . (21) 
0 


This condition will indeed be satisfied if we set * 
e(-£) *-o(€) (Q<E<=4); (22) 


that is, the function (x) must be extended to the interval (-«, +0) by treat- 
ing it as an odd function. 

Substituting eq. (22) into eq. (21), we obtain a solution to the problem (I) 
in the form 


vt = sr] et [er 6799/40 ~ o- (Bex)? Anar . (23) 
[e] 


If for example, the initial temperature is constant: 
v| i29 = P(x) =, 
we have, from eq. (23), 


TEN LEE 
[e] 


If we split this integral into its separate terms and introduce the new va- 
riables of integration, 


$- E 
a= Sat? B= sat , 
we obtain 
(2-72 7? da - -BË ag 
vix 4M "a a La | 
Ug x/2a Jt -o2 209 x/2a JE - 
“F laar? da = 2 f eno da 
- 0 
or 
u(x,t) = vg8(x/2a,1) , (24) 
where 
6(2) -2f e- da (25) 
o 


is the error function. 
Let us now solve problem (II). We begin with the particular case of 
v(I - 1, that is, 


* The solution to the problem (T) in the class of bounded functions is unique. 
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wl y-9 71. (26) 
It is easy to see that the function 
w(x, t) = 1 - 6(x/2a./2) (27) 


will be a solution to problem (II) for this particular case. Suppose now that 
at the end x=0, the temperature is held equal to zero until the instant 7 and 
then it is raised to unity. In this case, we denote the solution by w7(x, t). 
Obviously, up until the instant / = 7, we shall have w, = 0 and subsequently, 
t7 will coincide with the solution (27) if we replace £ with ¢-7 in that solu- 
tion. This gives us 


w(x, D) = 0 for O<f<7, 

TV 1-80(x/2a/T-T) for t27. 
But then it is evident that if, at the end x = 0, a temperature equal to unity 
is maintained only during the interval of time (T, T «dT) and is equal to zero 


at all remaining instants of time, the corresponding temperature distribu- 
tion along the rod will be 


Our 
wr (x, I) ~ Wydr“ t) =a a dt. 


However, if at the end x = 0 a temperature equal to o(7) instead of unity is 
maintained during the interval (7,7+d7T), we shall obtain 


OW. 
-v(r) E dr , 


from which it is clear that if a temperature y(r) is maintained at the end 
x = 0 for all 7, as T varies from zero to / we shall obtain the net effect by 
adding all the elementary effects. This gives us the desired solution to 
problem (II) in the form 
i aw 
T 
w(x, t) = -Í v7) 5,45 
o 
or since, for f 27, 


Qu 


"oF = - o (3571) “Or /T 


- x e x2/4a2(t-7) , 
2a T(t- 7)? 


we finally obtain 


d 
| o) e-x2/4a2(£-7) dr. (28) 


a 
o (¢-7)? 


We replace 7 by a new variable of integration — defined by 


w(x, t) = ONG 


x 


f= 2af/t-T ` 
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Then, formula (28) can be written in the form 


2 à x? 2 
w(x, t) == vite ec£^ dt. 
Jr | ut ( OO 


For x = 0, we obtain 


w(9,) = wit) | et^ at -v0 ; 
[e] 


that is, the solution (28) satisfies the boundary condition (17). 


Problems 


1. Show that the romagna equation 


2 
2 
=a + f(x, t 


with the initial condition 


ul t=0 = 0 
has a solution of the form 


t œ 
u(x, f) = [ [fen gagara e 6 Aon) ag ar. 


Method: Use the method explained in Chapter VI, section 8 for the in- 
homogeneous wave equation. 


2. By using the method explained in section 1 of this chapter, show that the 
temperature of a thin plate of infinite area is given by the formula 


(£-x)* + (n-») 
u(x, y, t) = " NE glem) exp [- EEE] ag a 


3. Suppose that the initial temperature of a semi infinite rod with thermally 
insulated lateral surface is known. At the end x = 0, a free exchange of 
heat takes place with the surrounding medium. Find the temperature 
distribution in the rod at an arbitrary subsequent instant of time. 
Answer: 


u(x,t) = sare | fore) [e- (6 02/4a?t - e-(Ẹ+x)2/4a2t] 


4 
-2he-hi | eht o(u) au} di. 
ò 


Ch. XXIX] HEAT-FLOW IN AN INFINITE ROD 491 


4. Suppose that the initial temperature of a semi-infinite rod is equal to 
zero and that that of a second rod is equal to a constant ug. Suppose that 
the ends of the two rods are joined at the initial instant. Determine the 
temperature distribution along each rod at an arbitrary subsequent in- 
stant. 

Answer: 


ueber [o ean («0 
"Ass Lx/20 4 
ug (x, t) = on [+ -olam (x» 0), 


where © = kgaj/k1ag. 
Method: The problem reduces to integrating the equations 


dug 3274 dug  a2ug 
=a x«0), =p =a 
ET ax? ( ) at 2 aa 


under the conditions 


2 Fi 
(x»0), aj = c; 672 


auy(0,t) — 2u5(0,!) 
ox 772^ ax , 
ui(x,0) 2-0, — u9(x,0) - ug. 


u (0, )- u»(0, t£) , ky 


Chapter XXX 
THE APPLICATION OF THE FOURIER METHOD 
TO THE SOLUTION OF BOUNDARY-VALUE PROBLEMS 
1. Heat-flow in a finite rod 


1. Heat-flow in a rod whose ends are kept at zero temperature. The 
problem consists in finding solutions to the heat-flow equation 


Bi = go (1) 
with the boundary conditions 
u|x-970, ul yay = 0 (2) 
and the initial condition 
u| 4-0 = P(x) , (3) 


where (x) is continuous, has a piecewise-continuous derivative, and van- 
ishes at x = 0 and x = L. 

Following the Fourier method, we seek particular solutions to eq. (1) 
in the form 


u(x,t) = X(x) T(0) . (4) 
Substituting eq. (4) into eg. (1), we have 
X(x) T'(t) = a2 T(t) X"(X) 
or 
TO X" , 
aT) X) ^" 
from which we obtain the two equations 
T() «a2XT() =0, (5) 
XMax) + AX(x) 20. (6) 


To obtain a non-trivial solution to eq. (1) in the form (4) satisfying the 
boundary conditions (2), we need to find a non-trivial solution to eq. (6) sat- 
isfying the boundary conditions 

X(0-20, XH=0. (7) 


Thus, to determine the function X(x), we are led to the eigenvalue 
problem 


X"(x) + AX(x)=0,  X(0)-0, XQ=0, (8) 
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which we examined when studying the vibration of a string of finite length 
(see Chapter VIII, section 1). It was shown there that only for values of the 
parameter A that are equal to 


An 2(m/)? (n=1,2,3,...), (9) 


are there non-trivial solutions to the problem (8): 


Xp(x) = sin ue . (10) 


To the values A =A, correspond the solutions to eq. (5): 


Trt) = an e-(nna/l)2t ; (11) 
where the @y are arbitrary constants. Thus, all the functions 
ug, t) = Xy (x) Tult) = an e-(na/1)2t sin ^ (12) 


satisfy eq. (1) and the boundary conditions (2) for arbitrary values of the 
constants an. 
Let us construct the series 


en 
u(x,t) = 2 ay e-(na/1)?t sin "7 , (13) 
n= 
When we satisfy the initial condition (3), we obtain 
mux 
] 


This series is an expansion of the given function 9(x) in a Fourier sine se- 
ries for the interval (0,7). The coefficients a, are determined from the 
familiar formula 


u(x,0) = p(x) = 2 an sin (14) 


an -2f g(x) sin ~~ dx . (15) 
o 


Since we have assumed that the function 9 (x) is continuous, has a piecewise- 

continuous derivative, and vanishes at x - 0 and x =z, the series (14) with 

the coefficients a, determined from formula (15) converges uniformly and 

absolutely to (x), as is known from the theory of trigonometric series 34). 
Since, for non-negative /, 


0« e- (nna/l)2t <1, 


the series (13) also converges absolutely and uniformly for non-negative ¢. 
Therefore, the function «(x,/), defined by the series (13) is continuous in 
the region 0 < x <1, ¢ > 0 and satisfies the initial and boundary conditions. 
It remains to show that the function u(x,t) satisfies eq. (1) in the region 
0-x-71,1t- Q0. For this, it is sufficient to show that the series obtained by 
differentiating eq. (13) termwise once with respect to / and the series ob- 
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tained by differentiating eq. (13) termwise twice with respect to x converge 
absolutely and uniformly in the region 0 < x < Z, £ > 0. But this follows from 
the fact that for arbitrary positive £, 


0 < (ma/1)? e-(ma/1)2t < 1 , 0< (m/D? e- nza/1)?t « 1 


if n is sufficiently great. 

In exactly the same way, we can show that the function u(x, t) has con- 
tinuous derivatives of arbitrary order with respect to x and / in the region 
O«x«l,t»0. 

2. Heat-flow in a rod the temperatures at the ends of which are given 
functions of time. This problem reduces to solving the heat-flow equation 
(1) with the boundary conditions 


u|y-9 =¥10), uly = vat) (16) 
and the initial condition 
“| p29 = P(x) , (17) 


where ¥1(¢), v2(f) and g(x) are given functions. We seek a solution in the 
form of a series 


u(x,t) = È T,() sin E , (18) 
n=1 i 
where 
l 
T(t) al u(x, f) sin a dx. (19) 
o 
If we twice integrate by parts, we obtain 


Tnit) = 2. [u(0,0 - C1.) -iea | ES 4 sin I ay, 


Since u(x, t) satisfies eq. (1) and the boundary conditions (16), 


l 
Tal) = V1 0 - C^ 20] - 78 | Sein fae. (20) 


If we now differentiate eq. (19) with respect to t, we obtain 


STO 2 [au qas MTE a T 
[e] 


Ií we eliminate the integral from eqs. (20) and (21), we obtain the following 
equations for determining the coefficients T,,(é): 


aT, (4 
EL . (m2) a(t) - Ë y0- D” yal] . (22) 
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The general solution of this equation is of the form 
2 á 
T,() = ec (mra/D?t ; Bf etree qum -ya ar), (23) 
o 


where, obviously, C, - T,(0). To satisfy the initial condition (17), we re- 
quire that 


u(x,0) = 2. TlO) sin 2% = g(x) 
n=1 
and, consequently, 


T_(0) = Cy = 4 f pla) sin ™ dx . (24) 
[e] 


Thus, the series (18), where the T4(/) are determined by eqs. (23) and (24), 
is a solution to the problem (1), (16) - (17). 

Let us examine the particular case in which the ends of the rod are 
kept at constant temperature; that is, 


¥1(4 = uy = constant, ^ V»(/ = ug = constant. 
Then, eq. (23) takes the form 
2 2 2 ; 2 
Tl) = [wy - (1! ug] [1 - e-2/D^t] «5 f g(x) sin "TE dx e-(nra/D)*t 


[e] 


Substituting T4(/) into the series (18), we obtain 


w1 vog My < ; 
ust) =F 2, Sm), 73 È Cast Sin Cmn 


n 


oo 
,2 2f Cnm u1 -(nra/D2tgin "T 
tr n=1 s l 


< l 
+ > e-(mra/D?t sin "7* f (x) sin ~~ dx. 
n=1 L o 


On the basis of known relationships, 


3(7-£) for O<E<27, 
0 for £-0,27, 


y sin nt _ 
n-1 ^ 


oo 
> (-1)7-1 Sin nb _ lE for -a<t<7, 
Z n 0 for £--m,m7, 


we finally obtain 
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x à S 1f u2 -u1 -(nza Dt & nux 
5 CM, (rra /1)% gin 7 


u(x, t) =u] + (u2-41)F + E 


3 1 


+2 PE -(ma/1)2t sin ms ( 9 (x) ein T dx. (25) 
n= [9 


3. Heat-flow in a rod at the ends of which a free exchange of heat takes 
place with the adjacent medium. The problem consists in finding the solu- 
tion to the equation 


ou 22u 
ew 2g2 t5 
at 7 uua (26) 
with boundary conditions 
ou ou 
3x ^ "x20 = 9 > 2x * Ml eat = 0 (27) 
and initial condition 
u| 4-0 = P(x). (28) 


Following the Fourier method, we seek particular solutions to eq. (26) in 
the form 


u(x,t) = X(x) T . (29) 
Then, we obtain the equations 

T'(h + ar2T(t) - 0, (30) 

X"(x) + À2x(x) 20. (31) 


In order that the particular solution (29) that is not identically equal to zero 
satisfy the boundary conditions (27), it is evident that 


X' (0) -Ax(0-20,  X"()-«hXx(D)-0. (32) 
Thus, we arrive at the problem of the eigenvalues for eq. (31) with boun- 
dary conditions (32) *. Integrating eq. (31), we obtain 
X(x) = C1 cos Ax + C9 sin Ax. (33) 
From the boundary conditions (32), we find that 
hC4-AC9 =0, (kcos Al- à sin Al) Cy + (k sin Al +AcosAl)Cg=0. (34) 
This system of two homogeneous equations has the obvious solution C1 = Co 
= 0 and we obtain the solution X(x) = 0. Discarding this case, we must as- 


sume that at least one of the constants C4, C9 is non-zero. Then, the de- 
terminant of the system (34) must be equal to zero: 


h -À 
h cos àl - à sin àl Asin Al +A cos Al 


* On the basis of Chapter VIII. section 5. all the eigenvalues of the problem (31) - (32) 
are positive. Therefore. instead of à. we may write X2. 
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which, after the substitution 
H=], p=hl>0, (35) 


is reduced to the form 


2 cot 4 = (36) 


Ely 


BL 
b 
This equation has an infinite number of real roots, which can easily be 
shown by drawing the graph of the curves (fig. 65) 


m 
= 2 cot T. 

y Hy Y75 u 
It is clear from the figure that in each of the intervals (0,7),(7,27),... 


there is one positive root of eq. (36) and that the negative roots are equal in 
absolute value to the positive roots. 


‘ 


Fig. 65. 


We denote by H1, #9, 449,... the positive roots of eq. (36). Then, from 
(35), the eigenvalues will be 


An? = (un/l)? (n21,2,8,...). (37) 
To each eigenvalue corresponds an eigenfunction 
Lux "ES 
Xy(x) = cos -a +? sin , (38) 
Hn l 


For à = An, the general solution to eq. (30) is of the form 


Talt) = an en) 


where the @y are arbitrary constants. 


(39) 
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Thus, we have found particular solutions to eq. (26) 
- 2 Enx Hn% 
ty (x,t) = Xy(x) Tult) = ap e (ga D^ (cos aa Ps sin a 
n 


satisfying the boundary conditions (27) for arbitrary values of aq. 
Let us construct the series 


< 2 
u(x, t) = 2 an enn t (co S a +e sin Em) . (40) 


When we satisfy the initial condition (28), we obtain 


oo 


lux [LyX < 
g(x) = p an (cos =a + " sin =) = P AnXy(x) . (41) 


On the basis of the theory of eigenvalue problems (see Chapter VII, sec- 
tion 5), the eigenfunctions X;,,(x) are orthogonal; that is, 


l 
Í Xn) XuG)dx-0 (n*m). (42) 
o 
Taking the square of the norm of the eigenfunctions (38), we obtain 
l l 2 2 
Hp [LyX p(p+2) + u 
f Xn2(0) dx = f (cos —. p sin -7 dx = l n, (43) 
A A l n l 2 n 


Assuming that the series (41) converges uniformly and taking into account 
eqs. (42) and (43), we find the coefficients a, from the formula 


2 
2 Hy, HyX p Hn% 
T p@+2) + uy? 4 f e (x) (cos 4 + it sin 7- 7 dx. 


Substituting this expression for the coefficients @, in the series (40), we 
obtain the solution to the problem (26) - (28): 


ay = 


u(x, į = 2 $. -(una/1)2t Ug cos (unx/T) + p sin (ugx/1) 
, Ia p(p+2) + no 
l 


me" 
x f l (un cos -a + P sin a dx. (44) 
D 


2. The inhomogeneous heat -flow equation 
1. Consider the inhomogeneous equation 


2 
3 ey het (45) 
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with initial condition 
ul t-20 = 9 (46) 
and boundary conditions 
u(0,) 0, ult =0. (47) 
Let us seek a solution to this problem in the form 
NOx 
i 
so that the boundary conditions ay will be automatically satisfied. Let us 


suppose that the function f(x,/), regarded as a function of x, can be ex- 
panded in a Fourier series: 


u(x,t) = i T(t) sin (48) 


= 25 Syd) sin ae ; (49) 
n-1 
where 
2 l 
Jnl = 1 | f(x, § sin A dx. (50) 
[o 


Substituting the series (48) into eq. (45) and taking eq. (49) into consid- 
eration, we obtain 


ao 
T 2 
' nua .OnUX 
2. [rata + FE)” Tat) - 0) sin = 0 , 
n=1 
trom which, by setting x7a/l = wy , we obtain 


Tu) + Wn? T p(t) - falh) . (51) 
By using the initial condition for un t) 


a 


u(x,0) = i Ty(0) sin —— mix = 0 ; 


we obtain the initial condition for P 
T4(0) 20. (52) 


Solving the ordinary differential equation (51) with this initial condition, we 
find 


d 2 
Tah =f e?» 7 s) ar. (53) 


Q 


Substituting this into the series (48), we obtain the solution to the problem 
(45) - (47) in the form 


t 
eon e dt} sin T . (54) 
o 
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If the initial condition is inhomogeneous, we must add to the solution 
(54) the solution of the homogeneous heat-flow equation with given initial 
condition 4(x,0) = (x) and boundary conditions (47), which was obtained in 
section 1, paragraph 1 of this chapter. 

2. Let us now consider the case in which the initial and boundary con- 
ditions are inhomogeneous; that is, we need to find the solution of the 
equation 


au _ q2 97u 
TEES S, + f(x, t) (55) 
with initial condition 
u| tg = (x) (56) 


and boundary conditions 
u(0, f) = v1? ) u(l, t) = Yali . (57) 


This problem is easily reduced to the problem considered in section 1, 
paragraph 2 and in section 2, paragraph 1. For if we set 


utvtw, (58) 
where the function v satisfies the homogeneous equation 


2 
Qv, 2 atu (59) 


the boundary conditions 
v(0,2) -v4(0, od = do), (60) 


and the initial condition 


vl i0 = P(X) , (61) 
and the function #(x,¢) satisfies the inhomogeneous equation 
oe = Ee. pet, (62) 
the boundary conditions 
wlx-0=0, why =0, (63) 
and the initial condition 
w|p-9 70. (64) 


Obviously, the sum (58) is the solution of the problem (55) - (57). 

We note that the problem (55) - (57) is also easily reduced to the prob- 
lem examined in section2, paragraph 1 if we introduce a new unknown func- 
tion v(x, 4) by setting 


u(x, 4 = v(x, + Ux , 
where 


U(x. t) = V4() + Wo) -V1(0]7 
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3. Heat-flow in an infinite cylinder 


In this section we shall deal with heat-flow in an infinite cylinder; we 
shall consider several cases. 

1. Let us first consider the radial flow of heat in an infinitely long 
circular cylinder of radius R, the lateral surface of which is kept at zero 
temperature. 

This problem becomes that of integrating the equation 


ECC IEEE es 
with the boundary condition 
ul .-R 70 (66) 
and the initial condition 
ul tg = (7) , (67) 


where ¢ is a given function of r. 
Following the Fourier method, we seek particular solutions of eq. (65) 
in the form 


u(r, = T() wlr) , (68) 

and we thus obtain the two equations 
T'() + a232T() =0, (69) 
wir) +2 w'(r) + wlr) = 0, (70) 


where A is an arbitrary parameter. 
The general solution of eq. (70) is of the form (see Chapter XII, sec- 
tion 1) 


w(r) = C4J9(à) + Co¥Q (ar) . 


Since Y,(Av) becomes infinite as v approaches zero, it follows from the 
finiteness of the temperature along the axis of the cylinder that C5 = 0. The 
constant A is found from the boundary condition (66). Obviously, this con- 
stant can have any of an infinite set of values determined by the formula 


An = un/R., (71) 
where the 45 are the positive roots of the equations 
Jo(u) - 0 . (72) 
To each eigenvalue Xu? , there corresponds an eigenfunction 
w(r) =Jo(uyr/R) . (73) 


If we now take eqs. (69) and (68) into consideration, we see that the func- 
tions 
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- 2 
2H nl RY gar /R) (74) 


satisfy eq. (65) and the boundary condition (66) for arbitrary ay. 
Let us construct the series 


eo 


ur.) = 2 apIougr/R) e Un Ryu (T5) 


ux(r,t) =a, e 


and in order to satisfy the initial condition (67), we require that 


2. aJ oar /R) = et) . (16) 


This series is an expansion of the given function g(») in Bessel functions 
in the interval (0,R). The coefficients in the expansion (76) (see Chapter 
XII, section 4) are determined from the formula 


"Edo l i 09(o) Jo(ugp/R) dp . (77) 
En 


Substituting the expression (77) for the ay in the series (75), we obtain the 
solution to the problem (65) - (67) in the form 


_2 Jo(ug/R) QUU /R)?t 
u(r,t) = BA Uia | n [ 09(p)Jo(ugp/R) dp. — (18) 


2. Let us now consider the case in which there is an exchange of heat 
between the surface of the cylinder and the surrounding medium, the tem- 
perature of which is assumed equal to zero. Obviously, this problem re- 
duces to integrating eq. (65) with the initial condition (67) and with the boun- 
dary condition 


= tul yp =O. (19) 
Repeating the reasoning of paragraph 1, we again obtain eqs. (69) and 
(70) and find that 
ur) = C4J9Q») . 
In satisfying the boundary condition (79), we get 
aJolu) + uJo(u) 70, (80) 
where we set 
u=aR, a-hR. (81) 


In Chapter XII, section 3, it was shown that eq. (80) has only real roots. 
We seek a solution of the problem in the form of a series 
Z 2 
u(r, 0) = V apJolunr/R) e Unt PE, (82) 
n=1 
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where i4, 42, 43,... are the positive roots of eq. (80) and each term of the 
series satisfies the boundary condition (79). 
In satisfying the initial condition (67), we obtain 
oo 
(r) = 2. apJo (ua r/ R) . (83) 
n= 
But this is just the particular case of the expansion (44) of Chapter XII when 
v 20andf - 1. Consequently, the coefficients a, are determined from for- 
mula (45) of that chapter; that is, 


204,2 R à , 
= - lr) J, . 
R*(ug eo?) Teun | 760 Jofuur/m) tr ea 


Substituting this value of the coefficient a, in the series (82), we obtain 
the solution to the problem in the form 


co më po (P) Jo(#yp/R) dp 


2 2 ~(Hyr/R)%t 
D n . 85 
nnn 7 az ue (un? +h2R2) 4 (us) Jo(unr/R) e (85) 


3. Let us now consider the more general case in which the initial tem- 
perature is a function of all three coordinates: v, 0, and z. 

If we limit our investigation to the case in which the temperature on 
the lateral surface of the cylinder is kept equal to zero, the problem is re- 
duced to solving the equation 


2 2 2, 
a o a? (255 u 15.1 eee (86) 
"v ar” 2 382 az 
with boundary condition 
u| y-R=0 (87) 
and initial condition 
u| i-o = vl, 4,2) . (88) 
Let us seek particular solutions of eq. (86) in the form of a product 
u(r,0,2,1) = T(t) wlr) (8) Z(z) . (89) 


If we substitute eq. (89) into eq. (86), we obtain 


n l,; 
T'(t) _ w (v) * y w (v) 1 e"(0) Zo) 
a2T(t) | w(7) *3à (6) * Zz)’ 


from which 
Z"(z) »A2Z(z) -0, (8) + m2®(0) = 


n l 2 m2 
- kê - -5 =0, 
wt) «wo + ( ,3) wt) 
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T(t) + a2(k2 422) T(t) =0 
where A, m, and k are arbitrary constants. 
The general solutions of these equations are of the following forms: 
Z(z) -C1cosAz + Co sin AZ , 
$(0) = C3 cos m8 + C4 sin m8 , 
u(r) = CgJ,4(kr) + CeYm(kr) , 
T(f) = Cq exp [-a2(k2 +12)t] 


Since the temperature in the cylinder is obviously a periodic func- 
tion of the angle @ with period 27, the constant m must be an integer. Fur- 
thermore, the constant Cg must be equal to zero because otherwise the 
temperature would become infinitely great on the axis of the cylinder, 
which, of course, is impossible. The constant b is determined from the 
boundary condition (87), which leads to the equation 


Jm(RR) = 0 


It follows from this that k has an infinite set of values, defined by the for- 
mula 


(90) 


kmi = Uy R (i= 1,2,3,...), (91) 
where Hmi 1,42» 1. 435- -. are the positive roots of the equation 
Jat) =0. (92) 


Since there are no restrictions on the constant 4, we may consider it 
completely arbitrary, taking on any real value. 

Let us take the sum of all the particular solutions of the form (89). 
This sum will be of the form 


u- 2 A È, j exp [-a202 + ky,;2)1] {TA milà) cos Az + B ilà) sin Az] cos md 
m=0 i-1 
+ [Cypild) cos rX2+ Dml) sindz] sin m0} Jmlkmi® daa. — (93) 


To determine the functions A;4;(À), etc., let us set £= 0. Then, on the basis 
of the initial condition (88), we have 


9(r,0,2) = 2 |. [Agi (A) cos Az + Bgj(X) sinAz] Jg (egjr) dA 
= 


eoo 


+> à Jin gi?) f [Ami (A) cos dz + Bmilà) sinAz] a cos mé 


+ > p Jm iv) f [Cmi (à) cos AZ + Dj44(X) sin Az] a sin m6 . 
m-1-1 je 


We now compare this equality with the expansion of the function q(v,6, 2), 
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in a sine-and-cosine series over the interval (0,27), in which expansion we 
treat 9 as a function of 9. We thus obtain 


TT 2 e 
z f q(v,0,2) dé = à Jolkoir) f (Aoi) cos Az + Boilà) sin Az] dà , 
o = Soo 


aD 
T a0 
1 f 9(v,8,2) cos m6 dé = à Zm(Emiv) f [Ami (X) cos Az +Bmilà) sin Az] da, 
o = Zao 


2a hal oo 
1 f (r, 6,2) sin m8 dé = 2 Jmlkmir) f [Cmilà) cos Az +Dmilà) sin Az] dà. 
o t= ie 


Each of these equations is itself the expansion of an arbitrary function 
y(r) in a series of the form 


y(r) = p G4J y Up iY/R) , 


where m is a non-negative integer. The coefficients a; are determined 
from the formula 


= mr f vlr) J(imir/R) dv , (94) 
R'Jg (si) d 


where the umi are the positive roots of eq. (92) (see Chapter XII, section 4). 
It follows from formula (94) that 


dj 


f [Ao;(&) cos Az + Bo;(A) sin Az] dà 
oll 
= >> ro(7, 9,2) Jo(ug;Y/R) dr dé , 
TR2T42(11 94) o 0 
f [Aj (9) cos àz + Bj) sin Az] dà 
R 2m 
2 
T—13 . f l vp (v,0,2) Jm(Htmit/R) cos m8 dr dé , 
TRI 14 mi) o 
[Cimi() cos Az + DmiQà) sin Az] dà 
2 f au 
= — s ——— vQ(Y,0,2) Jm(umir/R) sin mô dr dé . 
TREIZ YU y) | 


Thus, we arrive at expressions of the form 
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oo 
f [aA ) eos àz + b(A) sin Az] dà = w(2) , 
=00 
where w(z) is a given function. 
But we have encountered expressions of this sort in the problem of 
heat-flow in a rod of infinite length, and it was shown then that the func- 
tions a(A) and b(A) are of the form 


a(a) =f w(E) cos Ab dE , bQ) -z f w(E) sin M d£ . 


From these formulae, we have expressions for the desired functions Ag; (4), 
Boi(), Ami), BmiQ), Cmi, DmiQ), namely, 


1 R 27 œ 
Amil) = NETS ng | i Í vo(r, 01, E) 
X Jyn(uyg;Y/R) cos m6 cos AE dr dé, dé , 
1 R 27 
Pmi = bp T RA Qni) o o J "eene 


X Ju (ug ir/R) cos m01 sin AE dr d91 d£ , 


1 R 2m œ 

Cmi = -3—5-5 — —— re(r, 4,6) 
TR?JZ Mtm) b 

X Jn (ui/R) sin m84 cos M dr dé, d£ , 
R 27 œ 
1 

DmiQ = 3533 4 Í f ro(r, 61,8) 

TR Ju, Emi) à ð žo 


X Jın(Hmir/R) sin m94 sin XE dr dé d£ , 


where 5, = 2 and 5,4, = 1 for positive m. 
If we substitute these expressions into the series (93) and carry out the 
integration with respect to A, using the integral 


fe e-a? cos BA afe -82/40 , 


-90 


we obtain the solution to the problem (86) - (88) in the form 
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e (ati ,/R)*t es 
"uam PP í 
R 2m œ 
<J [ | woor p) e 8/407 Fu mip/R) cos m(0 - 64) dp 40, di 


u (95) 


J2 
mIm+1 Em) 


4. Heat-flow in a cylinder of finite dimensions 


Let us consider the problem of heat-flow in a circular cylinder of ra- 
dius R and height 2k. Suppose that the initial temperature of the cylinder is 
equal to q(r,0,2) and that the temperature of its side and basis is held at 
zero. The problem then reduces to solving the oe 


sa? (24, 1 ou 1 2 zu m) (96) 


Y or tA 28? + 


with the boundary conditions 
Ulga-p=tle—p=0, Ulyep =0 (97) 
and initial condition 
ul p-9 = G(r, 9,2) . (98) 


If we apply the Fourier method and determine the constants thus intro- 
duced in terms of the boundary conditions, we obtain the following particu- 
lar solutions of eq. (96): 


xP [2 (2 +” 


Here, m denotes positive integers, as is required from the second of 
the boundary conditions (97). The constant à is connected with the roots of 
the equation 


(| Ja (rr) sin “7 "e +h) (A cos n8 + B sinnô). (99) 


Jy(u) = 0 (100) 
by the equation 
A-pn/R. (101) 


This requirement is the third of the boundary conditions (97). The number 
n must be an integer since the temperature of the cylinder is a periodic 
function of the angle @ with period 27. 

If we take the sum of all solutions of the form (99) for all non-negative 
integral values of n and all positive integral values of m and for all positive 
Toots Hyj» 42, L43 Of eq. (100), we obtain a solution of the problem in the 
form of the series 
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u= > > > exp |-a (e. dr: 2r ?) | JnlHnkr/ R) 


x sin oh (2+h){Apmn cos 20 + Bryn sin n0) , (102) 


in which the coefficients Apn and Bp,yy are still to be determined. Let us 
set £ = 0 jn the expansion (102). Then, taking account of the initial condition 
(98), we obtain 


eo eo eo 
e(r,8 2 2 A In(unkr/R) sin oh (z+h) 
X (Abmn C08 18 + Bgmn sin 28) . (103) 


Since the right side of eq. (103) is an expansion of the functions (7,0,2) 
in a Fourier series in cos 70 and sin n8, the coefficients of these trigono- 
metric functions can be determined from the familiar formulae. Thus, we 
obtain 

Qn z 
1 " . mr 
an | oly, 8,2) de = > | 2. Abmo sin >, (z | Jo(uggr/R) , 
m= 


1 2n È . mī 
z f olr,@,2) cos né dé ic Agmn sin DA (z +h)| Jn (uyer/R) , 
M - 


ao oo 


27 " 
1 _ mn 
al y(r, 6,2) sin nð dé = à 3 Bemn sin 2h (z u Inlunpr/R) . 


Each of these equations itself is an expansion of the function treated as a 
function of 7 in a series of Bessel functions. The coefficients in these ex- 
pansions may be determined from formula (43) (Chapter XII, section 5), so 
that 

R 2m 


p Akmo sin 7 e +h) = -4 | | relr, 0,2) JolHokr/R) ar dé, 
mTR°S1*(Hok) © 0 (104) 


P Akmn Sin 5; oh 7 (zh) 


2 R 27 
z—————— vo(v, 0,2) In(unpr/R) cos n8 dr do (105 
TR 272 nw | | , nui nk 3 ) 


P Bemn sin @ y (eth) 
R 2r 


2 
—s s rr, 9,2) Jnltnkr/R) sin n0 dv dé . (106) 
ETE n«1 ap l Í mn 
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Since the functions sin(m(z+h)/2h) (for m = 1,2,3,...) form-an orthogonal 
system of functions on the interval [-^,^], we find, by the usual method, 
that the coefficients Akmn and Bkmn in the expansions (104), (105), and 
(106) are given by the formulae 


h 
1 dT 
Akm 7 —3— a f ve (7,8 ,2) Jalhokr/R) 
kmo TRI 1?(u op) (| J, ue 


X sin 5; T (z+h) dv dô dz, 


2 


2 an k 
Ábmn? — 39 — — rlr, 8,2) Jy(uggr/R) 
ThRJÀ (une) J, , 


. MT 
X cos nô sin = 


2h (2+h) dv dô dz, 


an h 
Brmn = u ror, 0, z) J4(uup*/ R) 
as onan 4 | dme s 


X sin 10 sin 4. T (2k) dv d8 dz. 


2h 
When we substitute these values of the coefficients into the series (102), 
we obtain the final solution to the problem (96) - (98). 


5. Heat-flow in a homogeneous sphere 


Let us examine the problem of heat-flow in a homogeneous sphere of 
radius R with center at the origin coordinates. 

1. Let us first consider the case in which the temperature at an ar- 
bitrary point of the sphere depends only on the distance 7 of that point from 
the center. We also assume that on the surface of the sphere there is an 
exchange of heat with the surrounding medium, the temperature of which we 
assume to be zero. In this case, the problem reduces to integrating the 
heat-flow equation 


tnm. rar) (107) 
with boundary condition 
Z i hulya = 0 (108) 
y Y-R 
and initial condition 
ulo = ely. (109) 
Setting v = uv, we have 
av _ 42 07v (110) 


510 APPLICATION OF THE FOURIER METHOD (Ch. XXX 


av 1 
ye =0, S (h-g)vl.-n-9, (111) 


v| p29 = vet) . (112) 


The problem (107) - (109) is thus reduced to the problem of heat-flow in 
arod, the temperature at one end of which is held equal to zero and the 
other end of which exchanges heat with the surrounding medium. 

Using the Fourier method, we find particular solutions of eq. (110) in 
the form of a product 


va ea? sin Ar. (113) 


These solutions satisfy the boundary conditions (11) for arbitrary a if A is a 
root of the equation 


AR cos AR + (hR - 1) sinAR=0. (114) 


Fig. 66. 
Let us set 
AR= ut, bp-hR-1»^»-1. (115) 
Then eq. (114) takes the form 
u cos y -psinu-20. (116) 


This equation has an infinite number of real roots, as can easily be shown 
by constructing graphs of the curves (fig. 66) y = tan p, y = -u/p. 
From the figure, one can see that when -1 < p< 0, there will be a pos- 


itive root of eq. (116) in each of the intervals (0,47) ,(7,37),... and that with 
increasing s they approach the values 3(2”- 1) . When 0 < p < œ, the posi- 
tive roots lie in the intervals (37,7),(37,27),... and, with increasing n, 


they approach the values 3(22-1)7. We note that the negative roots of eq. 
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(116) are equal in absolute value to the positive roots. We denote by 414,19, 
L3,... the positive roots of eq. (116). Then, from (115), the eigenvalues 
will be 


Aw? -(us/R)?  (n-1,2,8,...). (117) 
To each eigenvalue corresponds an eigenfunction 
wy(v) = sin(uav/R) . (118) 
Let us now construct the series 
ao 
V - 2 
vlr, À = 2 ap e Vn RE sin r/R, (119) 
n= 
When we satisfy the initial condition (112), we obtain 
oo 
°° m 
vo(v) = 2, ay Sin -— (120) 
n=1 R 


If we multiply both sides of the expansion (120) by sin(u5v/R) and integrate 
from 0 to R, and, using the equalities 


.R d HRY 0 for b*n, 
| sin pR sine ar = R p(p«1) + m 
3 g.,3 fe ksn, 
2. p^*Hg 
we find the coefficients a5 from the formula 
ar [ vo(») sin de 
ay = = ——————3 sin —5- dr. 
R p(p+1) + ine o R 


Substituting this expression for the coefficients a, in the series (119) and 
remembering that v = vu, we obtain the solution of the problem (107) - (109) 
in the form 


oo 
Pu,  _ 2 A InP 
2 n z € (Hna/R) f sin py (p) sin - dp. 
RY n=1 p(p+1) «ug © 


u(r, t) = 
(121) 


2. Let us now investigate the general case in which the temperature of 
the sphere depends on all three coordinates v, 0, and o. Here, we assume 
that the temperature of the surface of the sphere is zero. 

If we transform the heat-flow equation to spherical coordinates 7, 4, 
and o, the problem of the heat-flow in the sphere reduces to integrating the 
equation 


2 
ou e ae 1 2 (sin o 


= + 
at y2 "Y 9Y  ,2 gin 8 30 


with the conditions 


au 1 ou) 
+ (122) 
86 r2 sin26 29? 


uly =O, (123) 
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u|,42g 7f(7,0,9) . (124) 
Let us seek particular solutions of eq. (122) in the form 
u = T(t) v(r,0,9). (125) 
Substituting this into eq. (122), we obtain 
Av. T) = -k2 
v TÀ , 
so that we have the two equations 
T'(t) + a2k2T(t) =0, (126) 
Av « k2v =0, (127) 
where 
av - 2% 2, 1 2 sinà ov + 1 ao 
avà rər y2sino 36 30/ y2 sin2ð 292 


To obtain non-trivial solutions of eqs. (122) of the form (125) that satisfy 
the boundary condition (123), we need to find non-trivial solutions of eq. 
(127) that satisfy the boundary condition 


vly-R=0. (128) 


We shall seek a solution to eq. (127) satisfying the boundary condition (128) 
in the form 


v = (r) Y(8, p). (129) 
Substituting this into eq. (127) and separating the variables, we obtain 
1 oY 1 aY 
Sin 8 2 (sin o > 38 * ando api £AY-20, (130) 
d^e(r) | 2 dé(») 2 À 7 
Ste ar + (k Ux) è) 20. (131) 


If we solve eq. (130) upon the condition that the solution v is bounded on 
the entire surface of the sphere, we obtain the eigenvalues 


A =n(n+1), (132) 
to which correspond the spherical functions (see Chapter XXI, section 1) 
P,(cos 0) , Pnm(cos 0) cos mo , Pnmlcos 0) sin mo 
(m=1,2,...,m). 


Let us now consider eq. (131). If we take eq. (132), the boundary condition 
(128), and the boundedness of the solution for 7 = 0 into consideration, we 
obtain the following boundary-value problem for the function ®(7): 


d?&(v) 2 dé(r) e 1) 
2 +2 OTRA. (p2 - 97) a(n = (134) 


(133) 
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$(0*«», dl, pn-0. (135) 
When we set 
a(r) = y) , (136) 
eq. (134) becomes Bessel's equation 
yy" + ryt + [R272 - (n +4)2]y =0, 
the general solution of which is of the form (Chapter XII, section 1) 
y= AJ, A (Rr) + BY, i (e) - (137) 
It follows from the boundedness of the solution that B - 0. The boundary 
condition (135) gives us 
Ady (RR) 20. 


"t3 
Since we seek non-trivial solutions to eq. (134), it follows that A * 0 and, 
consequently, 

Ja 41 (RR) =0. 
If we denote by Hy1,4y9,43,--- the positive roots of the transcendental 
equation 

Ty lh) 70, (138) 


we find the eigenvalues 

kon = (Unm/R)2  (n21,2,9,..., n20,1,2,3,...). (139) 
To each eigenvalue ken of the boundary-value problem (127) - (128) there 
correspond the 2” +1 eigenfunctions 


Jai R ; 
Üpyaj(v, 0,9) = neum) vC? e, 9) G -zc,.., -1,0, 1,. tt ,n) 3 (140) 


where we set 
Y(? o, o) = Py,(cos 6) cos vo , ve, o) = Py (cos 0) sin vo 
(v =0,1,2,...,m). 
For k = kmn, the general solution of eq. (126) is of the form 


- 2 
T mnt) = Amn € (44mm /R)"t , (141) 
where A mn is an arbitrary constant. 

Thus, on the basis of (125), (140), and (141), all functions of the form 


Ins gg T/R) Yn (9,9) emm Y 


Uygsp(Y, 8,9, 0) = JY (142) 


where 
n 


Y4(0,9) = @gmPy(cos 9) + à (Gap, coS bo + bgm sinko) Pyp(cos 0) (143) 
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is a spherical function of order z, satisfy eq. (122) and the boundary condi- 
tion (123) for arbitrary constants 49m, 4pm and bgm 
We now construct the series 


25 $e enm/ R)? t 


u(r,8,e,t Yn(8,?) Jy a (gnv/R). (144) 
f ' n20 m=1 vy ntz 
When we satisfy the initial condition (124), we obtain 
Yn (8, 9) 
flr, 8,9) = i > Ingham /R) - (145) 


To find the spherical functions Y,(@,~) in the expansion (145), we multiply 
both sides by Ph(cos y) and integrate over the surface of the sphere of unit 
radius. Then, we obtain 


T 27 
[| f(v,8',9") Pp(cos y) do 


1 R 2T 
-55 dd | Yn", g") Pelcosy) do. (146) 
n m=1 o 0 


Recalling the formula (see Chapter XXI, section 2) 


m 27 0 for kem, 
J | Y,(6*,9") Pp(cos y) do -] 4, 
inal Ya(0,9) for k=n, 
we can rewrite eq. (146) in the form 
7 2T < NE /R) 
_ 40 m nm 
f | fr, 8", p') Py(cos y) do = 5 2 Y,,(8, 9) MR 
o m=1 
or » 
(niir f (7 p 
dn | f f(r,8',9') Palcos y) do = ¥,(8, 9) Jy Mags i / R) - 
ui (147) 


We now compare this expansion with the expansion of the arbitrary 
function F(v) in a series of Bessel functions (see Chapter XII, section 4): 
ao 
F(r) = P Od ty Y/R) , (148) 
where 
[ 
F(7) J, (uy T/ R) 
RAP (Xu ) 2 r nz nm H 
RU Ham) 0 


and itqm are the positive roots of eq. (138). 
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From a comparison of the series (147) and (148), we find the desired 
expression for the spherical functions Y7(@,y), namely, 


T 2T 3 
Yn, p) = [| ff rv? f(r,0',9') Py(cosy) 
o 


IPTA aly \ X. 
2rR J, "I 
n+} uat /R) do dr. (149) 

Thus, the solution of the problem (122)-(124) is the series (144) in 
which the spherical functions Y,4(0,«9) are determined from formula (149). 


6. Heat-flow in a rectangular plate 


Consider a thin homogeneous rectangular plate the temperature of the 
edge of which is kept at zero. The initial distribution of the temperature is 
given and we are to determine the temperature of the plate at an arbitrary 
subsequent instant of time under the assumption that there is no heat ex- 
change between the large surfaces of the plate and the surrounding medium. 

Obviously, this em reduces to solving the equation 


a (x + 23) (150) 


with the boundary conditions 
u| x-0 = ul x25 = 0 , ul y=0 = ul yzg = 0 (151) 
and the initial condition 
ul tag = e. 9) . (152) 


Using the Fourier method, let us seek particular solutions to eq. (150) 
in the form of a product 


= T(t) X(x) Y(y) . 


Then, to determine the functions X(x), Y(y), and T(f), we obtain the equa- 
tions 


X"(x) + A2X(x)=0, Y"(y) «u2Y(y) -0, T(t) +a2(a2 + u2) Tt) = 


where A2 and u2 are constants. 
The general solutions of these equations are of the form 


X(x) = C4 cos Ax + C9 sinax, Y(y) = C3 cos ux + C4 Sinus , 


T(t) =A exp [-a202 + p2)t] . 
To satisfy the conditions (151), we need to set 
C170, C3 =0, Azmm/p, ung (m,n =1,2,3,...). 


Thus, the particular solutions of eq. (150) satisfying the boundary condi- 
tions (151) are 
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2 2 
Unm = Amn €XD [en Cs P2 | sin ^T b T y sin T y. 


Let us construct the series 


© 
2 2 
m n mT nu 
u(x,y.t)= 2. Amn e 2s? m t| sin 5 sin y. (153) 
mn-i "m OP Cs 2 b q 


When we satisfy the initial condition (152), we obtain 
(x, y) = x 1 ^mn sin Z gin 2 | 
mn P 


This series is the expansion of the function (x. y) in a double Fourier se- 
ries, and the coefficients Amyn are determined, as can easily be seen, from 
the formula 


q 
^mi | p(x, y) sin 77" x ein 77 y dx dy. (154) 
0 


Substituting these values of the coefficients A mpn in the series (153), we ob- 
tain the solution of the problem (150) - (152). 


Problems 


1. Consider a plate of thickness 2R and infinite extent at a temperature 09. 
The plate is heated from both sides by the same constant heat-flow 4. 
Find the temperature distribution from one surface of the plate to the 
other at an arbitrary subsequent instant of time. 


Answer: 
2 32 S a 2 
u(x,t) = a4 (i. R -3x - 24R > ( 1) e (nva/R) t eos MX ; 
kv? n-l k R 


where k is the thermal ‘conductivity. 
Method: The problem is reduced to integrating the equation 


-a2 alu 


$T 2 


ox 
with the conditions 


ou ou 9u(0, È 
ko * 4 «x-- R70, -k zy talar 70s 940.40 o, ul pg = 0. 


2. Consider a thin rod of length / consisting of two parts made of different 
Substances. The initial temperature of both parts of the rod is the same, 
namely 09. At £> 0, one end (x 2 0) of the rod is raised to and held at 
constant temperature 49 while the other end (x =/) is kept at temperature 
0°. Find the temperature of the rod at any instant of time subsequent to 
the initial instant. 
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Answer: 

ao 

kyayu Aj? -u$?t 
> 197 ae J ^) sin ayy; (0<x<&) 
jl Hj ) snap ' 

u(x,t) = Ryayu 2 in aguy 
171 kyayuA?? up, Sn 
1- J — TTT in ; l- 

2 enr uj ( sin a3uj(1 - £) ^ ap uj(t - x) 


(£«x«1), 
where the uj are roots of the equation 
41k, cot uag + azko cot ag(l -Ẹ)u = 0 


and the Aj are determined from the normalization condition 
E l 
2 
e; | Xij dx + capa | Xpjae=1, 
b £ 
sin aiuj£t 


Í sin a3uj -£) 
The orthogonality condition for these functions is 


Xj-4Ajsinaqujry, Xj = sin agu;(l- x) . 


£ l 
C101 I Xij Xik dx + am] Xoj Xok dx = 0 Gtk). 
0 


Method: The problem reduces to integrating the equations 
FIL 32u du _ 3u - 
aiat ^32 (0<x<&), at = axe (£* x«l), 
a? = c;P;/ki (i-1,2) 
with the conditions 
u(0,) =u, el, 20,  w(£-0,0 -u(£«0,0, 
hy 9E -0,) = kp ou(E +0, t) 
X Ox 


3. The temperature of the lateral surface of an infinitely long cylinder of 
radius R 18 equal to zero. The initial distribution of the temperature in 
the cylinder is given by the formula 


ul p29 = f(r,0) . 


Show that the temperature within the cylinder at a subsequent instant of 
time is given by the series 


eo oo 


u(r, 0,t) = > > (Amn C08 n8 + Bmn Sin n0) Jy(umr/R) e 
m=1 n=0 


u(x,0) =0 


- (au ,,/ R)9t 
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where 
1 p T 
Amo = => vf(v, 8) Iq( uj, v/R) dr d8 
zRJi1?(u,,) o J f 
1 R m 
Amn = a ll f vf(v, 9) Jy(u4v/R) cos n8 dr dé, 
TRI qp) 0 fg 
2 Roa 
Ban = ——— f vf(r, 80) In(t4mr/R) sin n6 dr d6 , 
TR Ja+1 Ém) o -T 


and H1,42,43,... are the positive roots of the equation 
Jnl) =0. 


PART IV 


SUPPLEMENTARY MATERIAL 


Chapter XXXI 
THE USE OF INTEGRAL OPERATORS 
IN SOLVING PROBLEMS IN MATHEMATICAL PHYSICS 
1. Basic definitions. Method of application of integral operators 


A transfor mation of the form 


JJ. | ples ays en) K(x1,x9,... Xp Y Y2s- +++ Ym) dX1 dtg... dxy 
S) 


(m <n), (1) 

by means of which a function f(x, x2,...,%n) of the n variables x1, x9, x3, 

.,Xn is transformed into a function f(y1,*5 ... Y mi Xmsli ->> Xn) Of the 

m variables y1,72,---,Ym and the n - m variables % 1.4, X442, -s Xp Tep- 

resented by the integral (1), is called an integral operator (transformation) 

with kernel K(x1,x5,..., Xm YL Y2- - Y m- 

Every integral operator is defined by: (1) a kernel 
K(x1, X9, Xs Y p Yo» Ym , 

(2) a region S of integration, and (3) a set © of functions f(x1, x2, ..., x4) on 


which it operates. To define a particular integral operator, one needs to 
Specify all three of these. 

The term "integral transform" is applied to the results of the trans- 
formation. Thus, the integral (1) is an integral transform with respect to 
the variables x1,%2,...,%, of the function f(x1,x2,..., x5). The integral (1) 
is also said to be a mapping (with respect to the variables x1,X2,..., Xy) of 
the function f(x1, x9,..., X4), which is called the original function. The va- 
riables of integration x1,x5,..., X5, in the integral (1) are called the varia- 
bles of transformation. The operator (1) itself is said to be taken with re- 
spect to the variables x1,X5,... , Xm. 

We shall denote the transformed functions by the same symbols as 
were used before the transformation, but with the addition of a mark above 
the symbol: a macron, a double macron, a tilde, etc. The argument of the 
transformed function will make it clear with respect to what variable the 
transformation has been performed. For example, the expression f(v1;x9,x3) 
will denote the integral transform with respect to the variable x; of the 
function f(x1, x5, x3). We shall omit the argument x; or y; in those cases in 
which such an omission cannot lead to misunderstanding. 

The operator that retransforms Jy1.v2, ecoYmiXmep- XQ) into the 
function f(x1,x2,... , Xn) is called the inverse of the integral operator (1) or 
simply the inverse operator. Here, the operator (1) is called the direct 
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operator (transformation). We note that the inverse operator is not always 
an integral operator. 

We shall be using only integral operators with respect to a single va- 
riable. The general procedure for applying such integral operators to the 
solution of problems in mathematical physics consists in the following: By 
means of an integral operator, a problem is transformed in such a way as 
to eliminate differentiation with respect to one of the variables, thus re- 
Sulting in a simpler problem involving the transformed function. Having 
solved the latter, we use the inverse operator to find the unknown function 
that is the solution to the original problem. If necessary, we use several 
integral transformations, successively eliminating differential operations 
with respect to the different variables. Having solved the transformed 
problem, one uses the inverse operators to obtain the desired function. 

We shall consider only problems involving partial differential equations 
and shall not use integral operators to solve ordinary differential equations, 
which is the basic subject matter of the branch of mathematics known as 
operational calculus. 


2. Conditions allowing the use of integral opevatovs 


Consider the problem posed, in some region, for the second-order dif- 
ferential equation 


Mu =f, (2) 


where 
3 


c - ou NEM 

Mu = " o aag x NETT » ba ax. +C (aij = aji) (3) 
is a second-order differential expression with variable coefficients and f is 
a known function of the variables xo, X1, X9, and x3 (these may be the coor- 
dinates of a point in space and time). In the general case, among the addi- 
tional given conditions of a problem that ensure uniqueness of solution, 
there may be initial and boundary conditions, conditions at infinity, condi- 
tions of periodicity of the solutions with respect to certain coordinates, 
conditions of conjugacy on the boundary between media, and so forth. In 
making a transformation, we must, of course, transform both the given 
equations and the supplementary conditions. 

We shall assume below that all the functions that we are subjecting to 
integral transformation have the properties that make such a transforma- 
tion possible. In examining specific problems, we shall necessarily con- 
Sider the matter of the applicability of the operator in question. 

Let us find conditions sufficient to ensure transformation of a problem 
to a form in which it does not contain differential or integral operations 
with respect to the variable of transformation. 

Obviously, we need to choose the limits of integration for an operator 
in such a way that they coincide with the limits (2,5) of variation of the va- 
riable of transformation x;; otherwise, the values of the transformed func - 
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tion outside the interval of integration would not be taken into account or 
the integration would be extended to a region in which the transformed func- 
tions cannot be defined. Thus, if the variable of transformation varies 
within finite limits, the integral operator must have finite limits; in the 
opposite case the integral operator must have infinite limits. In view of 
this, we shall distinguish between finite and infinite integral operators. 

If we subject eq. (2) (in the interval (a,b) of variation of the variable 
xi) to an integral operator with kernel K(x;,7), we obtain 


IG 


a2u 
+ > b K(x;,y) dx; 
aie weis e T i i 


32u au . uu 
3i ES 2° at "iB 3x; àxa * bi Fxg * cu) K(xi,vy) dx; =f, (4) 


where f is the integral transform of the free term f. Let us find sufficient 
conditions for this integral relationship to be transformed into a differential 
equation with respect to the integral transform 


b 
a= Í uK(xi, v) dx; 
a 


of the unknown function 4. 

If the coefficients aj and bj for j,k + i do not depend on the variable of 
transformation xj, the first intégral on the left side of eq. (4) will take the 
form 


2?u S by 2% 
Sang ots yaQ. 
afri P 8Xy8xg^ ari 
In this case, for example, 
b 2 2 b 2 
aÃu ð au 
aip >> Klx Y) dxi = ajk za | UK(%;, y) dx; = ajk ———. 
J jh 8Xj OXp i» Y) dx; jk ax; 273] (xj, v) dx; jk àxj axp 


We integrate the second integral on the left side of eq. (4) by parts: 


32 
f (us 9 & PETIT IE tb I jt en) KG v) dti 
au èii aK}? 
= A A + (b; - E u+2 & aig eA K(xj,v) - uajj x; i 
b a2ay;K 3b;K au. aig 
K) u dx; - 2 5 
‘| (Gar wt ek) 4 ES ax; (5) 


The transformed equations will not contain integral terms if 
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. . 
X mU alo, (6) 


—— «cK--MK, (7) 
D 


where 2 is a quantity that does not depend on x; * 
The first of these relationships can be satisfied if 


a3=0 for j*i; (8) 
that is, if the differential expression (3) is of the form 
Mu = Myu + Mu, (9) 
where 
Mju = aj; * * bj bs tH, (10) 
[4 


and l'u is an expression containing no derivatives with respect to x;. 
If the second relationship is satisfied, then 


| CE ! i cK) u dx; = -2 f uK dx; = Am. 


If, in addition, the coefficients a;;, b;, and c do not depend on the variables 
xj (where j + i), the quantity A2 will not depend on x;. Then, the relation- 
ship (7) can be regarded as the equation for defining the kernel K(x;, y). 

When we satisfy the relationships (B), the integrand on the right side of 
eq. (5) can be written in the form 


ou 0a;,K b 
[2 2x + bju) K -u ix; | |. (11) 


a 
This expression contains the values of the function u and its derivative 
0u/àxj at xj =a and xj = b. For us to calculate it, it is obviously necessary 
that the conditions of the problem (boundary, initial, and so on) admit an 
expression of the conditions with respect to the variable x; in terms of 
known functions of the variables xj (where j * i). Otherwise, the trans - 
formed equation would contain not only Z but other unknown functions. How- 
ever, this requirement alone is not sufficient, since the values of 4 and 
0u/0x; cannot be given arbitrarily for two different values of x; and, conse- 
quently, they cannot appear simultaneously in the conditions of the problem. 
This does not allow us to take an arbitrary solution of eq. (7) for the kernel 
of the operator. Nonetheless, if we subject the kernel to additional require- 
ments that we shall state in the following sections, the expression (11) can 
be computed. This makes possible the exclusion of differential and integral 


* We write 42 and not 4, for example. because we shall need to use the square roots 
of these quantities and thus the notation that we have adopted is more convenient, 
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operations with respect to the variable x; from the equation of the problem. 

Let us consider the transformation of the conditions of the problem. 
The conditions of the problem for the original equation (3) apply to, the en- 
tire set of variables xj. The transformed equation does not contain differ - 
ential operations with respect to x; and, consequently, the conditions for 
the transformation of the problem must apply only to the variables xj for 
j +i. According to our assumption, the conditions with respect to the va- 
riable x; can be expressed in terms of known functions of the variables x; 
(tor j + i). Therefore, the conditions with respect to the variables xj do not 
depend on the conditions with respect to x;. If, in addition, the conditions 
with respect to xj (tor j + i) contain neither coefficients depending on x; nor 
derivatives of 4 with respect to x;, then when we transform these conditions 
using the integral operator with the chosen kernel, we can obtain the condi- 
tions for the transformed function Z. For example, the boundary condition 


ou 
© xj * Bu=q for xj = Gj 
(under the assumption that change of order of differentiation and integration 
is valid) is obviously transformed to the form 


Zn pa =@ for Xj = A, 
provided the coefficients œ and 8 do not depend on xj. 

In conclusion, let us state the conditions which are sufficient to allow 
us to eliminate differential and integral operations with respect to one of 
the variables by use of an integral transformation. 

1. The left side of the equation must be the sum of two expressions, 
one containing derivatives only with respect to the variable of transforma- 
tion, and the other containing neither derivatives with respect to that va- 
riable nor coefficients dependent on it. 

2. The supplementary conditions of the problem (boundary and initial 
conditions, etc.) must fall into two groups, one expressing the condition 
with respect to the variable of transformation (that is, for x; = a and x; = b) 
in terms of given functions of the other variables, and the other containing 
no derivatives with respect to the variable of transformation and no coeffi- 
cients that are dependent on it. 

3. The limits of integration in the operator must coincide with the lim- 
its of variation of the variable of transformation, and the kernel of the 
operator must be a solution of eq. (7) and must satisfy the supplementary 
conditions (11). 

In the next two sections, we shall make more precise the requirements 
of the kernel of the operator and shall give both the form of the trans- 
formed equation and formulae for the inverse operator. 


3. Finile inlegral lransformations 


In order to give the formulae for the direct and inverse operators used 
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for a variable of transformation that changes within finite limits, we rep- 
resent the kernel of the direct und in the form 


K(xj, Y) = y Pe) K(xz,7) , (12) 


where C,, p(x;) and K(xj, v) are functions (to be determined later) of the 
indicated arguments. We shall call the function Cy of the argument y the 
normalizing divisor. When we substitute expression (12) into eq. (7), we 
obtain 


aK z ite = 
dip —.* - bye) 3E -qE = -X20 , (13) 
dxi 
where 
d?aj;p _ db;p 
q= ( du ^ ds * ep) . (14) 
We deter mine the function p by the condition 
dajjp/dx; = bjp , (15) 
from which, 
do, Të. 
0. 
Gl. dx bi) p= 
It is easy to see that the solution of this equation will be the function 
dea 
xj) =e - - 6 i . 16 
plxi) »[- fa: Cas; i) dx (16) 
It follows from condition (15) that eg. (13) is of the form 
d OK OR 20K = 
ax? Bx; qK * A^pK =0, (17) 
where 
b agp, =-¢p. (18) 


An equation of the form (17) is often encountered in mathematical physics 
and has been intensively studied in connection with the classical Sturm- 
Liouville problem of finding those values of the parameter A3 (the eigen- 
values of the problem) for which eq. (17) has a solution not identically equal 
to zero (the eigenfunctions of the problem) satisfying the homogeneous 
boundary conditions 


aK J ak - 
g a Pak laa -0, CES K gt K|- =0. (19) 


We have already encountered a particular case of the Sturm-Liouville 
problem in Chapter VIII when we considered the vibrations of a string. 

We shall use certain results of the Sturm-Liouville theory without 
proof, since proving them would require a complete development of the 
theory of integral equations. 
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Let us suppose 
(1) that the functions p, dp/dx;, q, and p are continuous on the interval 
asx; Sb and p?0, q 70, Po Sp < pj, where pg and py are positive 
constants, 
(2) that the integral 
b dxj 


b 


converges, and 

(3) that the numbers oy and 84 and also op and 85 are non-negative and that 

the members of each pair are not simultaneously equal to zero. 
Then, 

(1) The eigenvalues A2 of the Sturm-Liouville problem form an infinite in- 
creasing sequence of positive numbers A12 < A92 < A92 € ... . 

(2) To each eigenvalue dy? there corresponds one eigenfunction Ky (x), that 
is, one function that reduces eq. (17) to an identity and satisfies the 
boundary conditions (19). 

(3) The system of eigenfunctions KE, (v =1,2,3,...) is complete in the sense 
of mean convergence; that is, an arbitrary square-integrable function 
f(xj in the interval (a, b) can be represented in the form of a series 


fex)» 2. ay Ey, (20) 


which converges in mean to the function f(x;). We note that, in accord- 
ance with a familiar property of series that converge in mean, the se- 
ries (20) can be termwise integrated if we first multiply it by any 
square -integrable function. 

(4) The eigenfunctions K, and Le are pairwise orthogonal with weight p(x); 
that is, 


b 
f p(x) Ku Kg dx; - 


a 


0 when a #8, 


Cy, #0 when a=8. (21) 


If the integral 


f dx; 
a p 
does not converge but the integrals 
GE yg b-€ ax; b b- x; 
f 5 dxi, f 4 and f g d". 
a ate b-c 


do converge for some positive €, the same results hold, but the boundary 
conditions of the form (19) must be replaced by other conditions at the 
limit a or b at which f(x; = 0 (or at both limits if p(a) = p(6) = 0). Ordin- 
arily, these are the conditions for finiteness of the eigenfunctions. 

Even if the function p = 0 at one of the limits a, b, these results can 
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remain valid. (Specifically, this is the case with Bessel's equation, Legen- 
dre's equation, etc.). 

When the coefficients in the Sturm-Liouville equation have the same 
values at the end points of the interval (a,b) and, instead of the homoge- 
neous boundary condition (19), we have the periodicity condition 

aK. | _ [ak J 

iis * Fhia " (nox; * leja (22 
then the first three of the results given above will still remain valid (except 
that to each eigenvalue y there will ordinarily correspond not one but two 
linearly independent eigenfunctions, which can be extended as periodic 
functions beyond the end points of the interval (a, 5)). Let us renumber 
these in such a way that the eigenvalue àg? corresponds to the eigenfunc- 
tions Kg, 1(xj) and Ko4(xj. As in the case of boundary conditions of the 
form (19), the eigenfunctions corresponding to different eigenvalues are 
mutually orthogonal. The functions Kog_1(x;) and Kog(xj), corresponding to 
the same eigenvalue can, because of their linear independence, always be 
chosen in such a way that they are mutually orthogonal *. Then, eq. (21) 
will be satisfied, with the result that the analogy for this variant of the 
boundary conditions will be more complete. 

Here, we use the formulation of the Sturm-Liouville theory in terms of 
convergence in mean and not, for example, in terms of uniform conver- 
gence. That this formulation is sufficient for studying the problems of ma- 
thematical physics follows from the material in the last chapter of this 
book. In that chapter, we shall present the concept of genevalized solutions. 
Here, we only note that because we are using the concept of convergence in 
mean, the method developed below will, generally speaking, include the 
generalized solutions. This means that the solutions of the problems of ma- 
thematical physics that we have found by means of integral operators (in 
those cases in which there is no classical solution representing a twice- 
differentiable function) can be generalized solutions; that is, they can, for 
example, fail to have first and second derivatives at certain points of the 
region in question, etc. 

Generalized solutions have the same physical meaning as do the clas- 
sical. Therefore, if à problem does not have a classical solution but has a 
generalized solution and if this solution is unique and depends continuously 
on the given conditions, the statement of the problem remains correct. We 
note also that if a problem has a unique classical solution, it must neces- 
sarily have a generalized solution, which then coincides with the classical. 

Let us return to eq. (12) and set 


Klej, y) = Ky) . (23) 


Then, the kernel K(x;,y) of the direct operator will be a solution of eq. (7), 
because under the condition (12), eqs. (7) and (17) are equivalent. To show 
the feasibility of using an integral operator, we need to show that expres- 
sion (11) can be computed. 


* See V, L Smirnov D. Vol. 2. p. 156. and also section 3 of Chapter XXV. 
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Recalling that, in accordance with relationship (15) and (18), b¿p = 
da;jp/dx; and paji = p, we reduce this expression to the form 


c; ^K w E. (24) 


Let us consider the boundary conditions of the general form: 
du eu 


If o, * 0 and o, + 0, we choose (for constructing the kernel of the integral 
operator) a system of eigenfunctions that satisfy the homogeneous boundary 
conditions 


ak, E aR, 
foa a ^ Pa »|sa =0, [es 3x, * Ry oy =0. (26) 
Then, expression (24) takes the form 
1j1 z 1 - 
E P(b) ep K (b) - a; A0 Pa R,(a)| (27) 


and can be computed, since there are only known functions in it. If og = 0, 
ap + 0 and Ba + 0, the first of the boundary conditions (25) can, without loss 
of generality, be written in the form -u = gg. In constructing the system of 
eigenfunctions, we set 


E; x;-ü =0 , (28) 
So that expression (24) takes the form 
1 [1 » aK, 
E a, PO op Ky) - PO CaS (29) 


this can also be computed *. In an analogous manner, we could examine the 
cases of op = 0 and o4 = ap = 0. The expressions that we would then obtain 
are obvious and can be calculated from the given boundary conditions of the 
problem. Thus, the required integral transformation can be carried out. 

Let us now suppose that the solution of the problem in question is per- 
iodic with respect to the coordinate x; with period equal to the interval 
(a, b). If the functions Kx) also satisfy this periodicity condition, the ex- 
pression (24) will vanish and, consequently, will be known. 

From these results, we see that when it is possible to carry out an in- 
tegral transformation with respect to the variable x; which varies in a finite 
interval @, b), the equation lu = f is transformed to 


WH - rh = f+Ng-Ny, (30) 
where K and J are the integral transforms of the functions « and f, and Ng 
and Np are functions whose form is determined by the conditions given for 


the coordinate x; at the end points of the interval (a, b). When boundary con- 
ditions of the form (25) are given, 


* It is assumed that the derivative 3K y/àx; ia bounded for x; =a. 
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1 > 
Cag O K (a) 9a for ag #0, 


Na = 1 aK, 
c. P0) de Pa for ag=0, Bg=-1; 
Y xi x-a 
(31) 
1 - 
Car b(b K.(b pp for a, +0, 
Mpc) T% y 
1 ok, 
c, PO) x, |. b for @p=0, Bp =1. 
i 


Under the condition of periodicity with respect to the coordinate xj, we have 
Na - Np = 0. 

Finally, let us determine the original function 4 from the transformed 
function Z; that is, let us try to perform the inverse operation. To do this, 
we expand the function 4 in a series 


oo 
u= > a, K, (32) 
y-l 
in terms of a complete system of eigenfunctions Ry of the Sturm-Liouville 
problem. When we multiply the series (32) by pK, and integrate it term- 
wise, we obtain, because of the orthogonality conditions (21), 


b 
1 E 
a, - - | piu dx; , 
Ya 


where C, is a function of the parameter y, defined by the formula (21). If 
we use the function C, as a normalizing divisor in eq. (12) (which is always 
possible because C, does not vanish), and if we note that the quantity 
(1/C,) pK» is then the kernel K(x;, y) of the direct operator, we obtain 


b 
ay =| KG) u(i) dx; = 8) . (33) 
ü 
It now follows from formula (32) that 
oo 
u= 2, Wy) K,. (34) 
y=l By 


This is the desired formula expressing the original function 4 in terms of 
its integral transform (33). 


4. Integral transformations in infinite intervals 
From analysis, the reader is familiar with Fourier's integral formula * 


* See. for example, Smirnov D, Vol. 2, p. 160. 
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Tu ar | ES cos t(£ - x) d£ = 3[ fxs 0) «f(x - 0)] , (35) 


where f(x) is a function of the one-dimensional argument x, defined on the 
entire real axis and satisfying certain additional conditions. For example, 
it is sufficient to require that the integral 


f IAE! dt 


-00 


converge. Then, the Fourier formula is valid for all values of x in whose 
neighbourhood the function f(x) is of bounded variation. Furthermore, if the 
function f(x) is continuous at the point x, the right side of the Fourier for- 
mula is equal to f(x). 

Fourier's integral formula can be obtained from a Fourier series 


f(x) = žao + I (a, cos 5" x + by sin F x) 
by passing to the limit as the interval (-4, D increases without bound. When 
we note that the Fourier series represents an expansion in eigenfunctions 
of the particular Sturm-Liouville problem 


«A24 20, u|x--1 = ul vel » 


it is natural to assume that, in the general case, an expansion over an in- 
finite interval is possible. This supposition is valid under certain condi- 
tions. Integral formulae are then obtained which make it possible to per- 
form integral transformations and to exclude differential operations with 
respect to variables whose domains are infinite intervals. 

We shall give a number of such integral formulae beginning with the 
Fourier integral formula (35). 

Let us suppose that the function f(x) is defined in the infinite interval 
0xx«*. It is then possible to extend the definition to the interval -æ <x «0. 
For example, we can set f(-x) = f(x) or f(-x) = -f(x). In the first case, 


[4] sO 
f f) cos tt - 2) at = | fà) cos CE +) dë, 
=00 ie) 


so that 


oo 


f Ae) cos t£ - at = f fG) (cos t(& - 3) + cos t(£« 2] d 


o 
= 2 (cos tx) Í F(é) cos CE d£, 
o 


and Fourier's formula (35) can be written in the form 
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o0 


2 f costs at | fle) cos të dë -3[f«0)«/&-O]. — 99) 
o o 


In the second case, when f(-x) = -f(x), we can, in a similar manner, obtain 
the formula 


eo 


2 f smtxat[ fle) sin t£ at = b [f+ 0) +f -0)] . (37) 
o 


o 


Both these formulae are valid throughout the entire interval 0 < x « ^ of 
definition of f(x) and give an even or odd extension, respectively, of the 
function f(x) into the negative half of the real axis. 

Let us now use the identity 


cos elt - Xx) -i ei E (£-x) + E eit (E-x) 


to transform formula (35) to the form 


L f eitra f fE) ei! ar 3 [G6 0) +/x-0)] . (38) 


-00 


We again assume that the function fx) is defined only for non-negative x 
and let us extend its definition to include all negative values of x by setting 
f(x) = 0 for negative x. Consider the functions f(x) e7"*, where 7 is a posi- 
tive number. The integral 


eo 


f 1 eÈ] ac 


-00 


converges even when the function /(£) increases exponentially (provided the 
number 7 is sufficiently great). In formula (38), let.us replace the function 
f(x) with the function f(x) e-?*. Multiplying both sides by e"*, and recalling 
that f(x) = 0 for negative values of x, we obtain 


à. f emiOrar[/ fe) e£ ac = bff e+0)+/e-0)] 029. 
oo o 


If we make the substitution 
(n-i8) =y, dt = -dy/i, 
we obtain 


1 Nic a 
zi | ev* dy f RE) e-vE dé = LL flees 0) f(x - 0)] , (39) 
o 


n-i œ 


which is called the Laplace-Mellin integral formula. If, in this formula, we 
make the substitution 
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y?-Y*, x =Inx*, E-1nE*, "--n*, f -f*&*) 
and then drop the asterisks, we obtain the formula 


a (74 
27i 


o0 

S [ AE) EYI aE = aif (20, (4) 
p-ie X" 
which is called Mellin's integral formula. 

Let us now consider the function ei^? f(x), where n is some number and 
x and 8 are polar coordinates in the plane. We denote by g(x1, x2) the ex- 
pressions for this function in Cartesian coordinates x1 and x9. Assuming, 
for simplicity in calculation, that the function g(x1, x9) is continuous, let us 
apply to it the Fourier integral formula, taking the coordinate x4 as the va- 
riable of integration. We then obtain 


Ł T e171 qe, Í. até, xa) e "151 dey = aly, x9) « 


Let us now apply the Fourier integral formula with respect to the coordi- 
nate x9. After some simple manipulations, we obtain 


(Ly f f ei 6116229) dey dt i Prenta e i(E1E1+baeo) dt dtg 


Zoo = o0 =00 500 
= g(x1,x9) . 


By means of the relationships x1 = 7 cos 0, x9 =r sin 0, £1 = Ecos 0, £92 = 
& sin 0', 1 = (cos 8", Eg = 6 sin 6", we introduce polar coordinates. Re- 
calling that df] dfs = £ d£ d6', dey dt» = € dt dô", and that, in polar coor- 
dinates v, 8, the function £(x1,X9) is given by the expression ei”@ f(x), we 
transform the formula in question to 


(hy [ 6 dt f dé" exp [i(vt cos (6-6") - n6)] 
o -T 


9o T 
x Í Edt | d8' FE) exp [-i(£€ cos (8'-6"') -n8!)] =f”. 
o -T 


We note that, in the general case (that is, without assuming that the function 
&(x1, x2) is continuous), we obtain (on the right side of this formula) the ex- 
pression 3[ (v+0)+/(r-0)], which we shall use in the subsequent discussion 
Let us set 


0!'-8" =+ . 


Then, 
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us 
| exp [-i(£6 cos (8'-0"*) - n6')] dó' 
-U 
im-0" 
- I, exp [imo = EC sin y)] exp [92 (8 + 4n7)] dg 
-27-0" 
T 
= exp [in(9""+ 27)] Í exp ling - Ef sing)] dọ . 
T 


Since the integrand is periodic with period 27, we again arrive at the 
limits of integration (-7,7) in the last integral. If we now set 


o"-8 = W-an, 
we obtain 
T T7 
exp [2iz] | exp [i(76 cos (6-6"') - n6) + in6"] d6" =f exp [i(mp - rẹ siny)] dy . 
n iT 


If we substitute the transformed integrals into the general formula and re- 
member that, for n greater than -3, in accordance with formula (58) of 
Chapter XII, 


T 
exp [i(nr - z sin 7)] dr = 272,(z) , 
“7 


where J,(z) is Bessel's function of the first kind of order x, we obtain the 
Fourier -Bessel integral formula: 


f Jaleo) cac f AE) zs60 EdE = 30 0) «fc -0)] (41) 
o 


o 
(x 20, n> -3). 


The conditions given in connection with the Fourier integral formula are 
sufficient for the applicability of the Fourier-Bessel formula. 

We shall consider the inner integrals in formulae (36) - (41) as integral 
transforms of the function f(x) appearing in the integrand. The outer inte- 
gral then represents the inverse operator, which is also an integral opera- 
tor, for an infinite interval of variation of the variable. 

Thus, we have at our disposal the following set of direct and inverse 
integral operators, which we now present with their commonly used names 
and with a statement of the conditions of their applicability: 

1. The Fourier transform: 


oo 


an= f wpecbtar, Ef web*ay-u9. — (2 


-00 


Sufficient conditions for its applicability are that the integral 
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oo 


| Intl dx 


-00 


converge and that the functions u(x) be piecewise-continuous and of bounded 
variation in an arbitrary finite interval. 
2. The Fourier cosine transform: 


uy) = Í u(t) cos vt at , 

? (43) 
u(x) for x>0, 
u(-x) for x<0. 


2(. 
al u(y) cos yx dy = 


Sufficient conditions for its applicability are that the integral 


oo 


f | u(x)| dx 


o 


converge and that for non-negative x the functions u(x) be piecewise- 
continuous and of bounded variation in an arbitrary finite interval. 
3. The Fourier sine transform: 


u(y) = Í ulë) sin vt dE, 
° (44) 


oo 
2 : .í u(x) for x»0, 
Ji u(y) sin yx dy = -u(-) for x«0. 


The conditions for applicability are the same as for the Fourier cosine 
transform. 
4. The Laplace transform: 


aly) = f u(t) evt dé ; 
me ; (45) 
z f a(y) eY* dy = u(x) for x70, 
N-is 


0 for x<0. 


Sufficient conditions for its applicability are that the function u(x) for posi- 
tive x be piecewise-continuous in an arbitrary finite interval and that there 
exist a number a such that the product u(x) e-@* remain bounded as x in- 
creases without bound. Here, we need to take 7 greater than a for the in- 
verse operator. 

5. The Mellin transform (for positive x): 


d Tic 
ay) = [ u(t) EY-l at , zi ty) S = u(x) for x»0. (46) 


o -loo 
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Sufficient conditions for its applicability are that the function u(x) be piece- 
wise-continuous and of bounded variation pn an arbitrary finite interval of 
positive values of x and that there exist numbers a > 0, y,, and yg (with 
y1 © v2) such that the integrals 


oo 


a 
| utag aa fo lue ell ae 


o a 


converge. Here, for the inverse operator, we need to take y1<7<y 2. Other 
sufficient conditions for the applicability of the Mellin transform are that 
there exist numbers 7, and 75 with n4 < ng such that for 7; < 7 « 75, the 
integral 


Arico 
Í [z6)] dy 
n-i% 
converges and that the function #(7+ix) be analytic and approaches zero as 


x approaches zo. 
6. The Hankel transform (for x > 0, n> -3): 


oo 


up)-[ wt) Ed, f B0) Juya) ydy =ulx) for x20. (47) 
o (0) 


The conditions for its applicability are the same as for the Fourier trans- 
form. 

We note that in this list of operators we consistently wrote u(x) for 
brevity instead of z [u(x+ 0) +u(x-0)]. These operators have found wide 
practical applications but, of course, we have not exhausted the list of inte - 
gral operators that can be useful in some particular case or other. 

With an infinite interval, the choice of the integral operator applicable 
for solving a given problem is conditioned by the same considerations as in 
the case of a finite interval, In particular, the kernel of the operator must 
be a solution of eq. (7) such that expression (11) can be calculated. If this 
kernel is one of the kernels that appear in the transformations (42) - (47), 
we can perform the direct and inverse transfor mations by the methods that 
we have given. 

Let us represent the kernel K(x;,y) of the direct integral operator with 
respect to the variable x; in the form of the product 


1 = 
c, e K(xj,vy) , 


where p(x;) is the function defined by eq. (16) and C, is a normalizing 
divisor. Here, as in the case of a finite integral operator, we obtain an 
equation of the form (17) for determining the function K(x;, y). 

The variable of transformation can, in an infinite interval, be inter- 
preted either as a space coordinate or as time. In the first case, the choice 
of the solution to eq. (17) is conditioned by the same considerations as in 
the case of finite integral operators. 
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Let us consider the second case. When the equation for which the prob- 
lem is posed is of the hyperbolic type, the given conditions contain both 
values of the unknown function 4 and values of its derivative 94/94 at the 
initial instant. Consequently, expression (11) can be calculated at the lower 
limit. With regard to the upper limit, the kernel of the operator can 
usually be chosen so that expression (11) will vanish at that point. Then, 
the transformation can be carried to completion. However, when the equa- 
tion is of the parabolic type, the given conditions contain only the value of 
the unknown quantity 4 at the initial instant and not the values of its deriva- 
tive. However, here, only the first derivative 94/81 of the unknown function 
appears in the equation that we are studying (that is, &;; = 0), so that ex- 
pression (11) takes the form 

bjuK | 
t=0 
and can again be calculated at the lower limit. As in the preceding case, we 
can usually arrange for expression (11) to vanish at the upper limit, asa 
result of the vanishing of the kernel of the operator. 


5. Summary of the results 


To make it easier to use the methods of integral operators, we give a 
summary of the basic results and formulae. 

By the use of an integral operator, we can eliminate differential opera- 
tions with respect to the variable x;, which varies in a finite interval (a, 5) 
when the following sufficient conditions are satisfied. 

1. The differential equation of the problem can be represented in the 
form 


Mu + Wu =f, (48) 
where 


2 
e^u ou 
Wu = as; —. + b; — + 
? ut t oxi 


cu (49) 
is a differential expression with coefficients depending only on the variable 
xj and {'u is a differential expression with coefficients not depending on x; 
or on derivatives with respect to x;; also, aj; 20, c <0, aii, ¢a;;/ax;, and 
c are continuous in the interval (a, 6); the integral 
1 (96 | 
x) = exp |- ac - bi) 50 
e) = exp |- | 2 (Se - bi) ae (50) 
has a continuous derivative with respect to x; in the interval (2,5); there is 
a non-negative number € such that 


ate y. b-€ . b Aly: 
[xe Cm. Un 


bo) dx; , Le Po dx; (p(x) = aup) (91) 


converges. 
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2. If the boundary conditions are given inter ms of the variable x; of the 
transformation, they must, for p(a) + 0 and p(b) * 0, be representable in 
the form 


ou _ au B 
loa 8x; - se]... 7948, les 8x; * |, og -9b, (52) 


where the quantities ag, aj and og, op are non-negative and the terms in 
each pair not simultaneously equal to zero, and where 9, and 9p are known 
functions of the variables x; (for j + 7). 

For p(a) = 0 (p(b) = 0), the boundary condition for x; = a (x; = b) must 
satisfy the requirements of the theorem on expansion in eigenfunctions of 
the corresponding Sturm-Liouville problem. This usually means that 4 must 
be finite for x; = a (xj = b). 

3. The conditions of the problem in terms of the variables xj (for j * 1) 
contain neither derivatives 94/0x; with respect to the variable x; of the 
transformation nor coefficients depending on x;. 

4, The kernel of the operator is equal to 


K(xi, y) = e» px) Ky(xi) , 


where K,(x;) is the solution to the homogeneous differential equation 


pb" -qK«MpR-0 (q= -cp), (53) 
» 
satisfying 
(a) the homogeneous boundary conditions 
aK T E 3K 
[ea 9x; T 21 70, los dxi Z7: =b 7 (54) 


if boundary conditions of the form (52) are given for the variable x;; 
(b) the condition of periodicity, if the condition of periodicity is given for 
the variable xj. 

For p(a) = 0 (p(8) = 0), the first (second) of conditions (54) must be re- 
placed by the condition following from the requirement of the theorem of 
expansion in eigenfunctions of the corresponding Sturm-Liouville problem 
(see above). 

When these conditions are satisfied, 

1. Eq. (53) has solutions not identically equal to zero for values of a2 
that form an infinite increasing sequence 42, Ag2,... ,Ay2,... of positive 
numbers M2 (the eigenvalues of the problem for eq. (53)). If the boundary 
conditions are given in terms of the variable x;, then to each eigenvalue A, 2 
there corresponds only one linearly independent solution of eq. (53) K. So: 
that is, for a fixed value of the variable x;, there will be only one expres- 
sion for the kernel 


K(xi,vy) ^C. ID Ky (x) . 


If the condition of periodicity with respect to the variable x; is given, 
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then to each eigenvalue A 2 there will ordinarily correspond two distinct 
linearly independent periodic solutions of eq. (53), which, by a linear trans- 
formation, can be made mutually orthogonal. It is convenient to denote 
these two solutions by Kog 169) and Ro, (i). Then, the function K,(x;) with 
integral arguments y also appears in the kernel of the operator but to each 
pair of values of y (equal to 27 and 27-1 for 7 =1,2,3,...) there will cor- 
respond one eigenvalue Ay? 

2. The equation of the problem lju + M'u = f can, by means of an in- 
tegral operator with kernel 


1 = 
K(xi, Y) = @— Pli) Ky (xi) (55) 
Y 
(where the normalizing divisor, C,, is equal to 
b 
f pled [xed]? ax) , (56) 
a 
be reduced to the form 
Mu - 20 =F+Ng-Ny, (57) 


where Z and fare the integral transforms of the functions u and f with re- 
spect to the variable x;, where 4,2 is the eigenvalue with ordinal number y 
of the boundary-value problem 5a) - (54), and where the quantities Ng and 
Ny are defined as follows: When boundary conditions of the form (52) are 
given with respect to the variable x;, 


pla) Ka 
a Pa for dg #0, 
Ng = i ra, K, (58) 
= pla) —— for =0, =-1, 
Cy 2x; sad Pa ea Ba 
pl) K,(b) . 
_ Oy Yb for Op #U, 
Nog = 1 aK, (59) 
= pb z— for a,=0, =1. 
C, PO agr seen b = Bp 


When the periodicity conditions are given with respect to the variable x;, 
Na -Np 20. (60) 


3. Additional conditions in terms of the variables xj (for j + i), which 
are necessary for stating the problem for eq. (57), are obtained by replac- 
ing (in the corresponding conditions with respect to the variables x;) the 
original problem for each of the functions of the variable x; by its integral 
transform. 

4. The solution u of the original problem is expressed in terms of the 
solution 8, of the transformed problem by means of the series 

oo 


u= 2, ay) Kt) (61) 
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In the case of an integral transformation within finite limits, the va- 
rious operations should be carried out in the following order: 
(1) Establish the validity of using an operator in the problem in question. 
(2) Calculate (from the values of the coefficients a;;, 6;, and c of the differ- 
ential expression 9/(;4) the functions p(x;), P(x;), q(xj). 
(3) Find the function Ky (xi). 
(4) Find the kernel of the direct operator. 
(5) Use the relationship (57) - (60) to write the transformed problem. 
(6) Find the solution of the transformed problem. (Here, if particular, re- 
peated application of integral transformations may be useful.) 
(7) Write the solution of the original problem in the form of the series (61). 
In the case in which it is necessary to eliminate differential operations 
with respect to a variable that varies within an infinite interval, these re- 
sults are modified in the following respect: 
1. The kernel of the direct integral operator must (up to a constant 
factor) be equal to the product 


p(x) K(x, y) , (62) 
where K(x;,y) is a solution of the differential equation 


[ oK 27. 
3a? ax, 9K Y eK = 0. (63) 


If the lower limit @ of variation of the variable x; is finite and the boundary 
condition is given with respect to the variable x;, then the function K must, 
at that limit, satisfy the homogeneous condition corresponding to the condi- 
tion of the problem (that is, the same condition as with respect to the va- 
riable x; of the problem, but with the right side equal to zero). At the upper 
(infinite) limit, the function K must be such that the expression 
Low AK 

ole) (K ae - Su (64) 
vanishes. In particular, if it is known that the quantities 4 and 94/8x; van- 
ish at infinity, the function K may be finite. 

We note that in the case of integral operators within infinite limits the 
quantity y takes on not a discrete sequence but a continuum of values. 

2. The kernel of the direct integral operator oK must belong to the set 
of kernels for which an inverse operator exists. Formulae (42) - (47) sum- 
marize the most useful direct and inverse integral operators. 

3. The equation of the problem (as a result of the transformation within 
infinite limits) is reduced to the form 


Wa - yu «Nga; (65) 


here, the function Ng is defined by eq. (58) is the lower limit a of variation 
of x; is finite, and the boundary condition is given for x; = à; it is equal to 
expression (64) for x; =a if the Cauchy conditions are given (initial condi- 
tions). 

In the case of integral transformations within infinite intervals, the 
operations should be carried out in the following order: 
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(1) Show that there is nothing to make integral transformation of the prob- 
lem impossible. 

(2) Calculate the functions p(x;), P(x;), and q(x;). 

(3) Find the general solution of eq. (63) and use formula (62) to determine 
the general form of the kernel of the direct operator. 

(4) Beginning with the requirement relating to the transformation of the 
conditions of the problem in question, choose a kernel for the direct 
operator. 

(5) Use formulae (42) - (47) to find the operator with this kernel. 

(6) Use formulae (55), (58), and (64) to write the transformed problem. 

(7) Find the solution of the transformed problem. 

(8) Use the formula for the direct operator to write the solution of the 
original problem in integral form and calculate or simplify the integral 
relationship found. 

Henceforth, in solving specific problems, we shall assume that the 
formulae given in this section are known to the reader and we shall not 
make specific references to them. 

In deriving the relationships concerning integral transformations in 
Sections 3 and 4, we made certain standard assumptions (for example, the 
assumption that the order of differentiation and integration could be re- 
versed, and so on). Generally speaking, we cannot, therefore, assert that 
the solution found by means of integral transformations actually does satis- 
fy the problem in question and (in doubtful cases) it makes verification of 
the solution necessary. Although such a verification may be tedious, this 
does not appreciably restrict the possibilities of the method, since (in all 
the properly stated problems of mathematical physics) the method leads at 
least to a generalized solution (see above). 


Chapter XXXII 


EXAMPLES OF THE APPLICATION 
OF FINITE INTEGRAL TRANSFORMATIONS 


1. Vibrations of a heavy thread 


Let us consider, as our first example of the application of finite inte- 
gral transformations, Daniel Bernoulli's problem of the vibrations of a 
heavy thread. 

The differential equation for small vibrations of a homogeneous non- 
stretchable heavy thread suspended at the upper end is of the form (Part I, 
Chapter XIII, section 2) 


2 (,9«), X 12u (1) 

ox 0x/ gd ggg" 
where d is the linear density of the thread, X = X(x, /) is the unit transverse 
load of the thread, and v is the displacement of the thread from its equilib- 
rium position. The x-axis is assumed to be directed upward along the 
thread. The coordinate origin is at the point coinciding with the position of 
the lower end of the thread when in equilibrium. The boundary condition can 
be written in the form * 


ulx-0* 9, uly-p=0, (2) 


where / is the length of the thread. 
In the general case, the initial condition is of the form 


ðu | 
u] t=0 = uolx) , at | 1-0 = 14 (x) , (3) 
where 4o(x) and #4(x) are known functions. Let us find an integral operator 
that will allow us to eliminate differentiation with respect to x. Let us de- 


fine 


* Since the motion of the thread at the free end is not restricted by any kind of ex- 
ternal factors, the condition at x = 0 is not related to the physical aspect of the 
problem and hence it may be ignored. It expresses the genera! requirement (which 
applies not only to the boundary point but to the entire region in question) that the 
solution must be bounded. Statement of this problem by use of the condition at the 
point x = 0 is permissible, since this is a singular point of eq. (1). so that solutions 
of the equation exist that satisfy the necessary condition at x =! but that increase 
without bound as x approaches zero. Here we gave the condition at a singular 
point of the equation in order to underscore the fact that we shall later extend the 
requirement that the solution be bounded at this point. to the kernel of the integral 
operator. 
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TIT 


Myu = ax 
For this expression *, 
ayy HX, by =1, c-0, px) =x, p(x)=1, q(x) - 0. 


Since p = 1, the kernel of the operator and the auxiliary function K,(x) can 
differ only by a normalizing divisor. To find them, we seek the solution to 
the boundary-value problem. 


2 (eE) 2g -o, (4) 


Rl x-0 < -, Klx- =0. (5) 


This solution, considered as a function of the variable x and of the ordinal 
number y of the eigenvalue A2 is the desired kernel of the operator (up to 
a factor). By means of the substitution 


z= 2x2 , (6) 
eq. (4) can be reduced to Bessel's equation of order zero: 
2z — 
aK LOK glo. 
2922 2 02 


Its solutions, bounded at z -,0, are the Bessel functions J,(\z). Conse- 
quently, the functions Jo(u,x2), where uy = 2A,, are bounded solutions of 
eq. (4) at x = 0. To satisfy the second of the boundary conditions (5), we set 


Jo(uyl3) - 0. (7) 


The roots u, of this equation form the set of eigenvalues of the problem 
(4) - (5). i u 

We take Jo( ux) for the function K(x). Here, the kernel of the direct 
operator is the function 


Kæ, y) = dol ue) , (8) 
Y 
where 
a 13 
Cy={ [Jolu] dx . 
[*] 


To calculate C,, we use formula (38) of Chapter XII, according to which 


a 
|. o3 02) dz = 3027y2(na) . 
ò 


If we set a@=1, z= 2x2, and à = Bly) we obtain 


* All the notations correspond to the notations used in section 5 of the present chap- 
ter with obvious change im subscript. 
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2 i 
Cy = IJ} (uÈ) . 


When we perform the integral transformation with the kernel (8) and 
interval of integration (0,7), remembering that A, = ahy, we transform the 
problem (1) - (3) to the form * 


22u __ XxX 
<p tiam, (9) 
ou = 
MoTo, Fe], TO, (10) 


where 


M 


1 j 
^6 f u(x,t) Joy x?) dx , 
Yo 


L 
X =X(y, t) =a, [ Xe Jolly x* 2) q x, 
[*] 


l 1 
Hol) = a J uoto) Jor) de, — m) = c j ula) Jo(uyx) dx . 


We denote by 4, the solution to the problem (9) - (10) for a given value 
of y. The solution u(x, £) to the problem (1)- (3) can then be written in the 
form of the series 


u(x, t) = p Ro (Lx) . 


The reader will find it instructive to calculate the expression for Z, in va- 
rious particular cases. 


Problems 


1. Show that the free vibrations (X- 0) of a heavy thread with the initial 
condition (3) can be represented in the form of the series 


u(x,t) = p Jolu yx?) ) (Ay cos buyt + By —2 sin kayit) , 
guy 


where 


* The form of the transformed equation is given by formula (30) of Chapter XXXI. 
Therefore, we do not actually need to carry out all the calculations connected with 
the transformation, but can use that formula to write the transformed problem. 
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l 1 
—L Od | u1(£) Jo(u,£*) dé , 
Jy“ (ul?) 0 
1 I l 
> X J A4(E) Jor, E*) dE . 
Jy (uy?) [e] 
2. Show that the forced vibrations of a heavy thread under the influence of a 
force F(/ concentrated at a point x -a (where 0 <a < I) with zero initial 
conditions can be represented in the form of the series 


v oq Joe) 1 2 
1 1 dolly p ol iy 4?) f F(t) sin uyg? (t- t) dt . 


Method: The concentrated force should be regarded as the limiting case 
of a force that is uniformly distributed over a segment of the thread 
(a-7, a+). In taking the limit as ņ approaches zero, we should remem- 
ber the relationship 


u(x, t) = 


dA) = 440 -EAO 


3. Show that under the conditions of the preceding problem, where F(t) = 
Fo sin wt, 
eo 


F, 
75 2 z P 2 
dlw* y-1 Ji^ (uyI?) (uy g/Aw^) - 1 


u(x, t) = Jothy) 


n 
x (sin wt - w sin iuygit) . 


ug? 
Consider separately the resonance case in which, for some y, 


l 
W -iuyE. 
Show that in this case there is a term in the expansion of u(x, £ that in- 
creases with the passage of time / as 8. 


2. Vibvations of a membrane 


Let us consider the problems of small vibrations of a rectangular 
membrane fastened at the edges. 
The differential equation of small vibrations of a plane homogeneous 
membrane is of the form (Chapter VI, section 1) 
32u 4 a2u 1 atu 203, X96) 
axy2 23x92 c# ae? T "' 


where 4 is the displacement of the membrane from its equilibrium position, 


(11) 
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Z(x1,x2,0) is the pressure on the membrane, and T is the tension in the 
membrane. The plane in which the membrane lies when at its equilibrium 
position is assumed to coincide with the plane x1,x9. We choose the coor- 
dinate origin at one of the corners of the membrane and we direct the x1- 
and x2-axes along the edges adjacent to this corner. We then have the 
boundary condition 


ul xqea = Ul x4-0 7 I xo-6 =l x,-0 70, (12) 


where a and b are the lengths of the sides of the membrane. We have the 
initial conditions in the general form 


ul mE Ho(x1, x9) ; = u1(%1, %2) . (13) 


au 

atl 4-9 

We need to find the solution to the problem (11) - (13) in the rectangle 
O<xy Sa, Osxosb. 


We use an integral operator twice to eliminate differentiation with 
respect to the coordinates x1 and xo. We define 


Mju = 22u/2x? . 
Since this differential expression is self-conjugate (p(x1) - 1), the kernel of 


the operator and the function Ky(x1) coincide except for a normalizing divi- 
sor. To find them, we consider the boundary problem: 


32K 
811? 


RI 4-0 = Kl 42a = 0 , (15) 


*A2K 20, (14) 


whose solution is the function sin 4x] for A, = "v/a (for Y = 1,2,3,...). We 
take this function as K. (x1). Then, the kernel of the direct operator re- 
quires the normalizing divisor 


a T 
C, «| sin? z xy dq =T. 
[*] 


By means of an integral transformation in the interval (0 < x4 * 4) with 


kernel 1 sin LEZO we transform the problem (11) - (13) to the form 


am ag 1 998 Zn 


—$- ; 16 
amg? Y at T (16) 
a| x,-0 = A| xo=b =0, (17) 

= z ou 
ul t=0 = Ugly, X2) , ot t-0 = U(x, X2) , (18) 


where, according to the conventions that we have adopted, the macron over 
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a symbol denotes the mapping of the initial quantities to their integral 
transforms using the kernel in question. 
To eliminate differentiation with respect to the variable x9, we define 


Mou = 8?n/ax»? 


The problem of finding a suitable operator is completely analogous to the 
problem (14) - (15), as a result of which the function Ky (x2) can be taken 
equal to sinugx2; then, the kernel of the direct operator will be of the form 
al sin me and the eigenvalues u4 will be determined by the expression 

= 17/6 (for n = 1,2,3,...). When we carry out the transformation with 
kernel (1/7) sin In X2 within the limits 0 < x9 < b, we reduce the problem 
(16) - (18) to the form 


1 a? 22 ZG,nf) 
ELI + (à^ + u = 19 
a Sa t Oy + uge) me (19) 
&| 1-9 = dv, n) , dt t-0 zd, n) E] (20) 
where 
1 a b 
u = ü(v,nt == | f u(x1,X2,t) sin — TYI sin; A "x2 dx dx , 
T"0 0 


a b 

ž 1 ; : 

Ž = Ž(y, n, ĥ = 5] f Z(x1: x29, b) sin ^ yx1 sin 52 dx, dx9 , 
o 0 


E 


and the quantities Žo and i£ are determined by analogous formulae. 

Thus, by applying two integral transformations to the problem (11) - 
(13), we have reduced this problem to the ordinary differential equation 
(19). If we denote by žyy(f the solution of this equation with the initial con- 
ditions (20), we can, on the basis of the general expression for an inverse 
transformation, represent the solution @,(%9, f) of the problem (16) - (18) in 
the form of the series 


oo oo 
Uy (x9,0) = A Tyn (6) (xon) = 5 üyn(ĝ sin $ 2X9 . 
When we carry out the inverse transformation twice, we obtain the solution 
of the original | problem (11) - (13): 
uo, 32, D) = 2 tytn, 0 y(n) = P Frnt E) Rl) 


- 3, ioa) sin = arn sin 5 nx» . 
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Problems 


1. Show that small free vibrations of a rectangular homogeneous membrane 
can be represented in the form of the series 


u(x1,x2,0) = à l sin — avy sin > b T nX2(^.y6 cos 11,5! * B5 sin jf) , 


where 
nn 
My 6 = reZ + s , 
a p2 
a b 


Ayé =| | 4o(X1, X2) sin — yn sin b T 6x2 dx, dx , 
o 


a 
. iU "E 
Byg = f f 4g (*1, X2) sin g "1 sing 6x9 dx, dx» . 
o O6 


2. Show that the small forced vibrations of a symmetrically loaded homo- 
geneous circular membrane of radius @ with fastened edges can be rep- 
resented in polar coordinates in the form of the series 

o 
u(r, t) = 2. ay, t) Igy”) , 
y- 
where Z(y, /) is the solution of the ordinary differential equation 


2; - 
1 aH A 2a = ZB 


with zero initial conditions, where the A, are the positive roots of the 
equation 


Jola) = 0 


numbered in order of magnitude, and where the macrons over the sym- 


bols indicate that the integral transformation with kernel 
2 1 
——.— (Ay) 
a? Jaya) oy 


has been performed on the respective quantities between the limits 0 and 
(t. The quantities Z(r, į and T are, respectively, the pressure on the 
membrane and the tension in it. 


3. Heat-flow in a cylindrical rod 


Let us consider the cooling of a homogeneous cylindrical rod with cir- 
cular cross section of radius a. We shall neglect the heat loss from the 
ends and we shall consider the initial distribution of the temperature at an 
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arbitrary cross section and the conditions of heat loss along the length of 
the rod as being uniform. Under these assumptions, the heat-flow is de- 
scribed in polar coordinates v and ¢ by the equation (Chapter XXX, sec- 
tion 3) 

3T 1aT 1 ?s?T 10T 

a2 rar aot k at’ 
where T is the temperature of the rod and k is the thermal conductivity *. 
The origin of the polar coordinates is assumed to be on the axis of the rod. 

Let us suppose that energy is radiated from the surface of the rod into 

a medium whose temperature is zero. Then, the boundary condition with 
respect to y will be of the form ** 


(21) 


Tlo. °”, PELLE (22) 
and the periodicity conditions must obviously hold for g: 
Tlo=0 = T| y=2n . (23) 
We take the initial condition in the form 
T leo 72 f(vV,9) . (24) 


Let us apply integral transformations to eliminate differentiation with 
respect to 9 and 7. 
We begin with the variable o. Let us define 


MoT = 2/29? . 
The function K,(~) must satisfy the differential equation 


E + 2K =0, (25) 


and the periodicity condition 
El y=0 -K|o-2n . (26) 


As we have remarked, the periodicity condition may imply double genera- 
tion of eigenvalues; that is, to each eigenvalue there may correspond two 
linearly independent eigenfunctions. The functions cos py and sin uq for 
L-2m-0,1,2,... are mutually orthogonal linearly independent solutions of 
the problem (25) - (26). Let us set 


E5m-1(9) =sinmg , — Ko4(9) - cos mo . 


Since the expression MT is self-conjugate, the kernel of the direct 
operator differs from the function E,(o) only by the normalizing divisor 


* In Chapter XXX, the thermal conductivity was denoted by a”. 
** The condition for 7 = 0 is not related to the physical nature of the problem, but to 
the fact that the point 7 = 0 is a singular point in a polar system of coordinates, 
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on B on 21 
C,-| (E, ap =| simo de =[ cosmo ay =n, 
o b o 


which, in the given case, does not depend on whether y is even or odd. Con- 
sequently, the kernel of the direct operator is equal to 


* cos mo for y=2m; I sin mo for y -2m-1. (27) 
Let us perform the transformation in the interval [0,27] with this kernel, 


remembering that the same eigenvalue "^ corresponds to the value y = 2m 
and to the value y = 2m -1. This reduces the problem (21)-(24) to the form 


yl tr br Dk Bt? (28) 
= aT 
Tly-0< *, Er * aT) =0, (29) 
= Som”) EI 
-9 =\3 3 
Tice Vom 1 » 6o 
where 
_ 27 _ on u 2m 
T- T(v,o9,0) K,(g) de, J=] f(m,e)Kye)do, ve 21 
ò ò 2m-1 


Since there are two distinct initial conditions (30), to each value m there 
correspond two distinct solutions of eq. (28). We denote these solutions by 
Tam and To-1, respectively. 

To eliminate differentiation with respect to », we set 


In this differential expression, 
1 
ayy 71, by =F) c=- sp 


so that 


_ 1 (%4rr _ 
p(v) = exp |- Ip C - by) dr! =T, 
DW) = appl) =r, a) = cp(y) = m?/r. 
The auxiliary function Éz(r) must satisfy the equation 
- 2. . 
3 (2K) "gag, 
ðr ov Y 


whieh is reduced to Bessel's equation when we divide by 7: 
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eR 1 aK 2. m^ gy 
-2—--045-—3,)KK-0 31 
ar? ( m) , 3n 
and it must also satisfy the boundary conditions 
» aR oa 
< oo 2 = 
Kl ,-0 , E + LM 0. (32) 


The solutions of eq. (31) that are bounded for v = 0 are the Bessel functions 
Jg (Xv). When we substitute the function J,,(A7) in the second of the condi- 
tions (32), we obtain the equation 


mg m Amna) * hJm maa) =0, 


whose roots 4,55 determine the eigenvalues Amn? of the problem (31) - (32). 

We take J mU ng for the function Ks). Then, the P of the direct 
operator is expressed by the function (1/Cm )"Zm mmn r), where Cj, is a 
normalizing divisor. By means of formula (41) of Chapter XII, we find that 


1 
5 (a2n2 cad? - m2) Jm? (mn . 


a 
Cmn = f r[JmO mg T? dr = 
ò 2Amn 


When we perform the integral transformation with kernel 
(7/Cmn)Jm(Amn7) in the interval [0, a], we reduce the problem (28) - (30) to 
the form 


af 2. 
dr* Pow T -0, (33) 
= 5 
Ť| po = zn ; (34) 
2m-1,n 
where 
~ 1 a 
T= Cmn | T(r, m) 1Im nr) dr, 


2 
fmn = Cus d f Ron VJ ye) dv, y= | 2m l' 


The solution of the problem (33) - (34) is the function 


apt 20 y= | 2m 


Tyn = Fyn € 2m-1' 


When we carry out the inverse transformations, we obtain 


oc 
2 
m H -kìmpn“t _ 
Ty, t) -2 Syn dm man e n 1 y= | 2m -1 3 
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T(r, 9,0 = A (Tom Eo + Tom Eom.) 


kà 


eo 
2 
- t 
- mn i . 
2 Jm ng?) € Uam n cos mq + fam-1,n sin mq) 


This is the desired solution of the problem (21)- (24) in the form of a double 
series. 


Problems 


1. Show that the solution of the problem discussed above (heat-flow in a 
rod) when there is symmetric initial temperature distribution (T| ES 
f(*)) can be represented in the form of the series 


T(r, f) = p fyo Ayn SUV 


where 

2022 1 

a(n? +ry) Jo? Oya) 

and the X,, are the positive roots of the equation 
hJg(ra) - 4410.3) 20, 


numbered in order of magnitude. 


a 
fy | Sr) 0450.7) dr 
o 


2. Show that if the surface of a rod is held at a constant temperature T - 0 
and the other conditions are as in problem 1, the distribution of the 
temperature in the rod at an instant / is given by the formula 


= PP 
Test) = 2, fign er t, 
where 


2 1 f 
fy =a f(n rI (Xr) dr 
"od? 17 Qya) 9 ow 
and the à, are the positive roots of the equation Jg(Aa) = 0, numbered in 
order of magnitude. 


3. By making two integral transformations, solve the problem of heat-flow 
in the right parallelepiped 0 < x4 <a, 0 € xg <6, 0 « x4 « c with the 
initial condition 

TI 1-0 = f(x1, X2, x3) , 


if, for positive values of /, the faces are kept at a constant temperature 
T =0. 
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Method: Write the equation for thermal conductivity in rectangular Car- 
tesian coordinates and eliminate successively differentiation with re- 
spect to x1, x9, and x3 in a manner analogous to that employed in sec- 
tion 2. 


Answer: 
-8 "Eust ginl in = in ^. 
= abc m 2, fmnse  ?"" sin 7 mx] sin, "nx sin c Sx3 , 
where 
a bc x x z 
Smns = f f f f(x1, x2, x3) sin 7 mx sin p M2 sin y $x3 dx] dx deg , 
o 0 605 


m2 nè s2 


H = ry -5 t-z t-55. 
mns a? p2 c? 


4. Heat-flow in a circular tube 


Let us now consider the problem of heat-flow in a circular tube, if the 
initial temperature in the tube is given and a temperature T = 0 is main- 
tained on its internal and external walls. We shall consider the initial dis- 
tribution of the temperature constant along the length of the tube and we 
shall neglect the heat losses at the ends. Under these assumptions, we have 
the problem 


ST 13T, 1 o'r (1T G5 
ge rart Aagi bot 
Tlyea=Tlpp =O, (36) 
T| t-0 = fire), (37) 


where a and b are the internal and external radii of the tube and f(7,9) is a 
given function. Let us eliminate successively the differentiations with re- 
spect to 9 and r. 

In eliminating derivatives with respect to 9, we have the same condi- 
tions as in the problem of the preceding section. When we apply the integral 
operator with kernel (27) in the interval [0,27], we reduce the problem (35)- 
(37) to the form 


STO 1oT m? 1 
saa trar ook! (38) 


T| rza = T| y-b = 0, (39) 


TI t=0 = fer) , y= 2m -1* (40) 
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where the functions T and fm are determined by formulae analogous to 
the corresponding formulae of the preceding section. 

Problem (38) - (40) differs from the problem of the preceding section 
(28) - (30) only by the boundary condition. Therefore, when we seek a trans- 
formation that will make it possible to eliminate differentiation with respect 
to *, we conclude that the auxiliary function Ey) will satisfy Bessel's 
equation 


SK 18K (9 m^. 
Li ty art - 75) R=, (41) 
and the boundary conditions, according to (39), will be of the form 
Rl pag = Rl pop = 0. (42) 


When we impose the conditions (42) on the general solution Adj,(A7r) + 
BY,4O.v) of eq. (41), we obtain 
Adm (ta) + BYp àa) -0, | AJ4,05) + BY, (A) 20. (43) 


For there to exist solutions other than the trivial solution A = B = 0, the 
determinant 


Jj (Aa) YQ (Qa) 
Ja 5) Yja(Ab) 


must be equal to zero. Then, for determining the eigenvalues mn? we 
have the equation 


Jma) Y4,00) - Yma) 4,005) = 0. 


When we solve the system (43), we find that, up to an arbitrary con- 
stant factor, 


A Yang), B= -JmAmn?) - 
Thus, we may take 
Ey») = Ymangb) Jm ng) - Jm ngb) Y Ong - 


The kernel of the direct operator will then be of the form (7/ Cmn) n”), 
where C; is a normalizing divisor. Using eq. (41) and the equation for the 
eigenvalues, we obtain 


b 
Cmn = f [Ym Amad) Sm Oan) 7 Ji Oan!) Y Os]? r dv 
a 


Ig Om - Fn? (mn) 
mn Jm Amna) 


When we perform the transformation with kernel (r/Cmn) Kv) in the 
interval [a, 5], we reduce the problem (38) - (40) to the form 


at 9 a 2m 
3r* mq T 20, T|t-0 =Syn > Y= 2m -1" 
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where 
~ 1 b = 
f - c J Tir, m) [Yos gb) Fm Orn”) - SmQmn®) Yo ong] 7 dr , 
è 
fn = Ton J FAP) [Yn md) Sn ong) ~ Ja n9) Yin mn] 7 dr . 
Hence, 
x -kà net 2m 
Tyg(t) = fyn € mp, y= 2m -1^ 


When we carry out the inverse transformations, we obtain 


rir.) = X "Pang! Ly. Orn nb) Tah Jp Ogg) Ym mn?) 
Wr = em? [Y Qmn®) Imm”) 7 Jo anat) ¥YmQmnr)] 


and 


T(r,9,t) = P (Ta Em + T2m-1k2m-v) 


= P (foamy COS ME + fog 1,5 Sin mo) [Ym Amt) Jm Omen) 


-kì mnt 
- Imm) Y mnn] e mn 
This double series gives the solution to the problem (35) - (37). 


Problem 


Suppose that energy is being radiated from the external surface of a 
tube into a medium whose temperature is zero and that the other conditions 
of the problem just examined remain unchanged. Show that the eigenvalues 
Amn“ of the problem are determined by the equation 


A[J54(Aa) Yj4 (4b) - Y Qa) J5,05)] + &[Z5,02) Hy (Ab) - Yla) Jj 05)] = 0. 


5. Heat-flow in a sphere 


The problem of heat-flow in a sphere leads to a transformation in 
which spherical functions serve as kernels. 

Let us consider a homogeneous sphere of radius a whose surface is 
maintained at a constant temperature T = 0. Study of the process of heat 
build-up in the sphere leads us (in spherical coordinates 7, 0, 9) to the 
problem of finding the solution of the thermal conductivity equation 
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ar 20T 1 a a’r_1ar 


—t-1-*3 3- au) $7) 1 =5 
aye TƏT yd Ou au Y? - u2) E k at’ 
with the initial condition 


M -cos80 (44) 


T| to = flr, 9,9) (45) 
and the boundary condition 
T| req = 0 (46) 


Eliminating the derivatives with respect to the coordinate o, we find that 
the function Kp) and the kernel of the operator must satisfy the equation 


and the periodicity condition 
K| g=0 = Ki 9-27 - 
As in sections 3 and 4, we set 
K,(y) =cos mp for y-2m,  sinmo for y=2m-1. 


where m is a positive integer. The kernel of the direct operator then dif- 
fers from the function K,(g) by the factor 1/7. 

When we carry out the direct transformation, we reduce problem (44)- 
(46) to the form 


327 2aT 1 42a 9, 3 m? 4| 1aF 
Se ear tuu [n aul ek at ? (47) 
= 2m 
se vlami? (48) 
Tl yop < € , yu pm =0 , (49) 


where T and f,(0,v) are the integral transforms in the interval [0,27] with 
kernel (1/5) E, lo) of the functions T and f(r, 6, q). 
To eliminate the derivatives with respect to u, we consider the differ- 
ential expression 
oT 


= [q.242,97]. " 7 
au, «3. [a E 1- 12 


7 


for which 
2 


m 
apup=l-u?, p)=l-p?, aas’ p=1. 
The kernel of the operator that will make it possible to eliminate differen- 
tiation with respect to u must satisfy Legendre's equation 


ð 2, OK m g. 
& [a-u ajena E-o, 


for which the points u = +1 are singular. As we know from Chapter XXI, the 


Ch. XXXII] FINITE INTEGRAL TRANSFORMATIONS 557 


requirement that the solution of Legendre's equations be bounded at the 
singular point is satisfied when 


à =n(n+1) (n-20,1,2,...). 


Here, the solutions that are bounded in the interval [-1,1] are the asso- 
ciated Legendre polynomials Pyj,,(u). We take the function Pym(ųu) for the 
function K,,(u). The kernel of the direct operator will differ by a normal- 
izing divisor Cmn. By means of formula (20) of Chapter XXI, we find that 


+1 
- 2 . 26 (n«m) .12 for m=0 
Cmn = f [Pup du 3,71 (a-mi? 57]1 for m«0. 


When we perform the transformation with kernel (1/C,45) Pym(u), in the in- 
terval [-1,1], we reduce the problem (47) - (49) to the form 


92$ 2aT n(n+1) ui at 


ape ro o x k at’ (50) 

= z 2m 

T |i. = fyn(v) D Y =| oma (51) 
Tly>0 <a, Tl y-a =0, (52) 


where 7 and Fn) are functions obtained by successive applications to the 
functions T and f(r, 0,4) of the integral transformations with respect tog 
and u. 

Finally, we eliminate differentiation with respect to v. For the differ- 
ential expression on the left side of eq. (50), 


Gyy 7l, by -i, pli =r, pn =r. 


When f(r) = r2, the conditions of the theorem for series expansion in 
eigenfunctions of the Sturm-Liouville problem are not satisfied. Conse- 
quently, some doubt arises as to the possibility of applying an integral 
transformation to reduce the problem (50) - (52) to a yet simpler form. How- 
ever, it is easy to avoid this difficulty. If we make the substitution 


~oi 
T-9/v? , 


the problem (50) - (52) becomes 


~ ~ n2 - 

2^5 190 («i 199 (53) 
av2 rər y2 k t 

x i. 2m 

9| ,-9 =r? Syn”) , Y= 2m - 1! (54) 
9|,-0*,  9ly-5-0. (55) 


Now, for the expression containing the derivatives with respect to 7, we 
obtain 


Pn =r, p(n-r. 
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We introduce the function K,(”), which satisfies Bessel's equation of half- 
integral order 


92k 4 
aR 1 ak she- 28") eso (56) 


are "yar? 

and the boundary conditions 

IR ly <@, Rl pg =0. (57) 
The solution to this equation that is bounded for v = 0 is the Bessel function 
Jy +47). When we use the boundary condition for r = a, we obtain the equa- 
tion 

Jya) 20, 

whose roots Ay,s, when numbered in order of magnitude, determine the 


eigenvalues of the problem (56) - (57). We take the function J, 4107) for 
the function K,(r). Then, the kernel of the direct operator will be equal to 


y 
Cns Jg Ans?) , 


where 


Cyg = zal Fins Onsa]? 
When we perform the integral transformation with the above kernel in the 
interval [0,2], we reduce the problem (53) - (55) to the form 


25 + hns =0, (58) 
^ 2m 
ôl t0 = fms: Y=)om-1? (59) 


where 9 is the corresponding integral transform of the function ? and 


1 f; 
fyns = Cns J fin) 7? 2 Jui Ons?) dr 


When we solve the problem (58) - (59), we obtain 
- Ist 
Sums e Ans . 


When we carry out the inverse transformations, we obtain, one after 
the other, 
w 


t= 


-kàns t y 


oo 
S a 1 Pry At 
v= 2, fyns € Jaya). Tec 2. Suns "S Jan), 


1 -ky ot 
—-UI È Pons ? ns 


rin Ja A Og?) Pum(#) » 
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1 E 
T(r, 8, 9,1) 2 -x > 2 es Jat Ans) Pam (4) 
v2 m=0 n,s-1 2 


x Ü2m,ns cos my + fom-1ns Sin m) . 


The last of these series is the solution to the problem (44) - (46). 


6. Steady-state heat-flow in a parallelepiped 


Let us suppose that the face x3 = 0, 0 < x1 <a, 0 € x9 © b of a right 
parallelepiped 0 < x1 <a, 0 < x9 * b, 0 € x3 S € is maintained at a tem- 
perature Tg, whereas energy is radiated from the remaining faces into a 
space where the temperature is equal to zero. Let us find the steady-state 
distribution of the temperature T in such a parallelepiped. Here, we arrive 
at Laplace's equation 


a2r T . 32T 


axy2 + 8x9? 8x3? =0 (e0 
with the boundary conditions 
E . leo DÀ ls + M =0, 
Tl «4-0 = To » B: + eo -0 


Let us eliminate differentiation with respect to x1 and x». 
The kernel of the operator that will eliminate differentiation with re- 
spect to x; must be a solution of the boundary-value problem 


25> 
oE ARO, (62) 
x1 
[25 -ax -0, E -0. (63) 
x x1-0 9x] x1-a 


When we impose on the general solution AcosAx, + BsinAx; of eq. (62) the 
boundary conditions (63), we obtain the system of homogeneous equations 


Ah-BXA-0, A(heosdra -à sinAg) + B(AcosAa + ksinAa) =0. 


Solutions of this system (other than the trivial solution (A - B - 0)) exist 
only when its determinant is equal to zero. From this condition, we obtain, 
after some elementary transformations, the equation for determining the 
eigenvalues Ay“: 
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Ag -h2 | 
When à =A» the coefficients A and B are, respectively, proportional to Am 
and k. Thus, up to a constant factor, the solutions of the boundary-value 
problem (62) - (63) are of the form 


COS Am*x1 + h Sin Ayyx1 - (64) 
Am 
We take this expression for the function E m&n- Since the differential ex- 


pression 22T/3x12 is self-conjugate, the kernel of the direct operator will 
differ only by a normalizing factor 


a 
Cm =| [cos X1 + # gin wal dx 
o 


àm 


= ba(1 + Ey + - (cos? ama * E sin? ,,2) . 


When we carry out the transformation with this kernel in the interval 
[0, a], we reduce the problem (60) - (61) to the form 


2 
+5 -ìm T =0 65 
0x9? 8x3? nm 2 ( ) 
Fey laot Bataa 
0X9 X9-0 0X9 Xo-b (66) 
T| aT fat 7] 

X3-0 Cm’ — 8x3 gee = 0- 


In a completely analogous manner, we can eliminate differentiation 
with respect to the coordinate xo. The problem (65) - (66) then takes the 
form 


24 
I3 - Ga? + n2)F = 0 , (67) 
3 
- 1 aT x 
T| x3=0 = CmDn abTo > Ia + vt, =0 1 (68) 


where 7 is the integral transform of the function T in the interval [0, 5] 
with kernel 


1 cos (Hyt +4 sin L4X9) 
Dy n^*2 m 2) » 
where 


2 
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and the uy are the roots of the equation 
b 2h un 
tan =—; 5 
Hn us? - 42 ? 


numbered in order of magnitude. 
When we impose the boundary condition (68) on the general solution of 


eq. (67), namely, 
~~ - X — 0 A 969 
Tmn(X3) = Amn emm , Bmn e "mn^3 (Vn = Am? + no , 
we obtain the following system of equations for determining the constants 
Amn and Bman 


abTo Yn -Vinnl 
Amn + Bun = G Dy? Amn (i+ V ug) e + Bggn (A * Vg) € -0, 
so that 
A. = (mn -h) @ “mnt abT, 
mn — - E 
(vmn th) emn , (vmn -h) e "mn CmDg 
Bum = (Ymn+h) emnt abTo 
mn = - - ; 
(vg, th) e € (uuu - 2) e "n^ cup, 
T myilx3) = amn e ”mnle-x3) + bmn e mn(c x3) , 
where 
(mn - 1) abTo 
amn = Vinyl -Vyint , 
(vmn+h) e Ma + (vg -h) e P^ Cu D, 
; ] (Vian +h) abTo 
mn = ^ 


(Vmn* h) e"mn* + (mn - h) e “mn? CmDn 


When we perform the inverse transformation, we obtain the solution of 
the original problem (60) - (61) in the form of the double series 


oo 


T(x, X5, X3) 


= > (cos Am1 + LN Sin Aj4X1) (cos Ux + LE Sin Un*9) 
m,n=1 Am m un 


X (amn e. Ymnle*3) | bmn e mne), . 


Problem 


Suppose that the face xg - 0 of the right parallelepiped 0 < x, <a, 
0 < % < 6,0 < % < cis held at a constant temperature Tg and the remain- 
ing faces are held at a temperature T - 0. Show that the steady-state dis- 
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tribution of the temperature can be represented in the form of the double 
series 

oo 
167, » 1 


T - 
Gnins)0. 7 Gre i) si) 


. Qr«1)7xq _ (2541) 7x4 sinh ux, 
X sin a sm b sinh uc ' 


where 


Qr«1? (2541)? 
Layer sns 
P a? b2 


Chapter XXXIII 
EXAMPLES OF THE APPLICATION OF INTEGRAL 
TRANSFORMATIONS WITH INFINITE LIMITS 
1. The problem of the vibrations of an infinitely long string 
Let us begin the study of problems in which it is expedient to use inte- 


gral operators with infinite limits with the problem of the one-dimensional 
wave equation 


au 1 atu (1) 
ax? ¢2 af ’ 
in which x takes on all real values, with the boundary conditions 
ou 
ul t=0 = uox) , at t-0 = u1(x) D (2) 


where uo (x) and uj(x) are given functions that vanish outside some finite 
region. We encounter such a problem when, for example, we examine the 
vibrations of an infinitely long string or the small one-dimensional vibra- 
tions of a gas under the action of a finite initial disturbance. 
The kernel of the integral operator that will make it possible to elimi- 
nate differentiation with respect to x must satisfy the equation 
2 
om + 72K - 0 (3) 
Ox 
and must be bounded for all real values of x. The last requirement is satis- 
fied for all real values of y2; that is, the eigenvalues of the problem for 
eq. (3) have continuous spectrum. Then, 


K=C etly x | 


from which it is clear that we should apply the Fourier transform. 
When we apply the operator with the kernel K = (1/2n)e"17*, we trans- 
form the problem (1) - (2) to the form *: 


2$ Peta =0, (4) 


Bleo =T, Fl emo, (5) 


t-0 


* We recall that this result follows immediately on the basis of formula (65) in the 
résumé of formulae in Chapter XXXI. 
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where °° : 
a uy) = d- f ult) ehh ax, (6) 
_ 1 E 
Wo) = 35 | vo) ec dx, (7) 
1 i 
mig | um ei” de. (8) 


The convergence of the integrals (6) - (8) is ensured by the fact that each of 
the functions 4o, 41, and 4 vanish outside some finite interval. The function 
4 has this property because in a finite interval of time the disturbance that 
is being propagated with velocity c covers only a finite distance. The solu- 
tion of the problem (4) - (5) is the function 


2 
A = Ug cos vct tco sin ycl. 


If we express the functions cos yct and sin yct in exponential form and sub- 
stitute the function Z in the formula for the inverse Fourier transform, that 
is 

, "eo 


u(x,t)- f u eY“ dx , 
-o0 


we obtain 


u(x,t) - à f Zoly) eirch a Ls f Tol”) e 60D ay 


-00 -on 


1[ T1 -iy(x-ct) 1 ( 71 -i(xsct) 
1 “1 -iy(x-c et XC 
tzi yc e dy ET NET dy (9) 

-%0 

When we compare the first two integrals on the right side of this equa- 
tion with the expression (7), we easily see that they are, respectively, 
equal to lolx- ct) and Zug (%4 ct). To calculate the second pair of integrals, 
we note that 


— evt = -iy 1i. 
3E x i po yc 4)-5 an 2 eb dy = 5 uy lt) , 
from which it follows that 


174, WE 
a] sete] u1() dt 


where a is an arbitrary constant. If we now set & equal to x - cí and x «ct, 
we see that the sum of the last two integrals on the right side of eq. (9) is 
equal to the integral 
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1 x+ct 
a] | "0a. 


x-ct 


When we substitute the values that we have found into the right side of 
eq. (9), we obtain the solution to the original problem (1) - (2) in d'Alem- 
bert's form: 


uo(* - ct) « ug(x«ct) q tet 
u(x, D = 2 +36! 
x-ct 


u(t) de. 


We have already had occasion to deal with this expression in section 2 of 
Chapter III. 


Problem 


Use an integral transformation to derive the formulae determining the 
vibrations of a semi-infinite string fastened at the coordinate origin. 

Method: Beginning with the fact that one end of the string is fastened, 
show that a Fourier sine transform should be used to eliminate differentia- 
tion with respect to x. 


2. Linear heat-flow in a semi-infinite rod 


Let us consider the problem of the distribution of temperature in a ho- 
mogeneous semi-infinite rod with an insulated lateral surface. Suppose that 
its end is maintained at a temperature To and that the initial temperature 
is everywhere zero. Let the positive end of the x-axis coincide with the 
rod. Our problem then becomes one of integrating the thermal conductivity 
equation 


2 
9^T 123T 

ad hab (10) 
with initial condition 

Tl p29 = 9, (11) 
and boundary condition 

Tl x-0 = To . (12) 


The kernel K(x,A) of the integral operator that will allow us to elimi- 
nate differentiation with respect to x must satisfy the requirement 
2 

o^K 

ye Ke, Kleng =, Klxeo<®, 
from which it follows that the kernel K is, except for a constant factor, 
equal to sin Ax, where A is non-negative. Thus, we need to use the Fourier 
sine transform. Setting 
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K(x, X) -2 sin x,  Ki(x,X-sinàx, 

we transform the problem (10) - (12) to the form 

aT eet =E wT, Tho =0, 
where 

T = T(^,1) -2 f T(x, t) sinAxdx . 
Therefore, ° 

T(r,0) -2 z (1 - eP? 

When we perform the inverse transformations, we obtain 


[ 1- em 


o0 
TG. 0 = | TA, t) sin Ax dà = 2 To sin Xx dA. 
o 


Recalling that 


f ec sn te arcus [i eU ae, 
[^] 9 o 


va f e- ar = f S at (a> 0), 
[t] o 


we transform the last relationship to the form 


2T, oo 
T(x, I) - ef e d£ . 
x/24ht 


This expression gives the solution to our problem. Noting that 
£ 
2 f e-t? at = ac) 
o 


is the so-called probability integral, the values of which are tabulated, our 
solution can also be represented in the form 


T(x,t) = To[1 - &(x/2/R0] . 


Problems 


1. Show that the distribution of temperature in an infinite homogeneous rod 
with thermally insulated lateral surface is given by the formula 
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7 2 
TG) = sage | o e 09 A a , 
where 
ug(x) = T(x,0) . 


Method: Take into oonsideration the fact that 


eo 
1 -kt2t-itx ge -—1 
aq | een db = 3 amt € 


-x2/Akt 


and use the convolution theorem 


X 
ft) Br) =f f gx- 8 ak, 


where fly) and g(y) are the Fourier transforms of the functions f(x) and 
&(x). 


2. Suppose that a semi-infinite rod has a thermally insulated lateral sur- 
face and that the temperature of the end (x = 0) is maintained at zero. 
Show that the temperature distribution is given by the formula 


-(x-¢)?/4kt - (+t)? /Ake 


T(x, t "iml uo(t) [e Jat, 


where u(x) = T(x, 0). 


3. The distribution of heat in a cylindrical rod whose surface is kept at two 
different temperatures 


Consider an infinite homogeneous cylindrical rod of circular cross 
sections. Suppose that the temperature of the rod is equal to zero at the 
initial instant of time. Suppose that the temperature of the surface of a 
segment of length 2/ is then maintained at Tg, and that the temperature of 
the remaining portion is still kept at zero. Determine the temperature dis- 
tribution in the rod. 

We use cylindrical coordinates with the z-axis directed along the axis 
of the rod and with origin in the middle of the section that is kept at the 
temperature To. The temperature distribution then satisfies the equation 


ar iar a*r_1 ar (13) 
ad ror * 5,2 hk at’ 


the initial condition 
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and the boundary condition 

To for |z|</, 

0 for lzl^!. 

Obviously, the temperature distribution is symmetric about the plane 

z 2 0. Therefore, it is sufficient to examine that part of the rod for which z 
is non-negative. Because of the symmetry, 

or 

ðZ 


i = (15) 


=0. (16) 


z-0 


By applying integral transformations first to z and then to /, we reduce the 
problem (13) - (15) to an ordinary differential equation. 

The kernel of the integral operator K(z,A) that will allow us to elimi- 
nate differentiation with respect to z must satisfy the equation 


32K 


2E +A2K=0 
3z? 
and the boundary conditions 
aK| _ 
rU K|,.,«0. 


The first of these follows from eq. (16). 

From this it is clear that the kernel K is, except for a constant factor, 
equal to cosAz; that is, we need to use the Fourier cosine transform. When 
we perform this transformation, we reduce the problem (13)- (15) to the 
form 


sin Al 
0 A ^? 


T = T(v,A,0 -2f T(r, z,Í) cos àz dz . 
ò 


To eliminate differentiation with respect to f, we use the Laplace 
transform, whereupon we obtain the ordinary differential equation 


2 " 
"II Y)T.-o, (17) 


where 
go 


T= T(r,r,v) =| T(r, a) eV at , 


o 


and the boundary condition 
PA _2,, sinal 
T| To w 


Y=" q 
Froin section 7 of Chapter XII, the solution of eq. (17) that is bounded for 
r = 0 is the function /o(u»), where 


(18) 
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u= (2 i . (19) 


By using the boundary condition (18), we obtain 
2 sin Al Ig(ur 
fP-Lm our) 
"TO Ay Ig(ua) 
This function has no singularity anywhere in the complex plane except at 


the poles. 
From the formula for the inverse Laplace transform, we then obtain 


_ 1 ?TosinX p vt Io(ur) dy (20 
~ Oni TÀ I,(ua) y ' ) 
o 


b-i% 


provided the constants b can be chosen in such a way that all poles of the 
integrand lie to the left of the straight line Re y =b. The integrand has 
poles at y = 0 and also at the values y = y,, (for m = 1,2,3,...) that satisfy 
the equation 


Ig(ua) =0. (21) 
Then, from eq. (19), we have 
ym = Rm? 32), 


where the um are the roots of eq. (21). Since Ig(ix) = iJo(x), the roots of 
eq. (21) are purely imaginary and are equal in absolute value to the roots of 
the Bessel function J,(va), and we obtain 


Ym^ R22) (m= 1,2,3,...), 


where the vm are the roots of the equations J,(va) = 0, numbered in order 
of magnitude. 

Thus, all the poles of the integrand lie to the left of the half-plane and 
on the imaginary axis. Therefore, the number 6 can be chosen so that they 
are all situated to the left of the straight line Re y = b. 

The Cauchy residue theorem * can now be used. It then follows that the 
integral on the right side of (20) is equal to 27i multiplied by the sum of 
the residues of the integrand at the poles that are located to the left of the 
straight line Re y = b. At the point y = 0, the residue of the integrand is 
equal to Io(uv)/Ig(ua). The residues at the point y = ym are equal to 


- 2,42 
e klum ta’) PANT 


rml@/eMo(ua)) y, 


Since 


loud) SË gg. HA), Hana) = Mosa) , 


d d 
dy Io(ua) = ls u 


the denominator of the last expression can be written in the form 
* See, for example, A.M.Efros and A.M Danielevskii 39), Chapter I, or A.I.Lur'e 38), 
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w (um? +22) Ty (va) . 


If we now take the sum of the residues and substitute its value into eq. (20), 
replacing the integral that appears there, we obtain 


oo 
r- 2To sin al ps 2 vm Tom”) e Um aB 


T A Ig (aa) 7 a m-1 Vme +A? Jama 
When we perform the inverse Fourier cosine transform, we obtain the 
solution to our problem: 


oo 


- 2, vpl Ymr) p^ : 
T - Tg |- 4 > e hvQ, o6 Ym om”) f en hate sin X cos M an 
Ta m-1 Jilvma) Mum RÀ ) 
Ig(Ar) sin Al cos Az 
zi of aj. 
Ig(Aa) À 
Problem 


Use the Laplace transform to find the temperature distribution in an 
infinite homogeneous circular rod if the initial temperature is everywhere 
equal to zero, and the temperature on the surface is subsequently raised to 
and maintained at a temperature To- 

Answer: 
2 > -kupt Jolm”) 
T-Tg|1-- e a re | , 
a m=1 Um (m2) 


where the um are the roots of the equation Jowa) = 0. 


4. The steady thermal state of an infinite wedge 


Consider an infinite wedge whose angle (at the edge) is 2¢< 7. Let us 
assume that the temperature of the lateral surface of the wedge is kept at 
zero except for two strips of width a bordering the edge of the wedge. Sup- 
pose that these strips are kept at a temperature To. 

Let us find the steady-state temperature distribution in the wedge. We 
set up a polar coordinate system r, ọ in a plane perpendicular to the edge 
of the wedge with origin on the edge. We then have Dirichlet's problem 


3T 1 ar d IT 
are 7 OF 2 ao? 


AT = =0, (22) 


_)T) for r<a, 
Thy aut 0 for r>a. (23) 
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Let us eliminate differentiation with respect to v. First, we multiply 
Laplace's equation (22) by 7? and obtain 
E 32T aT ƏT 


aye trar tap 


Consider the differential expression 


In this expression, ayy = r2, b, =r, and c - 0. Therefore, 


1 
p(r) = T! P(r) =Y, q(v) =0. 

Consequently, the kernel of the integral operator that we may use to elimi- 
nate differentiation with respect to y must be equal to the product vK(v, y), 
where K(v,y) is a solution of the equation 
2 (KA y. 
ar ( ar] * v K-0. 
This is an Euler-type equation. It is easy to see that it is satisfied by the 
function K(r,y) = Y£!Y, which leads to the expression 7+!” for the kernel of 
the desired operator. Setting y - iu, where p is a real number, we obtain 
the kernel 71 of the Mellin transform. 

When we perform the Mellin transformations in the interval [0,~], we 
reduce the problem (22) - (23) to the form 


2m 

a w2T=0, (24) 
ay 

T| =+ = To , (25) 

where 
i u 
T= T(n ri-làr, To= | To r-l dr = ToT- 
fa) fa) 


The right side of eq. (24) is equal to zero because here p(0) = 0. 

Of course, the following question arises: To what extent are the condi- 
tions which ensure the applicability of the Mellin transformation satisfied ? 
However (in addition to the general considerations that may be mentioned 
with regard to the nature of the decrease of the function T(r, q) at infinity 
as a harmonic function), we can verify that the necessary conditions are 
satisfied from the expression for the inverse operator (see Chapter XXXI, 
section 4). 

If we impose the boundary conditions (25) on the general solution 


Ay cos uo + By, sin up 
of eq. (24), we obtain 
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gH cos up - 
Ay = To T cos RE ”’ By=0, 


so that 


a’ cos uo 
9 pcos n6 ` 


We now apply the formula for the inverse operator. This gives us 


T(u,q) -T 


1 ntie cos up du 
Teo =a] Toe" Sete UE. (26) 
The integrand has a pole at u = 0 and a subsequent pole at u = 7/26. For 
0<7<7/2¢, the integrand is analytic and approaches zero uniformly as 


Im u- +œ, and the integral 
nio 
I7(u,9)] du 
n-i% 
converges for all | 9| < €. The last assertion follows when we calculate the 
value of |T| as Im u-2«. For if we set p=n+in', we have Im u =7'. Then, 
gamin eine-m'9 + e-ingsm'o 
«imn eint-m' 6 4 eint m't 
If 7' approaches o, the expression T(7+in', q) is of order en (9-0) and de- 
creases exponentially, since the difference g - t is negative because | 9l <€. 
We obtain an analogous result as 757 — -«. This proves the convergence of 
the integral in question. Thus, the Mellin transform is meaningful through- 
out the entire interval -Ẹ < 9 < 6 in which we are interested. 

In the integral (26), the path of integration can be shifted to the ima- 
ginary axis if we consider a small semicircle around the pole pu = 0 (in the 
right half-plane). The integral over the semicircle will be equal to the re- 
sidue of the integrand for » = 0 multiplied by ri, that is, Tg. Except for 
the neighbourhood of the point u = 0, the integral along the imaginary axis 
will be equal to the principal value of the integral 


IT(u, 9)! =1Tol 


1 ie cos uP du To ig cosh Ey d£ 
oi | To(a/r)* cos ut u =J (2/7) cosh EC E ' 


The integrand in the last integral can be simplified. Specifically, in the 
expression 

(a/r)ié = elf In a/f = cos (£ In a/r) + i sin (E In a/v) , 
it is sufficient to keep only the odd portion because the function 


cosh £9 1 


cos (E 1n a/r) cosh £t t 


is odd and the principal value of the integral of this part is equal to zero. 
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The integrand then is even and we integrate in the usual sense in a neigh- 
bourhood of the point £ = 0. It will then be possible to carry out the inte- 
gration only along the positive portion of the real axis. 

Taking these facts into account, we rewrite formula (26) in the form 


T 


T(v,o) = 24 sin (Ẹ 1n a/r) cosh £g di . 
2 cosh EC E. 


This formula is the solution to our problem. 


Problem 


Show that, for -6« 9 < €, the function T(r, 9) has the following prop- 
erties: 


>43T, for Oxr<a 
T(a,g) x$To , T(r,¢) « iTo fon r>a ` 
> 


lim T(r,g) - 0. 


ym 


Chapter XXXIV 


MAXWELL'S EQUATIONS 


1. The system of Maxwell’s equations 


The electromagnetic-field equations discovered by Maxwell provide a 
profound generalization of physical facts whose examination would carry us 
far beyond the scope of the present book. Therefore, we shall not deal with 
the physical basis of Maxwell's equations, but shall confine ourselves to an 
exposition of the information necessary for understanding them. 

To describe an electromagnetic field, we introduce four vectors: C and 
9t, that is, the electric and magnetic field intensities or electric and mag- 
netic vectors (we shall use the latter names) and the vectors ‘D and %®, that 
is, the electric and magnetic inductions (( is also known as the electric 
displacement). These vectors satisfy Maxwell's equations, which, in the 
Gaussian system of electromagnetic units, can be written in the form 
1 3B 19D 4r, 


curl X =- —7 +> i, 


culés- 3p > cab * c 


where 7 is the current density and c is the electrodynamic constant. 

Rather than assume that the reader is familiar with vector analysis, 
we shall use scalar notation. Let us agree to denote the components of the 
vectors in rectangular Cartesian coordinates by the same letters as the 
vectors themselves, but with subscripts corresponding to the number of the 
component. Let us also agree that if three literal subscripts a, 8, and y 
appear in an equation, this equation is valid for values of o, 8, and y that 
are respectively equal to the numbers 1, 2, and 3, or to the numbers 2, 3, 
and 1 or to 3, 1, and 2. The last two combinations are obtained from the 
numbers 1, 2, and 3 by a cyclic permutation. If one literal subscript ap- 
pears in an equation, we shall consider the equation true for all three val- 
ues (1, 2, and 3) of that subscript. These conventions make it possible to 
write three scalar equations in the form of a single relationship and thus to 
retain (to a large extent) the compactness of vector notation. 

In scalar form, Maxwell's equations can be written as 


8xg OX, c ot ? (1) 
LLLA " 
8xg "Ox, e atg at ` 


As indicated above, each of the relationships (1) - (2) represents three sca- 
lar equations (which can be obtained from one another by a cyclic permuta- 
tion of the subscripts). 
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To Maxwell's equations, we add the law of conservation of electric 
charge (see problem 1): 


3 
80. > dig - 
at” azl 9X 0, (3) 
where p is the density of free electric charges. Remembering this law and 
applying the identity 
ou 
—B) = 
2 Xy ZG x)" 0, (4) 
where uy, ug, and w, are arbitrary twice differentiable functions and the 


symbolo indicates that the summed terms are obtained from one another 
by a cyclic permutation of the subscripts v, 8, and y, we easily obtain 


9*8 
a a 
£ 2 —*=0, 5 
$2, sra ( ) 
S. Dy 


=0. (6) 
at e-i 4r a-1l xy. 
If we integrate these equations with respect to time, we obtain on the right 
side of each an arbitrary function of the coordinates. It is easy to show on 
the basis of physical considerations that this function can, without loss of 
generality, be taken eal to zero, so P we may write 


5 Pa =0, p a. = 4rp. 
o-1 Xy 

The six Maxwell equations (1) - (2) relate fifteen quantities, namely, the 
components of the vectors C, X, (D, %, and i. Consequently, to describe 
the field, we need to add nine more equations to those of Maxwell. These 
equations characterize the medium in which the electromagnetic phenomena 
take place. We shall confine ourselves to homogeneous isotropic media. In 
this case, the equations that supplement the Maxwell equations, thus form- 
ing a complete system, are of the form 


De = €cg ? Ba = uto, , (7) 


ia = qq Ca» (8) 
where € and y are the dielectric and magnetic permeabilities of the me- 
dium and c/4m is its conductivity (the factor 1/47 in (8) is introduced for 
convenience in later calculations). We shall assume that the quantities €, 
u, and o are independent of the values of C and X. This assumption is jus- 
tified in practice for a wide range of values of C and & for the great major- 
ity of media. Eq. (8) is Ohm's law. 

In a number of problems, we shall assume that we can control the cur- 
rent in some finite region of space (in some device, antenna, etc.) and we 
shall concern ourselves with the field that results. We shall call this cur- 
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rent the external current and we shall denote its density by the symbol i(e), 
Ohm's law then takes the form 


ia 7 dol) +E 6e, (9) 
where the term (c/41)6g represents that part of a component of total cur- 
rent density that is induced by the field being considered and ig\© repre- 
sents that part whose value is regulated by the device. 

We shall confine ourselves to a study of steady-state electromagnetic 
fields. As we shall see, an electromagnetic field is of a wave nature. 
Therefore, we shall apply the same method as in making the transition 
from the wave equation to the Helmholtz equation describing steady-state 
fields (Chapter XXV). Specifically, we shall seek solutions of Maxwell's 
equations that are purely periodic with respect to time by setting 


E=Re Ee-iwt, G=ReHe-iwl (10) 
and 
il€) = Re j(&) e-iot , (11) 


where E, H, and je are vectors with complex components and w is the 
angular frequency of the vibrations. 

The vectors E and H may be called the complex electric and magnetic 
vectors and the vector i9 is the complex current density. In analogy with 
what we did in the study of a sound field, we shall omit the word "complex". 
This should lead to no confusion since we shall not be using the vectors c 
and 9X. 

When we substitute expressions (7), (9), (10), and (11) into the Maxwell 
equations (1) - (2), we obtain 

8E,, aE B. 


s ETE É Ha, (12) 


Hg | g- g - ioc AT ; (e) 
x 8x, c Eat Tia i (13) 
We shall also call these equations Maxwell's equations. In view of the fact 
that we have made the substitutions (7) and (9), the number of unknown 
terms is equal to six, that is, to the number of equations (12) - (13). 
Maxwell's equations (12) - (13) can be transformed into another form. 
From eqs. (13), 
c a - 2) + T j (e) 
a gie axg axy ice-o'* ^7 


When we differentiate these equations with respect to xy and then sum them 
with respect to o, we obtain 


S fa. An 5 if?) 


a-] 9*y iwe-d o1 9Xgy (142) 
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In an analogous manner, we obtain 


2. = 0. (14b) 
On the other hand, when we substitute the expression for E, in the relations 
(12), we obtain 
"TEN 22H, dL 32H y 

DE = giae (Sq omy” my) 
c a-iwe \d%q 0X3 axa? 3x2 T Te 


4r 3j (2) aja) 
* wee | axg T 8x, ): 


When we differentiate (14b) with respect to xy, we obtain 
2H, 82H, —— PH, 
Xy 8x, ^ 9X 3x, 7 ET 


Substituting this relationship into the preceding, we obtain the inhomogen- 
eous Helmholtz equations for the components H,y: 


ieu E EE. (5o eem ). 
c 9 g-iwe "? g-iwe \3xg ` 
If we define 
2 - 
wW EU + WET 
we Peng k, (15) 
c 
we transform these equations to the form 
j(e) az,(e) 
2g __ 41 ji _ 8g 
AH + EH = ~~ aj TE (16a) 
Analogously, by using eqs. (13), we obtain 
ajale) ajale) ajale) 
2p __ 40, (e)_ _ 4a 9 1 2 3 
AEq + Eg = c ja g-iv€ Xy iR taxa * 8x3 ) (16b) 


Eqs. (14a) - (14b) and (16a) - (16b) constitute a system that is equivalent to 
the Maxwell equations (12) - (13). 

When there are no external currents, the Helmholtz’ equations (16a)- 
(16b) become homogeneous. If, in addition, the conductivity of the medium 
a = 0, the number k = wee u/ cl will be real. In this case, as we know from 
section 5 of Chapter XXV, there will be solutions to Helmholtz' equation in 
the form of travelling waves. The quantity cy = w/k represents their phase 
velocity. Consequently, the phase velocity of travelling electromagnetic 
waves is 


c= cC/~EL . 


In a vacuum, € =u = 1; that is, the quantity c represents the phase velocity 
of electromagnetic waves in a vacuum. 
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Problems 


1. Starting with the law of conservation of charge in the form 
E E f , 
2 Jf foav=- lias, 
V gv 


where i, is the component of the current density vector in the direction 
of the outward normal to the boundary of an arbitrary region V, derive 
eq. (3). 
Method: Use the Ostrogradskii-Gauss formula. 

2. Show that in cylindrical coordinates (r,¢,2) Maxwell's equations (12) - 
(13) are of the form 


1 ĉEz Fo iwp y Br PE. _iwe 
rao 02 c "*? az ar c P?’ 
1a rE 19F, iwe 19H; $Eg g-iwc p 47 ; (e) 
vov 9? rag c "9" yap 3z c rt ir’; 
oH, oH i 
Y £g G-iwe Am ; (e) 
dz ór ^ ce Pete Ie: 
109 1 Hy — c-iwe 4T , (e) 
rar e- yag c Bete d 


3. Show that in spherical coordinates (7,0,q) Maxwell's equations are of 
the form 


1 E 9Eg. iwp 
v sin 3 (35 Fo 8in 9-35") = c UT? 
1 1 9E, 95 wu 1/a 9E, iwy 
7 ins Ip - 3p Eg) = “He, (Gp "Eo - ag) = e. Ho 
1 (9 Hg) _ o-iwe 4r . (e) 
rain 3 (35 Ho sin 9 - gg) =P Ert Pm, 


1, 1 9H, 9 g- iwe 4T . (e) 
Y \sin 8 ay ` ar Ho) = c Eott jes 


1/28 9H, _g-iwe AT . (e 
z az He - "as | € Eg + jp. 


2. Electromagnetic field potentials 


The electromagnetic field equations can be reduced to a form in which 
the number of equations determining the field is less than the number of 
Maxwell equations. One such method of reduction is provided by the intro- 
duction of field potentials. 
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We introduce the vector A satisfying the conditions 


Y. zx) . (17) 


We shall call this vector the vector potential. Eq. (14b) is now satisfied 
identically. On the other hand, eq. (14b), as is known, implies the exist- 
ence of the vector A. 

Eq. (17) does not define the vector potential uniquely. In addition to the 
vector A, the vector with component 


Ag *Qv/)xXs , 
where y = V(x1,Xx2,X3) is an arbitrary function of the coordinates that is 
sufficiently many times differentiable, also satisfies eq. (17). 
Substituting eq. (17) into eqs. (12), we obtain 
8E, 3E do (eas i 24e 
9Xg Ox, c 8X3 ax, 


or 
9 /iw 9 fiw 
ay Ce Ar Py) = am, Ce AB ~ Ba) 
From the latter equation, it follows * that the quantities [(iw/c)Ag - Eq] are 
the partial derivatives with respect to x of some function ¢, that is, that 


iw a 
Eq= Aag (18) 
The function ¢ is called the scalar potential. Since the components Ag are 
defined up to the derivative 8y/8x, of an arbitrary function y, the scalar 
potential o may be arbitrary. However, the vector potential is then uniquely 
defined by the requirement that eq. (18) be satisfied. 

Substituting (17) into (13) and introducing, as in the preceding section, 
the notation 
2 


wen - iuc 
k = H 5 H ; 
c 
we see that 
, 3 aA 
Eg 2-9, (aAg- i. 2. LB. 10M (D). (19) 


ck? o 0Xo gel 0X8 
Equating the right sides of eqs. (18) and (19), we obtain 


4 3 3 9A k2 
2A, = - 27H, (e), 2 LB eE 
AAg + k Au c ja” + Ixa A axe tiw 9): 


We now define the scalar potential ọ by the relationship 
3 
i aA 
ee (20) 
ck? a=1 %q 
* See, for example, V. I. Smirnov D, Vol. 2, p. 110. 


g=- 
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Then the equations for determining the components of the vector potential 
are of the form 


hAg + k?Ag = - STE gle) . (21) 


If the three components Ag of the vector potential are known, the mag- 
netic vector can be found by using formulae (17). In determining the com- 
ponents of the electric vector from eqs. (19) and (21), we obtain the for- 
mulae 

io , iw 2 3 Ag 2? 
Ey = + z . 2 
* 6 " Ch axy B-1 C78 22) 


Suppose that E and H are vectors satisfying Maxwell's equations and 
that there are no external currents: Then, the vectors 


uw 
tom H^ t= 
E' = dà ? H and H'-E (23) 
also satisfy Maxwell's equations. This makes it possible, in the absence of 
external currents, to introduce two potentials, the so-called Hertz vectors. 
These potentials are in a mutually symmetric relationship, analogous to 
that given by formulae (23). The vector with components 


Ny = 19. Ag (24) 


is one of the Hertz vectors. Just as in the case of the vector potential when 
there are no external currents, the components of this Hertz vector satisfy 
Helmholtz' equations 


Ally + £n, =0. (25) 


On the basis of eqs. (17) and (22), the field vectors can be expressed in 
terms of this Hertz vector by means of the formulae 


3 
2 9 > Ng 
Eq = R*llg + 3x, " By? (26) 
_ ch all, 
7 iwy Ge E (27) 


But, on the basis of eqs. (23), showing the mutual relationships, the field 
vectors determined by the formulae 


8 TL al 
_iwp y Lp 
Eaz g REZ 5.) d (28) 
3 
a C alg 
Hy = Rll + Ixy A ax, (29) 


also Satisfy Maxwell's equations when there are no external currents. 
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Suppose now that II and II* are two vectors whose components Ily and 
Tg »atisfy Helmholtz' equations (25). For the first of these, let us express 
the field vectors by means of formulae (26) - (27) and for the second let us 
express them by means of formulae (28)- (29). If we add the resulting ex- 
pressions, we obtain 


3 
all ama 
-p2 8 B + E _ os 
Fa =k Ho + aXe à 8x," a x): (30) 
all M 
B 2 8 B 
= iwy oe ee - 5.) + Ela + 0x, p ax, ? (31) 


which, in the absence of external currents, are also solutions of Maxwell's 
equations. The vector II* is the other Hertz vector. 

The vectors used for forming the field vectors from formulae (26) - (27) 
and from formulae (38) - (29) are called, respectively, the electric and 
magnetic Hertz vectors. Depending on the boundary conditions of a prob- 
lem, it may be expedient to use either one or the other of the Hertz vectors 
or possibly both of them. 


Problems 


1. Show that when there are no external currents, the scalar potential ¢ 
satisfies Helmholtz' equation Ag + k2 9 =0. 


2. Find the electromagnetic field produced in an unbounded space for a 
given system of steady-state currents j. 
Method: We want to determine the vector potential of the field. Particu- 
lar solutions of Helmholtz' equations that satisfy the radiation conditions 
at infinity are oscillational potentials (section 6, Chapter XXV). Conse- 
quently, one of the solutions of our problem may be represented in the 
form of an oscillational potential. This solution is unique because if 
there were two such, their difference would satisfy the homogeneous 
Helmholiz equation. But the solutions of the homogeneous Helmholtz 
equation describe free fields that do not contain sources. Therefore, 
there can be only one solution describing the field of forced oscillations. 
The components of the vector potential describing this field are deter- 


mined by the formulae 
ikr 
-E [f fig) Z* av. 
Cry 


3. Boundavy conditions 


As we have stated, the solutions of the system of Maxwell equations 
are of a wave nature under certain conditions. Consequently, we may ex- 
pect that each of the components of the vectors of the field caused by 
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sources located in a bounded portion of space must satisfy, at infinity, a 
radiation condition of the form (62) of Chapter XXV. It was shown in sec- 
tion 6 that satisfaction of the radiation condition under properly chosen 
boundary conditions ensures uniqueness of the solution of the system of 
Maxwell equations. Thus, there is no need for any other conditions to be 
satisfied at infinity. 

Let us consider the boundary conditions on surfaces separating media 
with different properties. 

We shall consider a discontinuity in the properties at the boundary be- 
tween two media as being the limiting case of a continuous transition under 
which the properties of one medium change gradually into the properties of 
the other in some small region adjacent to the dividing surface. The surface 
of the division itself we shall consider piecewise-smooth. Under these as- 
sumptions, the Ostrogradskii-Gauss and Stokes formulae can be used for 
finding the boundary conditions. 

Suppose that S is the surface separating two media, which we shall 
refer as the medium e and the medium i. Suppose that £ is a point on S and 
that * is the outward normal to S at the point £. We shall take as positive 
the direction of the normal n from the medium i to the medium e. 

Let us construct a cylindrical surface C with axis coinciding with the 
normal n and radius ah, where a is a pure number and + is an arbitrarily 
chosen unit of length. Suppose also that S' and S" are the surfaces obtained 
by displacing the surface S a distance a2h in the positive and negative di- 
rections, respectively, of the normal z. The surfaces C, S', and S" define 
a closed region Ve of the point £ with boundary formed by the elements Ce, 
Se, and Sz of the surfaces constructed (fig. 67). 


Fig. 67. 


If we apply the Ostrogradskii-Gauss formula to the vectors E and H in 
the neighbourhood Ve, we obtain, on the basis of eqs. (12) and (13), 
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[liwe - o)E, - 4nj, 9] as - 0 , If uH, dS =0. 


The symbols Ey, Hy, and ji 9 denote the projections of the vectors E, H, 
and (€) on the normal to the element dS of the surfaces ce Se, and Se. As 
we leta approach zero, we obtain for the areas Ce, Se, and Se of the re- 
gions Ce, Se, and SẸ the following: 


x (Qnah)2a2h2 = 4ma3h3 , s} = se = sq > mah). 
If we apply the mean-value theorem to the integral of 
[(iwe - Ey, - 4nj, €)] 


we obtain 


IP [Gwe - JE, - Arjin ®©] dS = ce[ liwe - JE, - Atin ave 
CetSetSe 


+ Sc[(iwe - 0) E, - Anjn(®)] avs} + se [iwe - 0) Ey - nO 50 , (32) 


where the subscripts avCe, avSc, avSe indicate that the expression in the 
square brackets is to be evaluated between its maximum and minimum val- 
ues on Ce, Se, and Se. If we let a approach zero and use the approxima- 
tions that we have obtained, 


lim Ł fÍ qoe o5, - 4ni, as 
2-0 5€ cL stus 


= [(iweg - og) Ego - ATine ©] - [Gwei - o) Egi - 4j], — (33) 


where the symbols e and i denote the limiting values of the quantities as the 
point E is approached, respectively, from the side of the medium e and the 
medium i. The minus sign is present in front of [(iwe,- c) Eni - Anjgji(€)], 
because the outward normal to the section SẸ is directed oppositely to the 
outward normal to S. An analogous relationship is obtained for the normal 
components of the vector H with one difference, the quantity (iwe - 9) is re- 
placed by » and there is no term depending on the current density. 

Thus, we obtain the following boundary conditions for the normal com- 
ponent of the field vector: 

(iwe e - Gg) Ege - (iwé; - 0j) Epi = Any, ©) 7 DA) , 
(34) 
Hefne - ilni 70 . 

Let us consider the first of these. On its right side is the difference 
between the normal components of the current density; this is equal to the 
difference between the flow of charges into the surface separating the media 
and the flow out from that surface. Since each of the quantities being con- 
sidered represents the complex amplitude of oscillations that take place 
with frequency w, a difference between inflow and outflow means that there 
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Fig. 68. 


is a periodic oscillation of charge on the boundary surface; that is, a sim- 
ple vibrating electric layer is located on this surface. 

To find the boundary conditions for the tangential component of the 
electric and magnetic vectors, let us consider the curve L formed by the 
intersections of an arbitrary plane Z passing through the normal x at the 
point £ with the regions C,, Sé, and Se (fig. 68). Suppose that Ez, is that 
portion of the plane bounded by the contour L. For simplicity in later cal- 
culations, we introduce a rectangular Cartesian coordinate system with 
origin at the point € and with axes x, T, and b, where n is the outward nor- 
mal referred to, 7 is the axis directed tangentially to the dividing surface 
in the plane Z, and the axis b is directed in such a way that the system n, 
T, b will be a right-handed system. 

If we make the substitutions a = b, 8 =n, and y =7 in Maxwell's equa- 
tions (12) and (13), we obtain 


GE, dEn ipu 
da $^ fe (35) 
3H. ôH, : 
DT On _ o- iwe 4T ; (e) 
ðn | OT c Ep* e. (36) 
If we integrate the first of these equations over the surface Zr, we obtain 
9H, 9H, g- iue 47 
——. = g - 1WE an. (e 
If GG "Or az = f {( c Ep € T jg ax. (37) 
ZL ZL 


Since the t-axis is perpendicular to the surface Z[, we may use Stokes' 
formula for a plane region * to transform the left side of eq. (37). This 
gives 


* See V. I. Smirnov D, Vol. 2, p. 79. 
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on aT 
L 
Let us partition the curve L into segments L', L", and L'' formed by 
the intersection of the plane = with the regions Sc, Sc and the cylindrical 
surface C. (fig. 68). We partition the surface 2, into two portions Zr ẹ and 
Ep; one of which is in the medium e and the other in the medium i. Since 
Sc and Se are at a distance a?h from the surface separating the two media, 
if we let the radius ah of the cylinder in question approach zero, we obtain 


cpe70p;7243h? ,  L'- IP e 2ah, E™=4ah, 


mes: - on dz = J [Hp cos (l, n) +H, cos (,7)] dL . (38) 
D L 


where ore and cp; are the areas of the regions Xr e and Zrj,, and where 
L', L", and L"' are the length of the segments L', L", and L'". On L' and 
L", cos (ln) = 0. Furthermore, cos (/,b) is identically equal to zero on 
L". If we apply the mean-value theorem to eqs. (37) and (38) and use the 
results just obtained, we find 

2, [T -iwe 4T (e) 2, [a - ive 4T , (e) 
ah | c Eb + Jb avari 7^ [^ Eb * Ib avy e 
(39) 


= [H; cos 0,7], ir: + [H4 cos (l7 + 22h [H, cos (l, n)] 


Navn" avL™ LI 


where, as above, the notations avZrp;, avZrye, avL', avL", and avL'" indi- 
cate that the expression within the square brackets is to be evaluated be- 
tween the maximum and minimum values on the corresponding segment. 

If the conductivity o of both media is bounded, the volume density of 
current AG) will also be bounded. Therefore, if we take the limit in eq. 
(39), we obtain 


lim {LH, cos Ql yr +[H, cos 0,7], yp =0. (40) 
Since 
; i-l on L', ; _\Hre on L', 
eer GO] on ze, PRÜt (gu on oL. 
we finally obtain 
Hre = Hri. 


In a completely analogous way, we can find the boundary conditions for 
the tangential components of the electric vector: 


Ere = Eg. 
Thus, we have the four boundary conditions: 


(iwee - Te)Ene - (iwe; - 0j) Eg; = Ar(jje €) - ju) 2 (41) 


Ere=Eq,, Hre =H. (42) 
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However, it is easy to see that satisfaction of the last two conditions for the 
tangential component automatically implies satisfaction of the first two 
conditions for the normal component. 

To show this, let us use the local system of coordinates x , 7 and b that 
was introduced above (fig. 68), where z is the normal to the boundary sepa- 
rating the media, and the 7- and b-axis are in the plane tangent to the boun- 
dary. If we set e 2 2, B - T, and y = b in Maxwell's equations (12) - (13), we 
obtain 


dE OE, d 

or 73b ^ c [e 43) 
9Hp oH, g-iwe p NEU (e) 
aT ab c nto n 


Since the tangential components E;, Ep, H;, and Hp are continuous, the 
right sides of these equations are also continuous at the boundary, from 
which conditions (41) follow. 

Since many media have quite high conductivities, the concept of a con- 
ductor of infinite conductivity is very useful. Such a conductor we shall call 
an ideal conductor. 

By using Maxwell's equations, it is easy to show that the total electro- 
magnetic field in a conductor decreases exponentially as one goes deeper’ 
inside the conductor. Here, the index of damping is proportional to the con- 
ductivity (see, for example, the problem at the end of this section). There- 
fore, the field must vanish at the boundary of an ideal conductor. This is 
often expressed by saying that an electromagnetic field does not penetrate 
into an ideal conductor. 

Let us use this fact to find the conditions at the boundary of an ideal 
conductor. Consider the integral relationship (37). The evaluations of the 
terms in this equation, on the basis of which we obtained the boundary con- 
dition for the tangential components of the magnetic vector, depended on the 
boundedness requirement for the field vectors and the current density. For 
an ideal conductor, the last requirement is not met and we must modify our 
estimate for the terms depending on the current density. 

According to Ohm's law, the component of the total current density 
along the b-axis is equal to 


80 that 
J| (£ Ep + 72 jal) as = 2 [ | isas 
~Le “Te 
The integral H jp dS represents the total current flowing through that 
bod 
^Le 


element Y re of the area Xr, situated in the medium e. From the above, we 
see that the electromagnetic field and the total current that flows through 
an ideal conductor are concentrated on its surface. Consequently, as 0 — œ, 
the integral that we are considering approaches the line integral 


Ch. XXXIV) MAXWELL'S EQUATIONS 587 


fha, 
L 


where L is that portion (of the boundary of the area Zr.) belonging to the 
surface separating the media (fig. 68), and jj is the component of the sur- 
face current density /' along the b-axis. As a approaches zero, the integral 
I, jp dL is of the order of 2ahj&. Therefore, as is easy to see, instead of 


eq. (40), we have 
47 . 


+ [H, cos Q,7)], pu s% Ie 


lim {[H, cos Glaz 
Since the field vectors are equal to zero in the medium e, recalling eq. 
(39), we finally obtain 


47 1 
Hh = Jb. (44) 


This equation imposes no restrictions on the solution, since the func- 
tion on the right side does not appear in Maxwell's equation. On the other 
hand, when a solution to Maxwell's equation is given, eq. (44) makes it pos- 
sible to determine the surface current. 

The derivation of the boundary conditions for the tangential components 
of the electric vector begins with eqs. (35), which do not depend on the cur- 
rent density. Consequently, we have Ere = E;; for an ideal conductor, just 
as for an arbitrary medium. But since the field in an ideal conductor is 
equal to zero, we have Eze = 0 and hence 


E,-0. (45) 


Thus, on the boundary oí an ideal conductor, we have only the one condition 
requiring the vanishing of the tangential component of the electric vector. 


Problem 


The half-space x1» 0 is filled with a medium of conductivity c. Sup- 
pose that the value of the electric vector is equal to a constant vector Eg on 
the boundary x, = 0. Show that the field in the medium decreases exponen- 
tially with increasing x4 and that the damping factor is proportional to the 
conductivity c. 

Method: The desired electric vector satisfies the equation 


d?E 


+ BE -0 
dx? , 


where 


Paw? 0412). 
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4. Representation of an electromagnetic field by means of two scalar 
functions 


It is easy to show by means of the formulae of section? of Chapter XVII 
that Maxwell's equations (12)-(13) in arbitrary orthogonal curvilinear coor- 
dinates 64, 05, 63 are of the form 


a _iwy 
a ð 4n . a- iwe 
seq tolls ~ ges aHa = agi + hahgEy, (4) 


where hq, hg, and hy are the Lamé coordinate parameters. 
Let us assume that there are no external currents, that is, that jgl®) =0 
(for a= 1,2,3). For brevity, we use the notations 


"T g-iwe _ 
c - hg, c = aE. (48) 


Eqs. (46) - (47) then take the form 


à G " 
ag hgEg - ata Cg ha Eu = Ryhg hgH. , (49) 
ð a 
ate hgHg - Ieg ha He = kEhahgEy . (50) 


Let us suppose that some problem posed for eqs. (49) - (50) has solu- 
tions such that 


EL, #0, Hj20, (51) 
or 
Ej-0, #7 #0, (52) 


where / is an index representing one of the numbers 1,2,3. We shall call 
solutions satisfying eqs. (51) solutions of the electric type and those that 
satisfy eqs. (52) we shall call solutions of the magnetic type. 

For solutions of the electric type, it follows from eqs. (49) that, for 
yeah 


a ə 
sc; "RER = sey Ej > (53) 


where the subscripts j and k and the subscript form an even permutation 
j,k,l of the indices 1,2,3. In contrast with the Greek indices o, 8, and y, 
which may denote an arbitrary even permutation of the indices 1,2,3, the 
three Roman indices j, b, and / are assumed fixed. 

It follows from eq. (53) that the components E; and Ej of the electric 
vector can be represented in the form 


rg, L aut 21 gw 

J^h at; ’ bU hp ath’ 

where u* is some function. If we substitute these expressions into eqs. (50) 
for y - j, k, then, recalling that H; = 0, we obtain 


(54) 
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hyhy du* 

à l a 
<—hpHp --kE-L— >, S 
at, FUR TTE Ry Beg X 


Let us suppose that the coefficients A1, A5, and hg can be represented in 
the form 


hj-yjOnO) vC), kk=WkEj te) ven, k=l. (56) 


Then, if we set 


hih; du* 
h;H. Lj 


jj = RE hy wc 65 


u* = au/at] , 
kg ðu kpg ou 
Mey ag’ TI hy Ge 
where 4 is some function, we satisfy eqs. (55) identically. If we substitute 


the expressions given by eqs. (57) for Hp and Hj into eqs. (50), we obtain, 
for y - l, 


(57) 


1 Ta hà oe a hj au 
EL 7 Uy [oc G 2) * Seg Cag E | (58) 
Finally, on the basis of eqs. (54), we obtain 
1 a2 1 2274 


u 
Ei ij argot? PRT hp tpat 69 
Thus, all the components of the field vectors for a solution of the electric 
type can be expressed in terms of some function of « by means of four of 
the six equations (49) - (50). 

If we substitute the expressions found above for the components of the 
field vectors into those of eqs. (49), for which y = 7,2, we obtain 


3 (1 Ta hk du L2]. 9 au 
= -kyke zp 
AT leg G sc) + aeg G 900p | aep? HVE ty ' 
2 hy au h; au 
igi EG e) Gu) - me dt 
čj lacy? hh BE vh OC Ip Vp OC atj 
Both these equations can be obtained by differentiating the equation 
1 a hp au a hj du 32u 2 
hjhp lé; (s; 56) * Sta ip at jia u=0, (60) 
where 
2 : 
= = H 
K = kykp - 3 iunc | (61) 


Consequently, they will be satisfied if the function 4 is a solution of eq. 
(60). We also see that by a suitable choice of the function u, we can write 
expressions for the field vectors that satisfy all the Maxwell equations. 

If we combine expressions (57)-(59) for the components of the field 
vectors for solutions of the electric type, and if we take eq. (60) into con- 
sideration, we may write 
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1 au 1 02, 32u 
Ej=> ; ao i. Bpa tku, 62 
j ^h; 805 90] bp Bp OC] 1^ ac (62) 
a-iwe 1 du |. g-iwe 1 ðu H 
Hy = hp dlk? Hp=- 0. hj otj ' Hi -0. (63) 


If we were to examine the solutions of the magnetic type in the same 
way, we would obtain the equations 


2 2 2 
1 29v 1 29^ 9^v 2 
Hj 2. )HpeL-iv.a£no H= by ; 64 
J hj gjat bap apat 5go te: 9 
, ieu 1 w . iwy l w - 
Ej-^5 hp atp’? ER EE E,=0, (65) 


where v is also a function satisfying eq. (60). Thus, if the solution to the 
problem in question for Maxwell's equation can be represented as a sum of 
solutions of the electric and magnetic types, all we need to do to find each 
of these is to find one scalar function that is a solution of eq. (60) with 
boundary conditions ensuring that the boundary conditions for the field vec- 
tors are satisfied. Once such a function is found, the field vectors can be 
determined from formulae (62) - (63) or (64) - (65). 

Satisfaction of eqs. (56) is a necessary condition for the existence of 
solutions of the electric and magnetic types. It is possible to show that 
these conditions, in orthogonal coordinate systems, are satisfied for any 
coordinate Ez for which either parallel planes or concentric spheres serve 
as coordinate surfaces. However, these types of coordinates exhaust all the 
cases in which eqs. (56) are satisfied. 

Examples of coordinates that satisfy eqs. (56) are orthogonal Cartesian 
coordinates (where any one of the coordinates can be chosen for 0), cylind- 
rical coordinates v, y, z for €; =z, and spherical coordinates v, 6, q with 
Qr. 

For example, let us consider spherical coordinates. Here, 

hy-1, hg=r, hy = 7 sin 6 
and eqs. (56) are satisfied with ¢; = v. Let us set 
r=], 8-5, pate. 
Here, eq. (60) takes the form 


32u 1 a , au 1 32u 
sin 8 + 


+ + 
av2 v? sin 8 88 90/ ` y2 sin% ay? 
By means of the substitution 


ku - 0. 


u =r, 
it can be reduced to the Helmholtz equation 
am 2 an 1 ô on 1 ən 
ard ar I D sing a6 38) * 3 sino 29? 
Knowing solutions E and @ of this last equation (that meet the conditions en- 


+R =0. 


(sin 6 
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suring satisfaction of the boundary conditions for the solutions of the elec- 
tric and magnetic types, respectively), we can find all the fields by means 
of formulae that are obvious consequences of formulae (62) and (65). The 
functions Z and V are called the Debye potentials. 


Problems 


1. Assume that the Lamé parameters hj, hp, and hj of the coordinate sys- 
tem €j, Ck, and 6; do not depend on z. Examine an electromagnetic 
field in a vacuum, where the field is also independent of the coordinate 
€z. Show that the field vectors can be computed from the formulae 


p=- £ .l.8u* „c _1 8u* -1 
J' iw hyu dk’ bU io hjhi 26 ' DIUR 
y -£ L 3 ..£ _1 gu% lg 
J iw hgh Ëp’ k=- iw hgh, 965 ' Pau" 


where u* and v* are functions satisfying the equation 
3 hp ðu 3 hj du w2 hjhp 
atj TT 27) t IA Ik 2 hy 

Remark: The functions 4* and v* are called Abraham's potentials. The 

case considered in this problem is the only one besides that examined 


above in which the electromagnetic field can be represented by means of 
two scalar functions. 


u-0 


2. Show that systems with symmetry of rotation about one of the coordinate 
axes (for example, cylindrical or spherical coordinates) belong to the 
set of coordinate systems examined in the preceding problem. 


3. Show that in Cartesian and cylindrical coordinates the solutions of Max- 
well's equations that are of the electric and magnetic types can be rep- 
resented, respectively, by the electric and magnetic Hertz vectors only 
one component of which, [I3 and Ig or Iz and Iz, is different from zero. 
Show also that we may set Ilg (or Mz) = 4 and nj (or Iž) =v, where u 
and v are the functions defined earlier in the present section. 


5*. A uniqueness theorem 


A somewhat more significant question from a theoretical standpoint is 
the matter of uniqueness of the solutions of the system of Maxwell's equa- 
tion. 

Suppose that S is a closed surface separating two media i and e occu- 
pying, respectively, a finite region V; (situated inside S) and an infinite 
region Ve (situated outside S). On the boundary S, we shall assume that the 
conditions for conjugacy of the tangential component of the field vectors are 
satisfied: 
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Eri =- Ere -0 ) Hri ~ Hre -0. (66) 


We shall also assume that the radiation condition is satisfied as * increases 
without bound: 


9E, 3H 
"(p - ikeEa) -0 , r (^ ikeHa) - 0, Eg-0, Ha-0, (67) 


a@=1,2,3, 
where ke is the square root of the expression 
2. we oie - iW Uete 


e c? 


with positive real part. The quantities appearing in this last expression are 
given the subscript e because an infinitely distant point belongs to the me- 
dium e. Henceforth, we shall write the subscript only when it is necessary 
to emphasize that a given quantity refers to a particular medium. 

Finally, we shall assume that the conductivity of the medium i 


gi * 0. (68) 
Under these rather broad conditions, we have the following theorem. 


UNIQUENESS THEOREM. The solution of the system of Maxwell equations 
(12) - (13) satisfying the boundary conditions (66), the radiation conditions 
(67), and the condition (68) is unique. 


Proof: Let us suppose that there are two solutions, that is, that there 
are two systems of field vectors E(1) and HO), on the one hand, and E(2) 
and Hn, on the other, both satisfying the requirements of the theorem. In 
this case, the differences 


E-EQD-EO, n-n0-g2, 


will also satisfy the homogeneous system of Maxwell's equations 


9E, OE i 
az, 3x7 e a (69) 
B 
ðH, OH -i 
Y. B .9g-iwe Ex, (70) 
0xg Oxy c 


the boundary conditions (66), and the radiation condition (67) at infinity. The 

theorem will be proven if we show that the vectors E and H satisfying the 

conditions listed are identically equal to zero throughout all space. 
Consider the expression 


m = riue TAE * 2E in? (71) 


and its complex conjugate 


hl 


m* gio TIE _ wy iui? (12) 
c 


C 


Ch. XXXIV] MAXWELL'S EQUATIONS 593 


The asterisk indicates the complex conjugate of the quantity without the 
asterisk. The sum 


m+m*=2|B|" o. (73) 


Let us expand the expression for the squares of the moduli of the field vec- 
tors. By definition, 


On the basis of eq. (70), 


Ea = 37 iwe (ax 7 ax,/ ? 


so that 


jel? -—5 2 g ur 2B) oca E NS 5 
-iwe © Eq axg -3x) “G+ iwe axg Fe 


where the symbol o means that the summed terms are obtained one from 
the other by a cyclic permutation of the subscripts o, B, and y. If we use 
eq. (70), we obtain by an analogous process 


JE 3E% 
LE zb. SG - am.) = irr? aga 25). 


Substituting these qoare ons into eq. (72), we obtain 
3H% aE, OE 
Y B 
3 [GE za) ` Ha (azg - = ETN ($E, 7 Hy Eg) , 


from which it is clear that 


m + m* = Z ge (Hg E} - HE) + (HRE, - Hy Eg] 


Suppose that = is a spherical surface and that the region Vj is inside it. 
It is easy to see on the basis of the boundary conditions (66) that the normal 
component of the vector T, with components 

Ta = (Hg E» - Hy EB) + (HB E, - HL Eg) (14) 

is continuous at the interface S. To show this, suppose for simplicity that 
the xg-axis is perpendicular to S. The normal component Tj of the vector T 
is then equal to Tg, and the quantities Eg, Ey, Hg, and H, defining it are 
components of the tangential components of the field vectors and, conse- 
quently, are continuous. Therefore, the normal component, in which we 
are interested, is continuous. 

Because of the continuity of the normal component of the vector T at 
the interface S, we may, throughout the entire region V; lying within Z, 
apply the Ostrogradskii-Gauss formula to the function 
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oT 
m +m* E Lo 


azl ka` 
On the basis of (73), this gives us 
2 
[f fis av = | f rnas. (75) 
Ys D 


We introduce the spherical coordinates (r,0,«) with origin at the cen- 
ter of the spherical surface 2. On È, 


Tp = Tr = (Hg ED - Hy EB) + (HG Eg - Ho Eg). (76) 


Using Maxwell's equations in spherical coordinates (problem 3 of sec- 
tion 1), we obtain 


c i 1 ĉEy | 1] 


Hg = 


iwy |r sing 9o 7 ar 
c lf 1 9E, , ck 
= iwa 7n 09 Be re 2- ikEo)| - Eg > 
c ji 8Eg 48E, 
Ho = ip HE ar v zd 


. € 1 2E, 8Eg ck 
= Ees- +r y -d&Eg)| + SE Eo 


Let us evaluate the order of the term on the right side of these equa- 
tions as v increases without bound. On the basis of the radiation condition 
(67), as v increases without bound, 


Ey-0, Eg-0, Eg-0, v Cz - wo) +0, v (SE - ino) - 0. 


Therefore, the terms containing the factor 1/* approach zero more rapidly 
then does 1/*. Therefore, it follows that 


k k 
Hg =- mp €*o(l/), Hy = on Eg + o(1/7) , (77) 


where o(1/7) denotes the set of terms which approach zero more rapidly 
than 1/v. Substituting these expressions into formula (76), we obtain 


b b* 
Tn =- 5, (Eg E$ + Eg B) cg eB + Bo Ep) cotum 
2c Re k 2 
Hr (Epl? + | Egl“) + o(1/r?) , 


where o(1/72) denotes the set of terms of higher order than 1/72. It now 
follows from eq. (75) that 


MELLE Sene iim | fira? « lg! 2 as- " 
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Since all terms of this equation are non-negative, each of them is equal to 
zero, and since the integrands are non-negative, we have 


T; a 
d Bi? =0 in Vi, - El? =0 in Ve, 


. 2 (18) 
: 2 
lim | FTN + | El )az -0. 
Fre u 
= 
On the basis of eqs. (77); it then follows that 
2 
lim f Fane? +H) az «0. 
«yo 2 
Finally, if we use Maxwell's equations in spherical coordinates, we find 
c 1 fa . 8Hg 
Er = 5 ioc v sin ó i98 Fe sin 8 - ay | 


c 1 [a 8Eg 
Hy Fon Y sin 6 las Eo sin 6 - 2] , 

from which it is clear that the radial components Ey and Hy do not exceed 

the angular components in order of magnitude, so that 


lim | MEAE + |H, az-0, 
y-—5 b» 
and therefore, in general, 


yo 


lim JIE? az = tim f fim? az =o. (79) 
" re z 


If oj * 0 and a, * 0, it follows from eqs. (78) that E = 0 throughout all 
space and, on the basis of eqs. (69), His also equal to zero. However, if 
Ge = 0, the parameter 


_ YV fete 


k = ke s 


will have a real value in the outside region. Therefore, remembering that 
each of the components of the field vectors satisfies Helmholtz’ equations, 
we may use the fundamental lemma of the theory of Helmholtz' equations 
(section 7 of Chapter XXV), according to which satisfaction of condition 
(79) for a real value of k implies the vanishing of E and H throughout the 
entire external region. In the inner region, E and H are equal to zero be- 
cause of the first of eqs. (78). This proves the theorem. 


Chapter XXXV 


EMISSION OF ELECTROMAGNETIC WAVES 


1. General remarks 


In studying the emission of electromagnetic waves, it is convenient to 
write the field equations in terms of the vector potential A (Chapter XXXIV, 
section 2). This is clear, for example, from what follows. As was shown in 
section 2 of Chapter XXXIV, the vector potential satisfies the system of 
Helmholtz’ equations 


AAg + RAg = -4r E ja 9, (1) 
2 : 
p2 = wine + ionc 2 
uu (2) 
where the jg (9) (for a = 1,2,3,...) are the components of the vector repre- 


senting the external current density. If the external currents are parallel 
to some axis (as is the case in a number of types of antenna, for example), 
we can, by choosing this axis as one of the axes of a Cartesian coordinate 
system, see that system (1) will be satisfied if we set the components of the 
vector A along the other two axes equal to zero. Since the field vectors can 
be expressed in terms of the vector potential by means of formulae (17) and 
(19) of Chapter XXXIV, we may expect that the study of the field (in.the 
above case) will be reduced to the case of a single scalar non-homogeneous 
Helmholtz equation relative to one of the components of the vector poten- 
tial * that is not identically equal to zero. 

Since, in addition to system (1), the vector potential must still satisfy 
the boundary conditions, the consideration that we have just made concern- 
ing the possibility of setting two components of the vector potential equal to 
zero does not of itself constitute a proof. However, in the most important 
cases, it is fully or partially justified and it does simplify the problem. We 
will consider in section 5 the matter of the conditions under which this 
simplification is possible. At the moment, we make the following observa- 
tion. If, by introducing this simplification without further justification, we 
find a solution of the problem that satisfies the boundary condition, it will 
be the desired solution because of the uniqueness theorem for the system of 
Maxwell equations. 

In solving the problem presented in this chapter, we shall use the 


* Such a reduction can be attained, of course, without introducing the vector poten- 
tial, but the most natural way of approaching the problem is in terms of the vector 
potential. 
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method of integraltransformations. In order to make this method applicable 
without a detailed study of the convergence of the integrals, we shall as- 
sume, following Grinberg 21), that the propagation of the radiation takes 
place in media that have at least some conductivity, which ensures expo- 
nential decrease in the field at infinitely distant points. The radiation con- 
dition can then be assumed to have the form (70) of Chapter XXV. 

We note, in conclusion, that in presenting the material of this chapter 
we are primarily following Grinberg's monograph 27). Accordingly, we 
shall consider problems for the case in which there is only one plane boun- 
dary separating two homogeneous media (for example, the earth and the 
atmosphere). However, the method can, without significant changes, be 
extended to the case in which there are a number of parallel interfaces at 
which the properties of the media undergo discontinuities (laminar media). 
In such a case, only the number of boundary conditions to be given is in- 
creased. Finally, this method can be very easily generalized to the case in 
which the properties of the media depend on one of the coordinates. We 
shall only touch upon this, referring the reader to Grinberg's monograph 
for details. 

As a rule, we shall consider the problem solved when a solution is 
found in the form of a definite integral containing only known functions. A 
vast literature has been devoted to investigating and finding numerical ap- 
proximations of these integrals, but consideration of that problem would 
take us far beyond the scope of the present book. 


Problems 


1. Suppose that the dielectric constant and the conductivity depend on the 
coordinates. Show that the vector potential satisfies the equation (in 
Cartesian coordinates) 

GA oo, ty alnk 3 In k2 
oxy ^ 0x2 * 9x3 


AAq + RAG - ( --mPEj 9 (a-i2,), (* 


p2 = w2ue + iwuc 
c2 f 
Method: Write the scalar potential in the usual form 
iw BA dAg Aş 


ch \0x1 * 8x2 * 333) 


g=- 


and use Maxwell's equation. (We might note that the equation (*) is en- 
countered primarily in the study of the propagation of radio waves in 
laminar media.) 


2. Show that the components of the field vectors are related to the compo- 
nents of the vector potential by the following formulae in cylindrical 
coordinates (r, 9,2): 


9A arA 0A 2A arA dA 
m =+ (=*-—*), H -1(47.—4 ; n= (e -a ; 
ur Noo Oz Pp az ar ur ar ag 
i i ry ,9vÀ 0A rÅ C 
Ey =A ie 2 1 AEn .- J’ 
c Y ed orivr s ar ay az /| 
_ iw iw 8 1 arAy Ag avAz 
Ep =ç Apt vag FA ir ^ 89 * 22] , 
i ; avA aA arvA 
Ez -18 4, is P 1( ya $9, £) 
c ck2 02 |v \ Ov ag az 


2. A vertical emitter in a homogeneous medium over an ideally conducting 
plane 


Consider a system of vertical currents that is bounded in space and 
that is symmetric about a vertical axis. We shall call this a vertical emit- 
ter, and we shall call its axis of symmetry the axis of the emitter. We shall 
assume that the radiation takes place in a half-space occupied by a homo- 
geneous dielectric (homogeneous atmosphere). We also assume that this 
half-space is bounded by a horizontal plane that is the boundary of an ideal 
conductor (the surface of the earth). 

We introduce cylindrical coordinates (r, ,z) with the z-axis directed 
along the axis of the emitter and with the origin on the horizontal plane. The 
equation of this plane will then be z = 0. In accordance with section 1, to 
find the electromagnetic field of the emitter, we need to solve the non- 
homogeneous Helmholtz equation for the component A, of the vector poten- 
tial. Since the field is symmetric about the axis of the emitter, this equa- 
tion in the coordinates (7, œ, z) will be of the form 

12 aA, 02A, 
v6 36v) * Vg 
and the component Az will not depend on ¢. 

By means of the formulae given in problem 2 of section 1, we can show 
that the components of the field vectors in the case in question are equal to 


+ RIA; = -4n Ej, (3) 


; aA ; . 82A 
iw ð E - _ iw iw z 
Ey =" 2 ar az? Eg=0, Ez = "MN ch? 322” (4) 
1 9Àz . 
Hy=0, Hg=-3 y? Hz=9; 


that is, the field of a vertical emitter represents a system of waves with 
mutually perpendicular electric and magnetic vectors. 

According to section 3 of Chapter XXXIV, the only boundary condition 
that is not identically satisfied on the boundary of an ideal conductor con- 
sists, on the basis of Maxwell's equations, in the fact that the tangential 
component of the electric vector must vanish on the boundary. From eqs. 
(4), this condition will be satisfied if we set 
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E 
az z=0 B (5) 


Finally, the radiation condition must be satisfied at infinity: 
lim Az = 0. (6) 


Za 


Let us eliminate differentiation with respect to the coordinate v from 
eq. (3) by means of an integral transformation. Consider the differential 
expression 


OG A, == rur). (7) 
for which ayy = 1, by = 1/v, and c = 0. Then, from the formulae of section 
5 of Chapter XXXI, we have 

D(vy-2*vx, bp(n-2v*v, q-O. (8) 


Consequently, the kernel of the desired operator must be equal to the prod- 
uct zK(y, r), where K(y,7) is the solution of the equation 


2 (rE) «sg - o. 


If we divide by 7, this equation becomes Bessel's equation of order zero: 


32K 13K 9 
= 3 + 


32 Tar K=0, (9) 


whose bounded solutions are the Bessel functions Jg(yr). Thus, we need to 
apply the Hankel transform (Chapter XXXI, section 4) with kernel vJolyr}. 
When this transformation is carried out, the problem (3) - (5) is reduced to 
the form * 


824, 
- (y2 - 2A, = -47 ^5, (€) 
522 (y* - &2)A? 4T "EL , (10) 
Aglz-9 =9, lim A, =0. (11) 
zm 


The general solution of eq. (10) is equal to 


zZ 
Az, 2) = - an sl J, £) [ea2-O - e-a(2-0] at + By e12 + By e747 
o 


Je i- [ j 9, ) ett ac) 


+e" (B3 + f Jely, t) eat &) 002 
o 


* We recall that this result follows immediately from the formulae of section 5 of 
Chapter XXXI. 
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where B1, B5, Bi, and Bj are arbitrary constants and q denotes that root 
of the expression (2 - k2) whose real part is positive. Since the system of 
currents of the emitter is, by hypothesis, bounded in space (so that, begin- 
ning with some z, the function 3, (0 (y, 2) = jg, z) - 0), the integrals of 
the expressions containing this function as a factor are bounded. Therefore, 
it is sufficient to set 


oo 


Bt =f 7y, t) eat at (13) 
o 


in order to ensure the vanishing of the function Az(y,z) as z increases with- 
out bound. As one can easily see, the boundary condition (11) gives 


BS = Bi. (14) 
When we substitute these values of the constants into solution (12) and ex- 


tend the function je, Z) for negative values of z as an even function by 
setting 


ir, -d = 10,2), 
we finally obtain 


oo e 


Ag, 2) =E E (e12 | T, (o, eae + ez f iio, edar). a9 
F4 -£ 
The inverse Hankel transform 
A(v,z) =| Agly,2) Jol) v dy (16) 
o 


gives the solution of the problem posed in the form of a definite integral, 
which we shall not write out in detail. 

Let us consider some very important particular cases. 

If the emitter is a cylindrical rod of radius 7, located somewhere in 
the region 29 € 2 © 24, and if the current density through a cross section of 
the rod is given by the formula 


. Jo 
jlr, a) = (r © Yo, Zo $2 € 21) , 
Yo’ - 
where jg is a constant, then 
o j jg(sin yr )/y for Zo 52 <24, 
;(9(,2 =j L0 y de - 1? o o 17 
jz2 ^ (y, 2) io | Trg ols) 6 de 0 for z< zo, 2> 23. | ) 


We note that the total current flowing through a cross section of the rod is 
7, 
o 
I= 21o | — 3 Laien. (18) 
o vg? - y 
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If we let Yo approach zero and at the same time increase the current den- 
sity in such a way that the total current remains the same, we obtain 


an for 29 «2 € 24, 


0 for 2«29,2» 2. (19) 


lim AOA z) = 
v9-0 


This case corresponds to a vertical segment of a conductor with negligibly 
small diameter (a vertical linear current). 

When we substitute expression (19) into eq. (15), we obtain, for values 
of z within the interval (26, 21), 


-42o $7441 
I HL (ed2 4 e794) $ —~ © — for £29, 
Ama] “4 1 (20) 
z\Y,2) = 471. alo Fo | ,7471 
rH eae e +e e for z> 21. 
cq q 


If we let the point zy approach the point z9, by using a series expansion in 
terms of the small distances (z1 - 29); we obtain 


- - -4 žo - - 
1 e71) -£ 7 a- e o 2) MS 


(e o(zi > Zo) 1 


Q | 


42o - 
: (e971 eo) € — (e 11 zo). 1) + e?^o(z, - zo) 
As we let the difference 24- 29 decrease, let us increase J in such a way 
that the product 


P= K214- 2o) 


will remain unchanged. The limiting case as Z4 -Zo approaches zero rep- 
resents an oscillating electric dipole with vertical axis and moment P lo- 
cated at the point v - 0, z = zg. The relationship (20) then takes the form 


E e T o(ed2 + e743) for z< Zo; 
Az, 2) = P -gz (21) 
r^ e(o + e q ©) for z> Zo. 


The expressions for z < Zo and Z> Zo can be combined into a single expres- 
sion: 


E P -q| z-z -qiz«z 
As, o) = Bi qe Tl Aol , emalt), (22) 


which is valid for all positive values of z. If we substitute this expression 
into formula (16) and remember that q =/(y2 - k2), we obtain 


exp [-| 2-20] vy? - k2] + exp [-|z«zol v2 - k2 
jy2 - k2 


A g(v, 2) = Pu I ] Jor) y dy . 
[e] 
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This integral can be tabulated by means of a formula from the theory of 
Bessel functions *: 


[ exp [-x/7? - &2] J 
~p a '? 


exp [ik/x2 + y2] (23) 
ò Jy2-k 


x2 4 y2 


Az, z) Pu E [ib (2-29)2 + 22] exp [ib ez 2 +72] 
DES N VN IHRE * 
Í ° Nz- zo)? +? (2 29)2 e 2 


This formula has an interesting interpretation. It is easy to show, by using 
the formula of Chapter XXXIV, that the component of the vector potential 
(of a dipole in an infinite homogeneous medium) that is directed along the 
axis of the dipole is equal to 


(yy) y dy = 


so that 


(24) 


Pu eikR 


zt (25) 


where R is the distance from the dipole to the point of observation. Let us 
compare this expression with eq. (24). The quantity v [(z - zo)? + 72] in eq. 
(24) also represents the distance from a dipole located at the point v - 0, 
Z = Zo to the point of observation v = v, z = z. (The coordinate p, because of 
the symmetry of the field, can have an arbitrary value.) On the other hand , 
the quantity /[(z+ Z9)? + 72] formally represents the distance from the point 
of observation to the point y» - 0, z = -Zo, which is the mirror image of the 
point y= 0, z= Zo in the lower half-space, relative to the boundary sepa- 
rating the media (the plane z - 0). 

Thus, we reach the following conclusion. The field caused by a single 
vertically oriented dipole P at an arbitrary point above an ideal conducting 
earth is the same as the field that would be caused at that same point (if 
there were no earth) by two such vertically oriented d:noles oscillating with 
the same phase, with one situated at the same point as the original dipole P 
and the other situated at its mirror image with respect to the surface of the 
earth. In particular, it then follows that the field of a dipole situated on the 
surface of an ideal conducting earth is twice as strong as the field that 
would be created in the atmosphere if there were no earth. Formula (24) 
gives 


2Pu ,ibR 
Ag(z)-—— "go  (R Wr +22), 


when z = 0; this is twice the value of expression (25). 
Problems 
1. Beginning with the equation (*) of problem 1 of the preceding section, 


show that, for a medium whose conductivity and dielectric constant de- 


* See R.O.Kuz'min 14), p. 151. 
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pend on the coordinate z (that is, on the height), we have, instead of eq. 
(10), the equation 


dA, (y, 4 = 
i ' e] - (1552) Agi, 2) = -4r © yis (6,2), 


where the function y - -1/k2. 


2. Show that for ij = a(z- zg)?, where a and Z are constants, the homo- 
geneous equation corresponding to the inhomogeneous equation of the 
preceding problem is reduced to the equation 


du 2du (9 19. - 
wet eae C POLI (E = 2-29), 
whose solutions are the cylindrical functions 


ZWD wih. 


3. Prove the law of reflection of variable currents in an ideally conducting 

plane. According to this law, the electromagnetic field caused by a sys- 
tem of currents flowing over the surface coincides, at an arbitrary point 
on the surface, with the field that would be created at the same point (in 
the absence of the ideally conducting plane) by a system of currents 
formed by combining the initial system of currents with its mirror 
image on the other side of the plane in question. (This reverses the di- 
rection of the currents in the reflected system.) 
Method: To prove this rule, it is sufficient to show that the reflected 
system of currents (after their direction is changed) will cause, at every 
point of the plane, a field that exactly offsets the field caused by the 
original system of currents. 


4. Show that under the conditions of the problem solved in this section, an 
oscillating dipole located at the point N creates, at the point M, the same 
field that it would create at the point N if it were situated at the point M. 


3. A vertical emitter in a homogeneous medium over a sphere of finite con- 
ductivity 


Let us now consider the problem of the preceding section for a vertical 
emitter over a medium of finite conductivity cj. We shall accordingly speak 
of an upper and a lower medium. Where necessary, we shall indicate that a 
quantity applies to the upper medium by using the subscript e andto the 
lower medium by using the subscript i. 

The statement of the problem obviously remains essentially the same 
as above; however, now the electromagnetic field will be different from 
zero in the half-space z < 0, so that Helmholtz' equation (3) for the upper 
medium must be extended to the lower medium, where it is homogeneous 
and has a different value for the parameter k2 = hj?: 
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2 . 
WE FUG + 104j7j 
EM a 2 = + A, = 0 (ey? =, £< 0) . (26) 


The boundary condition must also be changed. Instead of the vanishing 
of the tangential component of the electric vector at the boundary separating 
the media, we now must require continuity of the tangential components of 
the fiela vectors (Chapter XXXIV, section 3). This requirement, on the 
basis of (4), will be satisfied if 


1 1 LA 1 ĉAze 
He Aze| 2-0 ^ zi|z-0 ° ke? oz 


. 1 dA zi 
z=0 hj? az 


(27) 


2-0 


These expressions obviously retain the same form if we replace the com- 
ponents Az by their Hankel transforms. 

The relationship (12) remains valid for the vector potentials in the up- 
per medium, since the boundary conditions were not used in its derivation. 
Similarly, eq. (13) remains valid since the conditions remain unchanged as 
z increases without bound. 

The expression for the Hankel transform for the vector potential in the 
lower medium can be written down immediately on the basis of eq. (12). 
Noting that there are no external currents in the lower medium (the emit- 
ter, of Dcos is assumed to be located in the upper medium), so that 


DNO (v, z) = 0, and noting that we must set B3 =0, becåuse of the vanishing 
of the AA as z approaches -«, we obtain 

j an Hi n qi 

Aand T a cel, (28) 


where qj is the root of y? - hj? that has a positive real part and where C is 
a constant. 

We have the two constants C and BS at our disposal for satisfying the 
two boundary conditions (27). From these boundary conditions, we obtain 


Cui He 
ce 1 (Bi + “1 € B 
di de E ki ke? (B1 - pb. 
so that 
2ueq;k;2 ne PE usq he 
C= edi^i Bi, py - ede ae Bi 


Heleki? + Hilike 


We carry out further calculations only for the case of a vertical dipole 
located at the point y = 0, z = zg. Then, 


Heleki? + uidi he? 


* P ale? 
Bi = 97° eo, 


where P is the dipole moment. After some calculation, we obtain 
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Azely,2) 
PEE RENE -qu(a 42 

Pue (Heleki? + uuqi bea) e Telo + (nego? - uud be?) e det!) 

de Heleki? - wigike” 
= for 0 < z< Zo, (29 

-G,(2,+2) 
2P 2 e te\“o 
He M for z> 0, 


Heqeki? + uj di he? 


-qa Zo +q, Z 

= 2p Kitek? e "7071 

Agily, 2) = c 2 2 ior z«0. (30) 
Heleki” + uidike 


For zg = 0, we apply the transformation formula to the variable y and 
obtain Sommerfeld's solution for a dipole on a conducting earth: 


NV 
2Pue Q9 e Y ke" guy y dy 
Aana = M? f TH zn; (C9. 0D 
O Heki ^ Y^ - Re^ + Re y^ -ki 


2 52 
2Puite k;2 f eh ^h Jolyn) v dv 
i 
7 o Hek? v? - ke? + Hike? Vy? - kj? 


These expressions are much more difficult to analyze than are the analo- 
gous relationships in the case of an ideally conducting earth. 


Az(r, 2) = (2«0). (32) 


4. A magnetic antenna over a medium of finite conductivity 


Let us consider an emitter in the form of a circular cylindrical con- 
ducting coil along which a current is flowing. Such an emitter, with a ver- 
tical axis, is called a vertical magnetic antenna. 

We shall assume that the base of the antenna in question is located on a 
plane separating a homogeneous dielectric (the atmosphere or the upper 
medium) and a conductor (the earth or the lower medium). We shall assume 
that the lines of current are concentric circles, lying in planes parallel to 
the surface dividing the media and having their centers at the axis of the 
coil. 

Since, in view of the considerations explained in section 1, there are 
no vertical currents in the antenna being considered, we shall assume that 
the vertical component of the vector potential is equal to zero. Under this 
assumption, when We use Cartesian coordinates with xj- and x9-axes sit- 
uated in the plane of the horizon, we obtain the following two equations for 
the magnetic field of the antenna: 
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AA] + R2Aq = - Be jle) ; (33) 
AAgQ + h*Ag = - ane jo . (34) 


If we transform these equations to cylindrical coordinates v, 9, and z, 
we can eliminate one more component of the vector potential and reduce the 
problem to a matter of solving a single scalar equation. Let us direct the 
axis of the system (v,«o,2) along the axis of the coil, and let us place the 
origin on the surface separating the media. 

It is easy to see that the components of an arbitrary vector a, when 
expressed in Cartesian and cylindrical coordinate systems. are related as 
follows 


a, =a, COS Y +a sing, ay = -41 SİN Q + 42 COS Q , 

so that, since cos 9 = x4/v and sin q = xo/v, we obtain 

Yüy = 41X1 + 4242 , Vag = -41X2 + 42%] . (35) 
Let us use these formulae for making the transformation. If we multiply 
eq. (33) by x4 and eq. (34) by x5 and add the results, we obtain, in view of 
the first of formulae (35), 

2 _ 47. 
X144 + X2^À92 + k^vA, = - P yj, ` 


We also find that 


82A, 23?x1A4 3A 2A 
X1^441 -Xl 3 x +55 ru +29 wl = Ax144 - 2 Al ; 
dAg 9À1 9Á5 
X9^A49 = AX9AÀ9 - 2 axa xyAA1 + X9AÀ9 = AyA, - 2 (ay + 3x9 


By means of expression (48) of Chapter XVII for the divergence of a vector, 
we see that, in cylindrical coordinates, 


lx xl _1 1r . 54). 


If we combine these expressions and use the expression for the Laplacian 
operator in cylindrical coordinates, we obtain 
2 2 ; 
(> war) . 1 2 Ay 9^A;,. 2 ,0YA, dA 4T. 
Y T y ag 222 
We expand the terms with derivatives and recallthat, because of the 


axial symmetry of the field of the antenna that we are considering, the vec- 
tor potential does not ay on the coordinate ¢. We then obtain finally 


C D. (e? - 5) Ay SER, (©) (36) 


-—(-— + : 
Ys er ey c 


Ch. XXXV] EMISSION OF ELECTROMAGNETIC WAVES 607 


Analogously, if we use the second of formulae (35), we obtain a second 
equation: 


2 2 e + (8-5) Ao - - KOMOR (37) 


Since the current is annular, DC €) - 0 and eq. (36) will be satisfied if 
we set Ay - 0. Therefore, we may seek a solution by using only eq. (37). If 
we find the component Ay, the component of the field vectors can be found 
from the following equations: 


T 


i 
Eg =F Ag» Ey-Eg-0, 
(38 
| 1 Ag 0 H 1 9"7Àg ) 
Y ^uoaz ' guy? Zz y ar ^ 


As the reader can easily verify, these equations follow from the formulae 
of problem 2 of section 1, and from the expressions for vector operations 
in cylindrical coordinates. We shall not write the equations for both media 
that we are considering separately, since eq. (37) is also valid for the lower 
medium, but without the right side and with the corresponding change in the 
value of the parameter &2. 

On the surface separating the media, the tangential components of the 
field vectors must be continuous (see section 3, Chapter XXXIV). On the 
basis of eqs. (38), this gives the following boundary condition: 


AD ALI 1 Age! — 1 ygi 
pe! 2=0 Pl z=0 » He az z-0 Hi az 2-0 ` 


As before, the subscript e denotes quantities referring to the upper me- 
dium and the subscript i denotes quantities referring to the lower medium. 
The radiation condition must be satisfied at infinity. As in the preceding 
sections, we shall assume that the external medium has at least some con- 
ductivity. As we know, this automatically ensures that the radiation condi- 
tion will be satisfied and that the field vectors decrease exponentially at 
infinity. 

Let us now solve the problem. By means of an integral transformation, 
let us eliminate differentiation with respect to v. By the same method as 
that used in section 2, we find that the kernel of the operator must be the 
function 7J((vr). Therefore, we need to use the Hankel transform. We then 
reduce the boundary problem (37) - (39) to the form 


(39) 


92A 

Cp L2. A. -. H5 (e) 

3 G3 - EAS = - 40 E jg, (40) 
_ E 1 dA e .1 aA gi 
Agele-0=Agile0> G, az |2207 m az [ig en 

where 
oo 00 
Ay = Í Ag ho) rdr, Jol) = ] ag (6 IQ rar. (42) 


o o 


608 EMISSION OF ELECTROMAGNETIC WAVES [Ch. XXXV 


Noting that eq. (40) coincides with eq. (10), which we examined in section 2, 
we write its general solution in the same form: 


Ag . dd (21 - [r eG dt) "E (83 [9 edt &) , (43) 


where By and Bg are arbitrary constants and where q = J/(y 2 - k2) denotes 
the square root of y2 -k2 with a positive real part. The solution (43) i 
generally speaking valid both for the upper and for the lower medium but, 
of course, with different values of the constants By and Bg and of the quan- 
tities which depend on the characteristics of the medium. To ensure the 
vanishing of the function Ay as z either increases or decreases without 
bound, we must set 


o0 


By = Bie -f 359 a, (44) 
o 


for the upper medium and 
Bo = Boj =0 (45) 


for the lower medium (since there are no external currents in it). By using 
the boundary conditions (41) for determining the constants By; and Bog, we 
obtain the system of equations 


He Hi 
— (Bie+ B2e) -— Bii, Bie- Bee = Bu, 
e di 
So that 
Hide ~ Medi 
Boe ^ 1. MP (46) 
Hide t Hefi 
2H edi 
By =E. (47) 
Hide + Hefi 


Let us now calculate E416. Let us consider the density of the current flowing 
through the coil of the antenna as being independent of v and z and equal to 
jg (uniform current distribution). Then, 


19 
jo | jon vdy for O<z2<2,, 
; (e. ʻi 


0 for z<0, 2> 44, 


where z] is the coordinate of the highest level of the coil winding and 71 
and v9 are the inner and outer radii of the coil. 

Let us neglect the thickness of the coil by having v9 approach 71, but 
let us keep the total current flowing through the coil constant by assuming 
that the current density jọ increases in such a way that the product jj = 
jo(va-Y1) remains constant. By using the mean-value theorem, we then 
obtain 
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D (e) _ jyi(vrvi for Usz«x 24) 
? 0 for z<0, z> 24. 


Here, we can consider the quantity f} as being the density of the circular 
surface current flowing along the cylinder v=r1. Hence, because of eq. (45), 


.1-e 71 
B1e =j1 J171) 0i. 
de 
We also note that when z » 21, the integrals in eq. (43) have the values 


Z “Te*1 

> . l-e e 
| TO etat o Sm nomm = Bie» 
Ó 


de2] _ 


[9 edt dt = jy — Jr) 71- 
ó e 


If we let z} approach zero and at the same time increase jj in such a way 
that the product 7 = j1z, remains constant, we get the case of a single turn 
of radius 71 through which a current Zis flowing. We then obtain 


lim Fo) eV ae = lim j, eS dt = Bip = W yı (z>0). (48 
Ib] Jo C im Jo €-2Bje-H,Qvivi (z»0). (48) 
£22] Z>24 
From relations (46) - (48) and (44) for a single circular turn, we obtain 
= 41ueuiY4 4 (yr1) -4eZ 
= ae fe 


= z>0 
9 = clude + Hed) (29, 


E Arte uyrild1(y4) dit 
= —— n e 
? c(hige + Hegi) 
Finally, let us consider the case of a magnetic dipole. Here, we let the 
radius 71 of the turn approach zero and, at the same time, we increase J so 
that the magnetic moment of the turn M = m1?I will remain unchanged. Re- 
calling, on the basis of expansion (14) of Chapter XII, that the function 
Ji(yri) - $vv, as v, ^ 0, we obtain 
A, 2H eH; My e fe? 
9 c(u1de + Hedi) 


(z < 0). 


(z> 0), 


- 2ueui My efi? 
9  c(uidetuedi 
By using the inverse Hankel transform (47) of Chapter XXXI, we find an ex- 


pression for the component Ay of the vector potential of the field of a mag- 
netic dipole in the form 


A (z <0). 
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MEC, 
A 2H eli uf e HY ke" Sy) yl dy 
e^-—c- 
c o us r2 - ke? + ue y? - kj? 
[3 VÀ 
2ueu, | (? e i" gay) y? ay 
Ay = mÍ (z< 0). (50) 


(0) -= —— 
° 0 Wily? - ke? + He Vy? - by? 


These expressions formally solve the problem of the magnetic field of a 
dipole located on the boundary of a conducting medium. However, they can 
be put in a different form and, in certain cases, the field of a dipole can be 
expressed in terms of elementary functions. 

Recalling that, on the basis of formula (22) of Chapter XII, 


(2-0), (49) 


d 
vdi(vr) = - 3; Joy) 


and integrating eqs. (49) and (50) with respect to r, we obtain 


2HeHi | all 
Apc oo May » (51) 
where 
L2 1.2 
© q-£4Y -ke Jo(vr) y dy 
Il = (z>0), (52) 


o hiy? - ke2 + ue T7 kj? 


NE ne 
n- f i Joly”) v dy (z< 0). (53) 


ò uiy? -Re + ug /y? - k? 


Since the magnetic permeability of the majority of actual media is very 
close to unity, we shall also assume that pe = uj = 1. Then, if we multiply 
the numerator and denominator of the integrand in eq. (52) by Jy? - ke?) 
- /(y? - &2), we obtain 


eo 
1 -2 Jy - b? 
nia] e Y te Jayr) (Jy? - Re? - Jy? - ki?) y dy 
"^e OQ 


A 2p 2 
1 u e AY =ke" at) Jy? - ke? y dy 


ky? - ke? o 


EP 
-f e aby Joly?) Jy? - ky? y dy 


o 


9 2.52 - 2.5.2 
+f (e zy ki ely be") yn WP by ay | 
ò 


We now use a formula that we have encountered before: 
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f -x /y2-k2 y? . 


e 
J(yy) y dy = — ——- 
M 2 y à v2 


If we differentiate this formula twice with respect to x, we obtain 


nr A P ee 
f e Y TE qu PR y ay = PST 


o 


so that the expression written above can be put in the form 


1 RE 1/7242? 
RP: z(e vn: le ) 
© — [3.3 
+5 f (ered R neh be?) tay JA- hj ydy. (54) 


kj? + ke? [o] 


Jt is possible to show that the last integral approaches zero for positive 
values of y as z approaches zero *. We omit the proof, which is simple 
though somewhat long. Under these conditions, because of the identity 


9 j 2.28 /2..2 
zz 7542 T aput +24, 


we obtain 
E (ei) a f 9 ey 13 e 
z2 / yÀ +22 2=0 fr2+ 22 0 v or 


Carrying out the appropriate transformations in eq. (54), we obtain the 
Van der Pol formula 


iker eltir 


E (55) 


e 
II 
| z=0 = hj? - ud $C 


which makes it possible to determine the field on the surface separating the 
media (the surface of the earth). 
Problems 


1. Investigate the case in which the lower medium is an ideal conductor. 


2. Use formula (55) to investigate the field of the electric and magnetic 
vectors on the surface separating two media. 


* See, for example, G. A. Grinberg 27), p. 464. 
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5. The field of an arbitrary system of emitters 


Let us suppose now that there is an arbitrary system of currents that 
is bounded in space above a plane surface separating two media, one of 
which is a dielectric and the other a conductor. 

We assume the magnetic permeability of both media to be the same and 
equal to unity. Let us find the vector potential of the electromagnetic field 
of this system of currents. 

We set up a rectangular Cartesian coordinate system at x1,x2,x3 with 
the x1,X2-plane coinciding with the boundary between the two media and 
with the x3-axis directed into the dielectric. In this coordinate system, the 
components of the vector potential of the system of currents satisfy the 
three scalar non-homogeneous Helmholtz' equations 


bAa + k?Aa = - 7 40) (a = 1,2,3), (56) 


and the field vectors are expressed in terms of the vector potential by 
i 0A 0A9 JA 
iw l 9 1 1, 2 3) +A | 


Fay Ixa p2 Mx] ^ 0x2 * 8x3 


(57) 

9A, - 2A 94g 

Ha = . 

axg axy 
According to section 3 of Chapter XXXIV, the tangential components of 
the electric and magnetic vectors must be continuous at the boundary be- 
tween the media. On the basis of eqs. (57), this leads to the following boun- 

dary conditions for the components of the vector potential: 


Aal x3=+0 = Aal x3=-0 (a= 1,2,3) , 


0A aA 
— = (a= 1,2), (58) 
8x3 X3740 8x3 x3=-0 
dAl ag 243 9A9 343 
1 (I4 = (sta tae) 
k2 ax ^ * 3x3 x3=+0 p2\0%4 | 0X9 0x3 x3=-0 


where the subscript equations x3 = +0 and x3 = -0 mean that the limiting 
values of the corresponding quantities are taken as xg approaches zero 
from above and from below, respectively. The subscripts e and i, which we 
used in the preceding sections, are omitted here in order not to complicate 
the notation. 

Let us perform integral transformations on the problem (57) - (58) to 
eliminate differentiation with respect to the variables x4 and x9. The dif- 
ferential expressions with AM to x4 and xg that appear in the system 
(56) are of the form 892A9/8x; We have already encountered expressions 
of this form in section 1 of Chapter XXXII, where it was shown that the 
Fourier transform should be used when the variable varies in the interval 
(-9,9). Therefore, we need to apply the Fourier transform twice, with re- 
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spect to the coordinates xj and x9. When we do this, we obtain the system 
of homogeneous differential equations: 


d?À - - 
asd - qa. =- an Jo) , (59) 
where 
Ag -EY [ f Aaly, xa, xg) e C11 5292) ay, daa, (60) 


WO (E) f f d (xt, 40,09) e EIR awy ara, (6D 


q? = g4? + EaP- k, (62) 
with the boundary conditions 
Ao x3=+0 = Žal x3=-0 (a = 1, 2,3) , (63) 
aa aA 
= =< (a=1,2), (64) 
0X3 xg=+0 0X3 X3-7-0 
ly. MEC 
= GA. + ilos - L— =t (ie A4 + itods - . 65 
gà Nai + 242 gy J|. ig ge NOM * Maile zm) wge-o 99 


When we find the solution of the system (59) that satisfies the radiation 
conditions at infinity and the boundary conditions (63) -(65), we can then, by 
using the formula for the inverse Fourier transform, represent the compo- 
nents of the desired vector potential of the field in the form of integrals of 
known quantities 


eo 


Adlara) = | | atto tuos) e 1019292 acy dea, (66) 


=O =% 


Which gives the solution to the problem. 

The calculations leading to the determination of the quantities Aa in the 
system (59) and the conditions (63) - (65), are considerably facilitated by the 
fact that each of the first two equations (59) can be solved independently of 
the remaining equations. The boundary conditions (63) - (65) can be broken 
down into groups: 


- i aAy aA, 
Al x9=+0 = 1l xg=-0 , 9x3 Xg740 - 8x3 x3=-0 , (67) 
= dA ay 
Aal x3=40 =Aalxg=-0 , 8x3 xg-:0 z 8x3 xg-0 , (68) 
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Aslya-.0 = Àsl x3=-0 , 
= 69) 
1 (, ZEN t fea, a Aal 
m iA +iloAy - 53) sao NU (itii + it2À9 - 5x5) vqe-0 . 
Each of the first two groups of conditions is independent of the others, from 
which our assertion follows. 

This fact is quite significant when the properties of the medium depend 
on one of the coordinates (variation with altitude). If we let x3 be this coor- 
dinate, we can solve the problem by first finding the functions Ay and Ae 
and then substituting them into the third equation (see preblems 2 and 3). 

It also follows from conditions (67) - (69) that we may not set the com- 
ponent of the vector potential that is normal to the boundary between the 
media equal to zero when there is a system of currents parallel to this 
boundary, since then it would be impossible to satisfy the conditions (69). 
However, if the horizontal current is linear (for example, if it flows along 
the x1-axis), we may set A2 = 0. Then, as we shall see in the next section, 
the system of boundary conditions (67) - (69) can be satisfied. 


Problems 


1. Write a system of equations determining the vector potential of the field 
of an arbitrary system of emitters for the case in which the properties 
of the medium depend on one of the coordinates. Apply the Fourier 
transform to reduce this system to a system of ordinary differential 
equations. 

Method: Use the system of equations (*) of problem 1 of section 1. 


2. Show that the system of equations of the preceding problem can be re- 
duced to a system of two Helmholtz equations and one equation with va- 
riable coefficients. Show that these equations can be solved one after 
another. Consider the properties of the media as continuous (that is, 
assume that there is no dividing surface). 


3. Set up the boundary conditions for the case of an arbitrary system of ho- 
rizontal currents. 


4. Show that it is possible to use the Fourier transform instead of the Han- 
kel transform to solve the problem discussed in section 2. 


6. A horizontal emitter over a medium of finite conductivity 


By "horizontal emitter", we mean a system of currents that is bounded 
in space parallel to some direction in the plane separating two media. Let 
us direct the x1-axis in this direction and, in accordance with what was 
said at the end of the preceding section, let us set the component A9 of the 
vector potential equal to zero. (As above, the x3-axis is assumed perpen- 
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dicular to the surface separating the media.) Then, to determine the field 
of the horizontal emitter, we obtain the two equations 


AA] + EA, = - 423,00) ; (70) 


AA3 +hk2A43=0, (71) 


the solutions of which, on the basis of eqs. (58), must be found subject to 
the following boundary conditions on the separating surface: 


A1l = A1l Mu Mu (72) 
1!xg2«0 lixg=-0> 8x3 |xg=-40 9*3 |xg--0 , 
A3|x3=40 = Ag] x4--0 , 
(73) 
1 (e 3A3 1 (S 0À3 
pa N0x1 * 9x3 Xq740 k2 0x] ' x3 X3--0 ` 


Furthermore, the radiation conditions must be satisfied at infinity. As in 
section 5, we assume that the magnetic permeability of both media is equal 
to unity. 

H we apply the Fourier transform first to the variable x1 and then to 
X9, according to what was said in section 5, we will obtain a system of or- 
dinary differential equations of the form (59): 


dz, 4 
— a 2 = -= auf 
dra? q4,2-—À, (74) 
d2A4 
- q2À, =0 75 


and a system of boundary conditions of the form (63) - (65), which their so- 
lutions must satisfy: 


- - 944 9A, 

Atl xg=+0 = Aq! 37-0 > Txa [4-10 ^ 953 |xg=-0’ (77) 
A3|xq=+0 =Aglxg=-0 , 

1 ( ES 1 aA 3 

= (i&u - — =— (GÀ. -—— . 78 

k2 al ix) X3--0 k2 (s 1 35) Xx3-40 (78) 


Also, the solutions of the system (74) - (75) must, by the radiation condi- 
tion, approach zero as x3 becomes infinitely large. 

Let us first find the solutions to eq. (74) with boundary conditions (77). 
The general solution to eq. (74) is * 


* See V.I.Smirnov D, Vol. 2, p. 28 
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A, = ares (By - r jy eG dt) +e M3 (n; [A edt a). « 


where By and Bg are arbitrary constants and q is the square root of q? with 
positive real part. We again denote by the subscripts e and i quantities re- 
ferring to the upper and lower media. 

From the given conditions, we have at infinity 


oo 
Bie - | Jie dl, B5 -0. (80) 
[e] 


To determine the constants ub and B1;, we have the two equations 


1 
qc P1e* Bae) = = PEUT > B1e-B2e = Bij; 


so that 
e-i B 2di 
2e de *i 1e» li de *4i le 
We define 
x3 X3 
1 T7 4 1 
Weg] Treat, w-2g-[ Jetta. (81) 
leo leo 


With this notation, we have 


2nBy q 
A, = man le le deX3(. Vi) +e 7deX3 eom + 2] (x3 > 0), (82) 


471B1e 
Ce +4) 


Of course, it is assumed that there are no external currents in the lower 
medium. In particular, for x3 = 0, 


1^ efi*3 — (440). (83) 


471B1e 
c(qe *41) ` 
Let us turn to eq. (75). Its general solution is 

Ag = 04673. 0, 2068, 


where C, and Cg are arbitrary constants. From the given conditions, we 
have at infinity 


Atl xg=40 = Ail xg=~0 = (84) 


Cle = Cai =0 H 

for the upper and lower media. The first of conditions (78) gives 
Coe = Cj; 7 C, 

so that 
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Tz = c eles, x3»0, Ag=Celi*8, x3<0. (85) 


To determine C, we use the second of conditions (78), which, in the light of 
eq. (84), yields 


4nib1 Bie | 4Ti6 1B1 
a Geta) deC) = wale cde +a)” iC) 


Since eq. (76) implies that 
ke? 7 hj? = qj? - qe? = (di-de)(adi*qde), 


we have 
4vit 1P1e 
PIPER (86) 
c(qe ^ * ihe?) 


The components A4 and Ag of the vector potential can now be represented 
in the form of integrals 


Aa= f | Hae eram aa (a= 1,3). (87) 


=00 10 


This completely solves the problem of determining the field of a horizontal 
emitter. 

Let us examine the most interesting particular cases, namely, a linear 
antenna and a horizontally oriented dipole. 

We shall consider a linear antenna as the limiting case of an emitter 
with square cross section (with current density jg uniformly distributed 
over the cross section) as the side of the square approaches zero. We de- 
note the length of the side by 2a. We shall assume that the emitter is situ- 
ated at a distance x3 = h from the surface separating the two media, with 
its midpoint on the x3-axis. We denote the length of the emitter by 21. 

When we perform the Fourier transformation, we obtain 


ow I ilox jo 
Jo e dx; | e 2 2 dx = sin 647 sin fga 
J l 6182 
a I 
A= for h-a<x«x3<hta, 
0 for xg<h-a, x3>h+a, 
so that 
-gh a 
X3 Fitz sin 644 sin ta Ê (efe -e de^) for x3» h«a, 
f jt edb at = 152 
[o 0 for X4 s h-a. 


Let us now have a approach zero and at the same time increase the 
current density jọ in such a way that the product 7 = Anjo (which is equal 
to the total current through a cross section of the emitter) will retain its 
former value. As a result, we obtain 
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2I sin tl 


x3 
f jy e2 dt Z 
o 0 for xa«h. 


et for xg>h, 


Analogously, we obtain 

2I sin €41 

5. arein SI geh 
f ^ edt dt 1 

[o 0 for x3«h. 


By using these equations together with formulae (79), (80), (B1), and (86), 
we obtain 


for xg»h, 


i 21 sin 64! oder _ 87i sin C41 
= —— - y = b 
e či cldeki? + qike?) 
y= 1 for x3>k, Vo = e2dh for xg>h, 
110 for x3<h, 25] 0 for x4«h, 


so that, on the basis of fonmulae (82), (83), and (85), we have for a linear 
antenna 


411 sin SL 
Bd. \ del Lay c det ur dex3 
1^ CC dee * dj) [(Ge * a) e + (Qe -43) € ] e (x37 h), 
- 4rlsint4 _ 
Ay = ST sin tj e dek [ 
0619 e(Ge+ 4%) 
811 sin Cyl 
1” ctY(qe * aj) 


eri) e? 3 + (qe-qi) e 7e] — (0« x4 <k), 


e de^ 113 


87il sin 644 - 4 
D E ete ees (xg > 0) , 
c(gehi* + gize*) 
87iJ sin C41 - . 
A3 = CES ede 9 (x3 < 0) | 
C(Ge b^ + dike”) 


To go from the case of a linear antenna to the case of a horizontally 
oriented dipole, we let / approach zero but increase J so that the product P 
= All remains constant. This gives 


_ anP q -Qeh, | -qex 
Ay = eqe(ae * qi) de * 4i) € eh qu-qie Te pe e (x3 >h), 


- Lo 20P — -qeh . deX3 . -deX3 
4i- Cde(qe + di) e [Ge +qj) € + de-q) e ] (Q« x3 €h), 
Ai 5———— e e Y xa €0 
1” cde +4) e (x3 <0), 
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- 471i64P 4 - 
Ag = +, e de^ uet (x3» 0), 
c(qek;^ «dike^) 


Arp e 4e! 6 i%3 (x3 < 0). 


c(g 2 * dike) 
From these relations, it is easy to obtain the Herschelmann and Sommer- 
feld formulae for a dipole situated on the surface dividing two media. If we 


set k 2 0 in these relations and apply the inverse Fourier transform, we 
obtain 


P oo S or (deX3 ix] 61 rixa 62) 


Aj = did x3» 0 
1 Te JJ. de * di iS] bo ( 3 ) , 
ALB o o (dix3- 1x1 61-1202) at à " 
2l E Xg < 
1*g ll. Jeti 1 dio 3 <0), 
ip © ty e eatit?) 
Ag = — ———_,—_,— dt, 4 xg >0 
3 an Teh ake? (1d (xg > 0), 
(gix3-ix104-ix9€ 
ay $» p, eMifscinta 252) aes dtg (x3 «9. 
c 2o0 500 leki? + dike? 


We introduce cylindrical coordinates (7,9,2) with the z-axis coinciding 
with the x3-axis and with the angle o measured so that 


xy=rceosy, xy=rsing, 
and we set 

fi1=ycosy, Cg=ysiny, 
so that, in particular, 


t1? + 09? - by? = Vy? - ki, qo syl - ee? 


The first of these integrals can be transformed to the form 


-2y2 -ke? 


eoo 
A -Ef a ye e717 cos (y- -¢) dy . 
me " GE- ke2 + | y2 - kj =n 


From a familiar formula in the theory of Bessel functions 


1 7 i(ng - x sin g) 
mE fe ap, 
-7 
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1 - 
i fe iry costy -9) ay p y), 


so that we finally obtain 


.2P LL Jo(yr) y dy 
epe e (2>0), 
where 
Ny) = ly? - 2 +Y- kj? . 
In an analogous manner, we also obtain 
3-5. 
AL 2P [o7 PU agen yay (z « 0) 
1c N(y) 
2(k;? - ke?) P eI Ji») Y? dy 
3 = —— —— — cos 9 (z > 0), 


3 Nyy) Ny) 
/,2. 
f° ely? JG) dy 


e 
ò Ny(y) My) 


2(k;? 7 ke”) P 
= c cos 


(z«0), 


where 
= ki YA - ke2 + ke2 y2- by? 


These are the Herschelmann and Sommerfeld formulae. 


Problems 


1. Show that on the boundary separating two media 


Ae 2P 1d eii ] een 
1 -h2) rdr* 7 r 


2. Investigate the case in which the lower medium is an ideal conductor. 


Chapter XXXVI 


DIRECTED ELECTROMAGNETIC WAVES 


1. Transverse electric, transverse magnetic, and transverse electromag- 
netic waves 


In this chapter, we shall examine a number of problems concerning 
steady-state processes of propagation of electromagnetic waves along sys- 
tems that have the property of establishing conditions under which waves 
are propagated principally in a given direction. Such waves are called di- 
rected waves and the systems directing them are called waveguides. 

The basic technique that we shall use for simplifying the examination 
of these problems is the representation of the electromagnetic field in the 
form of a superposition of waves of several types. 

Suppose that the x3-axis is directed along the direction of propagation 
of the waves. This can always be done, at least locally, at a given point. 
The electromagnetic field of a wave is determined by the six components 
Ej, E2, Eg, H1, Ho and Hs of the electric and magnetic vectors. Let us 
represent it in the form of a superposition of two fields determined, re- 
spectively, by the components 


0, Eo, 0; B, 0, H3 (1) 
and 
Ej, 0, E3; 0, Ho, 0. (2) 


The superposition of these fields clearly gives the original field. The elec- 
tric vector of field (1) is perpendicular to the direction of propagation of the 
wave, whereas the magnetic vector has a non-zero component along the di- 
rection of propagation. Field (2) is characterized by the opposite arrange- 
ment of the electric and magnetic vectors. Specifically, the electric vector 
has a component along the direction of propagation and the magnetic does 
not. In connection with this, the waves characterized by field (1) are called 
transverse electric or TE waves and those characterized by field (2) are 
called transverse magnetic or TM waves. We shall also use these names 
for waves that have all transverse components different from zero; that is 
we shall consider the vanishing of E3 and H3 as the characteristic cri- 
terion for TE and TM waves, respectively. 

Finally, we introduce yet a third type of wave, characterized by the 
absence of longitudinal components of both the electric and the magnetic 
vector. Such waves are characterized by the following table of components: 


and are called transverse electromagnetic or TEM waves. 
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These considerations do not yet indicate the possibility of independent 
existence of wave processes characterized by the fields (1)-(3). However, 
as we shall show below, waves of all three types can exist as separate and 
independent processes under suitable conditions. 


Problem 


Show that fields of the type (1)-(3) can be the fields of a travelling wave. 
Method: Start with Maxwell's equation. 


2. Waves between ideally conducting planes separated by a dielectric 


Let us study the propagation of a plane wave between two parallel ide- 
ally conducting planes at a distance s from each other. Let us place the co- 
ordinate origin on one of the planes. We shall assume the x3-axis oriented 
in the direction of propagation of the wave, and the x1-axis perpendicular 
to the planes and directed in such a way that the equations for the planes 
are x; = 0 and x; = s. All quantities will then be independent of x9 and the 
equations of the field (12)-(13) of Chapter XXXIV will take the form 


icu ‘= 9E) o -iwe E,== 3Ha 
c | 8xg' |^— xg ' 
i ðE] 9E -i 0H, 0H 
lug a L3 g-iw€ y. 1 3 (4) 
c əxz 0x1 c 0x3 0x1 
ieu - 3E g-iwe _ aH 
c 73 ax,’ c 3^8" 


where c, € and u are, respectively, the conductivity, the dielectric per- 
meability and the magnetic permeability of the dielectric between the two 
conducting planes. 

Let us now try to represent the wave in question in the form of a super- 
position of TE and TM waves (section 1). When we examine the system of 
equations (4), we see that it can be divided into two systems 


1 aE 1 aE 
ieu pp. 772 iw pp, 2 
c n 0x3 ' c H3 ax,’ (5a) 
: OH, oH 
o -iwe 1 3 
c PF axq 0x1 (5b) 
and 2H 2H. 
gd -iwe 2 o-iwe . 072 
E-- 0x3 ' [^ E3 = 0x1 ' (62) 
" 3E dE 
iv ít ?U3 
[^ Hj = axg  0xl (6b) 
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Only the variables H4, H4 and E»? appear in the first system, and only E, 
Eş and Hg appear in the second. Therefore, the solutions of these systems 
can be mutually dependent only when the boundary conditions for the two 
groups of variables (Hj, H4 and Ey, on the one hand, and E], Eg and Ho, 
on the other) are mutually dependent, which, in a number of interesting 
problems, we know is not the case. 

Thus, if the boundary conditions can be broken into two groups such 
that only the variables H1, H3 and E2 appear in one of them and only Ej, 
E3 and H9 appear in the other, and if system (4) has a solution, it can be 
constructed from the solutions of system (5) and system (6). But, on the 
basis of the relations (1) - (2), the solution of system (5) corresponds to TE 
waves and the solution of system (6) corresponds to TM waves. Conse- 
quently, under certain conditions, TE and TM waves can actually exist and 
be propagated independently of each other. 

Finding the TE and TM waves then reduced to solving a single scalar 
Helmholtz equation. For it follows from eqs. (5a) and (6a) that the compo- 
nents H1 and Ha, on the one hand, and E, and Ea, on the other, can be ob- 
tained by differentiating the components Eg and Ho, respectively; hence it 
is sufficient to determine these last two. But, as we know (section 1 of 
Chapter XXXIV), each of the components of the field vectors satisfies 
Helmholtz' equation *. Therefore, we arrive at two Helmholtz equations, 
the first of which determines the TE waves and the second the TM waves: 


2 2 
90^E9 a°Eg 
am? * age * tt à 
32H 29?H 
2,772. BH -0, (Tb) 
834? 8x3? 
where, from eq. (15) of Chapter XXXIV, 
2 1 
p2 -Ven *iwuc (8) 
C 


Let us now examine the boundary conditions. As we know (Chapter XXV, 
section 1), the solution of Helmholtz' equation in an infinite region is de- 
termined when a linear combination of a desired function and its normal 
derivative is given on the boundary of the region, and when the conditions at 
infinity are given. If the radiation condition is satisfied at infinity, the so- 
lution is unique. In particular, in this case, the field at infinity approaches 
zero. However, we shall not be concerned with solutions of this type in the 
present chapter, since in the study of directed waves, the chief interest is 
in waves that are not damped in the direction of radiation and, therefore, 
do not decrease without limit at distant points. Therefore, for a condition 
at infinity, we make the requirement that the solution be bounded at an in- 
finitely distant point. Here, the solutions to the Helmholtz equation will 


* Of course, this can also be easily established by eliminating the variables from 
the systems (5) and (6). 
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clearly not be unique and our purpose is to show just which types of wave 
these solutions apply to. 

Let us now consider the requirements that may be made on the solution 
at the boundary. According to section 3 of Chapter XXXIV, the tangential 
component of the electric vector and the normal component of the magnetic 
vector must vanish on the boundary of an ideal conductor; that is, 


E2 =E3=0, (9) 
Hi-0. (10) 


Here, the second of these conditions is a consequence of the first. We do 
not need to write the boundary conditions for the components E1, Hg and 
H3 since the jumps in E4, Ho and H3 at the boundary are determined by the 
electric layers induced by the wave passing through it, and by the surface 
currents. The boundary values of Ej, Hg and H3 that are given by the solu- 
tion make it possible to determine these layers and the currents. 

Let us show that if we take 


for x1 = 0 and x1 = $ Eg =0, (11a) 
for xj =0and x] =s <dHo/ax,=0, (11b) 


the conditions (9) will be satisfied. On the basis of the second of eqs. (6a) 
we have Ey - 0 for x4 = 0 and x4 = s. On the basis of the first of eqs.(5a), 
Hi = 0 since the variable Eg (being equal to zero) does not vary along the 
boundary. 

Let,us solve eqs. (7) by separating the variables. We, therefore, write 
the desired solution in the form of the product of two functions U(x1) and 
V(x3). After substituting these functions into the equation and separating the 
variables, we obtain 


where 
Yne = ky? - k2 


and ky? is an arbitrary number. The general solutions of these equations 
are 


U(x1) =A] sin kp% 1+ A 2cos byx 4, (12) 


U(x3) - B4 e "n*3 , B2 e! n*3 (13) 


When we impose the boundary condition (11a) on U(x1) we find that Ag = 0 
and thus obtain the following expression for the eigenvalues of the bound- 
ary-value problem determining TE waves: 


kn =an/s (n= 0,1,2,...). (14) 
Therefore, except for an arbitrary constant factor A4, we have 
U(x1) = sin (mx1/s) | (1n70,1,2,...). (15) 
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Here, the eigenvalue ky = 0 corresponds to the trivial zero solution. 

When we impose the boundary conditions (11b) on U(x4), we obtain 
A «0 and the same spectrum (14) of eigenvalues. From this it follows that, 
for TM waves, we have, up to an insignificant factor, 


*1 
U(x1) = cos nr =: (16) 


To find V(x3), we substitute the value of k9 given by (B) and Ry? = 

17 n2/s? into the expression for y42. This gives 
2 
227 2 H 2 ,9u9. 
Yn 2 n c i c (17) 

If the conductivity o of the dielectric between the conducting planes is 
non-zero, ys? will be a complex number. Therefore, its root y, will have 
a non-zero real part. Let us substitute y, into eq. (13). Because of the con- 
dition at infinity, we need to keep only that term that remains bounded when 
x3 increases. We therefore conclude that when o + 0 the solution for E9 or 
Hə retains an exponentially decreasing factor. In this case, the wave pro- 
cess that we are considering is exponentially damped in the direction of 
propagation. 

Let us now assume that we have a perfect dielectric, that is, c = 0. 
Then, 


For purposes of further analysis, it is convenient to transform this equa- 
tion by expressing the angular frequency w in terms of the wavelength A. 
We have 
w = 2nc1/A , 


where cj is the velocity of propagation of the electromagnetic field in the 
dielectric between conducting planes. On the other hand, 


€47 c/u, 
so that 
w = 2nedffen , 
and 


2.57285 (9 4s? 
Yn 52,2 T a: 


There are several different cases, depending on the value of yne- 
If 


(18) 


A> s/n, 


yn Will be a real number, and considerations analogous to those made in the 
case of non-zero conductivity show that the wave process is damped expo- 
nentially in the direction of propagation (for given values of A and n), In 
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particular, for A» 2s, only damped TE and TM waves are possible between 
the conducting planes. 
If 


A z2s/n, 
that is, if the distance between the two planes is equal to a half-integral 
number of wavelengths, y; = 0 and, on the basis of (14)-(16), the given val- 
ues of A and correspond, up to a constant factor, to 


x1 
E> = sin mm P 


for TE waves and 


x 
Ho = cos ™m— 


for TM waves. These solutions do not depend on the coordinate x9. This 
means that at points of an arbitrary plane x3 = constant (xj <$ $), electro- 
magnetic oscillations take place in both waves with a single phase and with 
the same amplitude. Obviously, these oscillations represent standing waves. 
In the case of TM waves, we obtain a constant magnetic field for n = 0. 
Finally, if 

A«2s/n, 
we have 

Yn = ipy E 
where $y is a non-zero real number. On the basis of eqs. (14) - (16), we 
have, for these values of à and, the solutions 

in m -i8nx3 iln 
Eo = sin m 7 (Bye + Boe n*3y 

for TE waves and 


X EE - 
Ho = cos mn » (B1e 1BnX3 Bo elón*3) 


for TM waves, which correspond to waves with amplitudes that vary as 


xi -i *1 iggx 
Re sin rn — e BnX3 Re sin m— e Pn , 


X] i x1 i 
Re cos 7n 4 e Pn ,  Recos m d EPn | 
For greater visual clarity, we write these expressions in terms of the time 
factor e-iwt, This gives 
: X1 4 ; X1 5 - 
Re Sin ant e i(Byxg+wh , Re sin m2 el(Bnx3 wt) ; 
cos s cos s 


from which it is clear that these waves are travelling waves. In the first 
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and third waves, the phase is propagated along the X3-axis in the negative 
direction, and in the second and fourth it is propagated in the positive di- 
rection. The phase velocity is the same in all cases: 


Vp = 0/By . (19) 


The field of TE waves necessarily depends on the coordinate x1. On the 
other hand, in the case of TM waves, we have, for n = 0, waves 
Ho = et iBnx3 ; 
which do not depend on the coordinate xj. That is, they are plane waves. 
Because of the second of eqs. (6a), the longitudinal component of the elec- 
tric vector £3 is equal to zero in this case. We therefore conclude that this 
type of wave represents TEM waves. 


Problems 


1. Consider waves that are being propagated between two parallel ideally 
conducting planes. Investigate the behaviour of the H1 and H3 components 
in a TE wave, and the Ej and E4 components in a TM wave. 


2. Investigate the distribution of currents and charges in conducting planes 
when Waves pass through them. 
Method: Use the boundary conditions for E4, H5, and H3. 


3. Show that a standing wave corresponds to an infinitely large velocity of 
phase propagation of a travelling wave. 
Method: Use formula (19). 


4. What new feature will be introduced into the solution of the problem of 
the propagation of waves between two planes by the requirement that the 
solution satisfy not only the boundary conditions (11), but also the radia- 
tion condition (Chapter XXV , section 5)? 


5. Investigate the propagation of waves in a waveguide of the form of a of 
rectangular cross section with ideally conducting walls. 


3. Further examination of directed waves 


Each of the components of the vectors of an electromagnetic field, as 
we know, satisfies Helmholtz' equation. If we seek a solution of Helmholtz' 
equation in the form of a product U(x1, x2) V(x3), we obtain the equation 

1 (2E , ME 1 32V 
0x1? V 8x42 


«$20, 


which, as is easy to see, can be broken into two equations, 
a2u  a?U 


+ (k2 -y2)U =0 (20) 
TERETE ) 
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and 


2 
ov trVv=0, (21) 


0X4 


where y? is an arbitrary complex or real number. If y? is a complex or a 
negative real number, the solutions V(x3) of eq. (21) that are bounded at in- 
finitely distant points represent functions that decrease exponentially in the 
direction of x3 (see, for example, section 2). The corresponding solutions 
U(x1,x2)V(x3) of the Helmholtz' equations therefore represent waves that 
are exponentially damped in the direction of x3. However, if y? is a positive 
real number, the general solution of eq. (21) will be 


V(x3) = B1 eS, Bo e13 (22) 


and the solution of Helmholtz' equation represents the superposition of two 
waves that are not damped in the x3 direction. As we can easily see by mul- 
tiplying eq. (22) by e-iv?, the first of these is propagated along the negative 
x3-axis for positive values of y and the second along the positive axis. This 
class of waves is of especial interest in the theory of directed waves, since 
it includes waves that can be propagated along waveguides without being 
damped. In this connection, we shall concentrate our attention primarily on 
the problem of finding out just what waves of this class can be propagated 
along waveguides. Here, assuming that the parameter y can be of either 
sign, we shall calculate the dependence on x3 of each individual wave, by 
introducing into the solution the factor 


eoa (23) 


where vy is an arbitrary real number called the constant of propagation. Ob- 
viously, it will be sufficient to consider the cases in which y is positive, 
since when y is negative only the direction of the travelling waves will 
change and the general picture will remain basically the same. We need 
only remember that if a forward wave is possible, so is a backward wave. 
Thus, we have reduced the problem of directed waves to a study of 
fields which depend on the coordinate x3 as shown by the expression (23). 
We note that the components of the field vectors will then satisfy not only 
the three-dimensional, but also the two-dimensional Helmholtz equation 
(20), and that the derivatives with respect to the coordinate x3 satisfy the 
equations 
QE, | aHa 
8X3 = iyEg ) 8X4 = iyHy (a = 1,2,3) . (24) 


We shall henceforth make the following simplifications. 

In the preceding section, it was shown (for the case that we were ex- 
amining then) that the amplitude of travelling waves decreases exponentially 
when propagated through an imperfect dielectric (one with conductivity dif- 
ferent from zero). From a physical point of view, this phenomenon is a 
simple consequence of the fact that, when passing through an imperfect di- 
electric, waves cause currents and this leads to a dispersal of the energy 
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of the wave as a result of Joule heating. Since a study of this process is not 
part of our problem, we shall assume that the waves are propagated ina 
perfect dielectric with conductivity g = 0. 

If we substitute eqs. (24) into the field equations (12)-(13) of Chapter 
XXXIV, set o equal to zero, and solve the resulting equations for the trans- 
verse components, we obtain 


E ion ðH: 

-y2 =i 483 wees 
e y"Ei-iv 0X1 +e 0x9 ! 
dE3 iwu og 


2 2 = iy —9 _ E 
(k y^)EQ MET c 0x1" 


aH. i 3E (25) 
2.22 24 3 iwe 9Eg 
(key om = iy 0x1 c Ox’ 
ðH iwe ðE 
22) Ha = jy S p 3 
(kt - y^) H2 = iY Fa to aw 
B= wrep/c? , (26) 


from which it is clear that all the transverse components of the vectors of 
the field can, for #2 -y2 #0, be found by simple differentiation of the longi- 
tudinal components. Let us find these longitudinal components as solutions 
of the two-dimensional Helmholtz equations of the form (20): 


32E, 2E 
2 —3 «(2-32 -0, (27) 
Oxy 9X9 
92H, 32Hz 
oy? am? * (k - 7) Hy = 0. (28) 


The case of TEM waves for which £3 = H3 = 0 occupies a special posi- 
tion. It follows from (25) that this type of wave is possible only when 
= y, since when %2 + y2 all components of TEM waves must be equal to 
zero. If we substitute the value of kó given by eq. (26), we see that for TEM 
waves 


y =w/Eu/c. (29) 


The system (25) is inapplicable for determining the transverse compo- 
nents of a TEM wave. If we substitute y for w./eu/c in the field equations 
(12) - (13) of Chapter XXXIV, we find, after some simple manipulation, that 
the system (12) - (13) of that chapter is reduced, in the case of TEM waves, 
to the four relationships 


Ve E12 Ju H, Je Eg -J/u H1, (30) 


+z c0, zs +5 =0. (31) 
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If we substitute the values of Hı and H9 given by eqs. (30) into eqs. (31), 
we obtain 

dE, aEo 

dxg xi 
If we differentiate this equation with respect to x9, then differentiate the 
first of eqs. (31) with respect to x1, and add the results, we obtain 


92E, 2?E, 
Ll, 71, 
0x1? 9x5? 


In an analogous manner, we obtain equations of the same form for the re- 
maining component, so that, in general, 


A19E170, ô12E2=0, ^15H, -0, A1282 - 0, (32) 


where 
32 92 
A =— zt; 
12 $43 ax? 
is the two-dimensional Laplacian operator. (We note that eqs. (32) are also 
simple consequences of eq. (20) for y2 = £2.) 

Thus, in the general case, the situation is somewhat analogous to that 
examined in section 2. To solve the problem of the propagation of TM or 
TE waves, we need to find the solution of the scalar Helmholtz equation 
which determines the longitudinal component of the electric and magnetic 
vectors; the transverse components of the field vectors can be found by 
differentiation. The problem of the propagation of TEM waves reduces to 
Laplace's equation; that is, the harmonic functions that we studied in de- 
tail earlier are solutions of it. 

If a waveguide is an ideal conductor, as was shown in section 3 of 
Chapter XXXIV, the tangential component E; of the electric vector must 
vanish on its boundaries. Therefore, the solutions of eqs. (27) - (28) or (32) 
must satisfy the boundary condition (on the boundary of the waveguide) 


E,-0. (33) 


If we choose admissible values of y2 that give a solution to the problem, 
this condition will be satisfied. 

Let us draw some conclusions from these results. 

We begin with transverse electromagnetic waves. If we substitute the 
expression given by eq. (29) for y into expression (23) and multiply by e-lwt, 
we obtain 


ia -c4t) (34) 


where c1 = c//€u is the velocity of propagation of electromagnetic waves in 
a dielectric with permeabilities € and u (see section 1 of Chapter XXXIV). 
Thus, a TEM wave always represents a travelling wave whose velocity of 
propagation c; is independent of the frequency w. Therefore, in particular, 


Ch. XXXVI] DIRECTED ELECTROMAGNETIC WAVES 631 


any combination of TEM waves of different frequencies which forms a wave 
of composite profile, is propagated in such a way that this profile is main- 
tained. As we know from the theory of Fourier integrals, we can, by a su- 
perposition of harmonic waves that extend infinitely far out into space, ob- 
tain a composite wave (wave packet) whose amplitude is non-zero only in a 
finite region of space. From what has been said, such a wave formed by 
superposition of TEM waves will be propagated with no distortion in shape, 
all the while remaining in a bounded portion of space. This fact indicates 
that TEM waves are propagated without dispersion. 

It is easy to see that eqs. (30) imply perpendicularity of the electric 
and magnetic vectors in a TEM wave, and that the absolute values of the 
mutually perpendicular components of the electric and magnetic vectors are 
proportional. We give the reader an elementary proof of this assertion. The 
coefficient of proportionality 


"n -4u/e 


depends only on the properties ofthe dielectric in which the wave is being 
propagated and is called the characteristic resistance of the dielectric. 

We note finally that, on the basis of eqs. (32), the components of the 
field vectors of a TEM wave are harmonic functions of the arguments x1 
and x9 in an arbitrary plane x3 = constant. This indicates, in the first place, 
that the picture of the field of a TEM wave at an arbitrary fixed instant of 
time coincides with the picture of static electric and magnetic fields that 
arise under analogous boundary conditions. In the second place, it follows 
that these components are derivatives with respect to x1 and x9 of thecor- 
responding potentials, which are also harmonic functions. 

It is obvious from this last fact that TEM waves cannot be propagated 
inside a waveguide having conducting boundaries which enclose the field of 
the TEM wave and whose intersection with the plane xg = constant forms a 
closed simply-connected curve. This is true because the charges on the 
surface of the conductor form, as we know (Chapter XXII, section 2), a 
homogeneous layer whose electrostatic potential is the same at all points. 
But a harmonic function that is constant over some closed curve has the 
same constant value within the curve as well. Therefore, the components of 
the electric vector (and the magnetic vector as well, as a result of the re- 
lations (30)), being derivatives of the potential, are in this case identically 
equal to zero, thus there is no field in the waveguide. However, if the field 
of the wave is not enclosed in a conductor, this phenomenon does not occur. 
Therefore, a wire outside which a wave is being propagated (or a system of 
wires) can serve as a waveguide for TEM waves, but the inner surface of 
an empty cylinder, for example, cannot. 

Let us now consider transverse magnetic (TM) waves. In waves of this 
type, the component H3 = 0. The problem of the propagation of TM waves, 
by virtue of our previous remarks, is reduced to solving a single scalar 
Helmholtz equation. 

First of all, let us consider the problem of the boundary conditions, 
which is analogous to the problem considered in section 2. The solution of 
Helmholtz' equation is completely determined by one boundary condition, 
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which on the basis of (33), is the condition that, on the boundary of the 
waveguide, 


Eg=0. (35) 


But the solution must satisfy yet another boundary condition, namely that 
the tangential component of the electric vector in the transverse plane must 
be equal to zero. Let us show that this condition is automatically satisfied 
on the basis of eqs. (25). 

For H3 = 0, the system of eqs. (25) can be written in the following form 


b2-y2 n (b-y2%)e | F3 

iy Ej= oe PA ax ' (36) 
k2 -y2 7 (k2 - y2)c 7 9E 

iy 23 iwe Pi 8x9 ' (37) 


that is, the transverse components of the electric and magnetic vectors are 
mutually perpendicular and the absolute values of the mutually perpendicu- 
lar components are proportional. In contrast with the TEM waves, the pro- 
portionality coefficients also depend on those properties of the waveguide 
which exert influence on the value of the constant of propagation y. Since 
the magnetic vector of a TM wave is transverse, it follows from what has 
been said that the magnetic vector of a TM wave is perpendicular to the 
electric vector. 

Suppose that y/ is the angle hetween the tangent T to the surface of the 
conductor at some point on the cross section of the waveguide and the x1- 
axis. The derivative of the component Eg in the direction of T, which is 
equal to 

aE, aEg aE 
oT 0x 


vanishes on the surface of the conductor because of condition (35). Since, 

on the basis of eqs. (36), the tangential component of the electric vector is 

equal to 

ip 23 

&2-y2 ar ' 

we conclude that, when the boundary condition (35) is satisfied for points on 

the boundary, the general boundary condition E, = 0 will also be satisfied. 

Thus, on the basis of the field equations, the boundary condition (35) im- 

plies that the general boundary condition for the electric vector is satisfied. 
For future analysis, let us use the integral relationship shown in prob- 

lem " of section 6 of Chapter XXV (obtained in studying Helmholtz' equa- 

tion). We set «= Eq in that equation. If, in accordance with eq. (27), we 

replace #2 by k2-y2, we obtain 


E, = E4 cosy + Eo siny = 
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TERE (3) (Ey (2 -y5s?| dy = [ss = aS . 


Let us assume that the waveguide in question is closed, that is, that the 
field is bounded by conducting surfaces in the x1x5-plane. We take as V the 
volume bounded by the conducting walls and two arbitrary cross sections of 
the waveguide. Then, the integral on the right side of the above equation 
vanishes since, on the walls of the waveguide, E4 =0, and on the cross sec- 
tions 


an — 0x3 79, 


since the component E3 does not depend on x3. For the same reason, one 
term drops out of the left side of this equation so that we finally have 


HIT ul). Gs z 02-56 dV =0. 


If Eg is not identically equal to zero, this equation can hold only if 
k2- y? -0. 


Recalling eq. (26), we write this condition in the form 


y 2-9", (38) 


where c1? - cA fe is the square of the velocity of propagation of the elec- 
tromagnetic field in the dielectric filling the waveguide and 5 is a real 
number. As we know from the general theory of Chapter XXV, under these 
boundary conditions non-trivial solutions of the Helmholtz eq. (27) do not 
generally exist for all values of the difference 62 =p2 -y. The values of 62 
at which non-trivial solutions exist (the eigenvalues of the problem) form an 
infinite sequence. Suppose that 542 is the smallest of the numbers in this 
sequence. Then, we find from (38) that y? is negative if 


w? < Wo" = 6426 42 H (39) 


that is, y is an imaginary number and we are dealing with a process that is 
damped in the x3 direction. Thus, in the general case, there exists a crit- 
ical frequency wg (usually called the cut-off frequency) characterizing the 
waveguide, with the property that TM waves with frequency less than wo 
cannot be propagated in the waveguide without being damped. 

If we make the substitution 


o 
y=— \1- (40) 
ci we 
in eq. (23) and then multiply by e~i”!, we find that the dependence of the 
amplitude of the wave on the coordinate x3 and on time is given, for TM 
waves in a closed waveguide, by the factor 
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.2T7 
exp [i Pu (xg - c*0)] , 


where 
€1 


UTR, (41) 


c* 


in the phase velocity and 


amc 
e rod (#2) 
w“ - Wo 


is the length of a TM wave with frequency of vibration w. 

It follows from eq. (41) that the phase velocity of TM waves is greater 
than the velocity of propagation of the electromagnetic field in the dielec- 
tric filling the waveguide. The phase velocity also depends on the frequency 
of oscillation. This last fact indicates that dispersion occurs when TM 
waves are propagated. The wave packet formed by TM waves, which is 
originally localized in the bounded portion of the waveguide, "spreads out" 
more and more with the passage of time, increasing in length. The group 
velocity of TM waves (Chapter XXIV, section 2) is equal to 

2 
=cı /1- Do . 


x _ QU 
C9 av we 


oy 
The center of the wave packet is propagated with this velocity. 

The general case of the propagation of TE waves in waveguides can be 
studied in an analogous manner. The difference consists only in the fact 
that the boundary conditions for the Helmholtz equation (28) must be written 
in the form 


aHy/an=0, (43) 


on the boundary of the waveguide; that is, it is the homogeneous Neumann 
problem and not the Dirichlet problem, that must be solved. The same ex- 
pressions for the cut-off frequency and the phase and group velocities will 
be obtained as for TM waves. Verification of this statement is left to the 
reader. 


Problems 


t. The ratio of the absolute values of the transverse components of the 
electric and magnetic vectors of a wave is called the wave resistance. 
Show that the wave resistances ZT and Z Tp for TM and TE waves are 
given, respectively, by the expressions 

ZTM - cy/w€ " ZTE = wpu/cy , 


which, in the case of hollow waveguides, can be represented as follows 
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ZTM = feq - 8), Zqyg =~ . 
/G - m) 


w 


2. Show that, in cylindrical coordinates (r,y,z) with the z-axis directed 
along the xg-axis, eqs. (25) take the form 

E 2E; iwp 1 oH, 

(kt -y DE, = iy z+ 7 To 


1 E deu OH 


9 


v 99 | c or 
3. Show that in cylindrical coordinates oriented as in the preceding prob- 
lem the system of equations (30) - (31) takes the following form for TEM 
waves: 


Je E, =/u H, D VE Eo - Ju Hy, 


Ore, 3E ovH, off 
NA =0, ——9. Y = 
ar ap ar ag 


Use these equations to show that the products vEy, rRg, vHy, and rHy 
satisfy the two-dimensional Laplace equation 


9 / dua) 13u 
= * 3r +~ 9-0. 
ar T rg 


4. TM wave in a waveguide of circular cross section 


Let us examine the problem of the propagation of TM waves in a hollow 
circular conducting cylinder of infinite length. 

According to section 3, this problem is reduced to the homogeneous 
Dirichlet problem for Helmholtz’ equation (27), which in cylindrical coor- 
dinates (7,9, 2) is of the form 


aE, 4 32Ez 
rap ("yt A 392 + Ez =0, (44) 
62 = B42 | (45) 


Here, the z-axis is assumed to be directed along the axis of the cylinder 
(corresponding to the x3-axis of the coordinate system used in section 3). 

We can separate the variables in (44) by making the substitution E» = 
u(p)v(7). We then have the equations 
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ay , id +(e -% 


do? ? t7 dr * (46) 


Since the function « is obviously M period 27 with respect to the coordinate 
9, the admissible values of n are 


n=0,1,2,.... 


The second equation is Bessel's equation. The boundary condition for E4 
gives the following boundary conditions for v: 


U(r) -0, (47) 


where 7o is the inner radius of the cyiinder. The solutions of the second of 
eqs. (46) that satisfy the condition (47) and that are bounded for y = 0 are 
the n-th order Bessel functions J54(05,5,7), where the 055, are the roots of 
the equation 


Jp amo) 70. (48) 


Thus, the particular solutions of eq. (44) that satisfy the boundary condition 
Ez - 0 are of the form 


Ez nm= Jn(Unm?) (Anm cos np + Bnm sin ng) , (49) 


where Anm and Bym are arbitrary constants. Each of the solutions of this 
form corresponds to a TM wave with some position or other of the nodal 
line. If we use the equations listed in problem 2 of section 3, we can, by 
differentiating the expressions (49), find all the transverse components of 
the field. 

For n = 0 and m = 1, the smallest root of eq. (48) is 63 2693 =2.405/75. 
According to (39), this value determines the cutoff frequency wo, = 
2.405c1/79. In air, the wavelength corresponding to the frequency wọ is 
equal to Ag = 2.6067%./ uc. Longer waves cannot be propagated in air in such 
a waveguide without being damped. As is clear from expression (49), the 
field at x = 0 does not depend on the angular coordinate o. If n is not equal 
to zero, the field does depend on ¢, and there are 2” radial nodal lines 
Ez=0. If m> 1, we have m - 1 nodal lines in the form of concentric circles 
with centers on the axis of the waveguide. Tr each of the TM waves char- 
acterized by definite values of n and m there corresponds a definite cutoff 
frequency 


Wym —"C1—— > (50) 


where x,,,is the m-th root of the equation J,{x) = 0. Undamped waves with 
given n and m and with frequency less than wym cannot be propagated in a 
waveguide without being damped. It should be noted that the excitation of 
high-frequency oscillations in a hollow with given n and m is in practice 
quite difficult. However, they appear to some extent as overtones, for ex- 
ample, in the case of the vibrations of a membrane. 
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Problems 


1. Use the graph of the functions Jy,(x)* to find the geometric positions of 
the points at which the components of the field vectors attain a maxi- 
mum. 


2. Find expressions determining the constant of propagation and the wave- 
length for given * and m in a waveguide of circular cross section. 


5. TE waves in a waveguide of circular cross section 


TE waves can be studied in the same way as TM waves (section 4), ex- 
cept that here we have the homogeneous Neumann problem rather than the 
Dirichlet problem for Helmholtz' equation: 

oH, 1 oH, 


19 
oa (rae +S EL (62 = &2-y2), (51) 


and on the boundary of the waveguide, 
aHz/an=0. (52) 


We shall examine only the differences in the propagation of TM and TE 
waves. 

Particular solutions of eq. (51) satisfying the boundary condition (52) 
are of the form (49): 


Hz mm = InÖnm”) (Anm Cos np + Bay sin ng) . 


However, the eigenvalues 655,4, are now expressed by the equation 


mn = dnm/Yo , (53) 
where gym is the m-th root of the equation 
dJy(x)/dx =O (n=0,1,2,...). (54) 


Since dJp/dx = -J4(x), the smallest of the numbers qom is equal to x11 = 
3.832. This gives us for the cutoff frequency with n - 0 and m = 1, wg1 = 
3.832c4/*9. The wavelength in air corresponding to a frequency wo, is 
equal to Agy = 1.639rov uE. Thus, for TE waves, the cutoff frequency with 
n=0 and m -1 is 1.59 times as great as for TM waves. However, 91 is 
not the smallest of the numbers qum. The smallest is the root q11 = 1.84. 
This yields the smallest value for the cutoff frequency wo = 1.84c1/7o, cor- 
responding to a wavelength in air of Ag = 3.417,,/ue. This means that, for 
a given frequency, a waveguide can be used for transmitting TE waves that 
is approximately 23% smaller than the waveguide needed for the transmis- 
sion of TM waves. 


* See, for example, Jahnke and Emde 41), fig. 98a. 
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Problems 


1. Solve problems 1 and 2 of section 4 for TE waves. 
Method: Use the relationship 


Wy (x) /dx = 3 [4,169 - 44,400] - 


2. What kind of undamped wave processes can be excited in a hollow ideally 
conducting cylinder of finite length. 


6. Waves in a coaxial cable 


A coaxial cable (or a coaxial line) is a directing system in which waves 
are propagated through a dielectric filling the space between two circular 
conducting cylinders with a common axis (fig. 69). The simplicity of con- 
struction and the effective screening of the field by the outer cylinder has 
led to widespread technical use of coaxial cables. Since the boundary of the 
dielectric in a coaxial cable is not simply-connected, TEM waves, whose 
frequencies are not restricted either by the cutoff conditions or by disper- 
Sion, can be propagated along it. We shall begin with an examination of 
these waves. 


Dielectric Conductor 


Fig. 69. 


We introduce a cylindrical coordinate system (v, 9,2) with the z-axis 
directed along the common axis of the conducting cylinders. In this coordi- 
nate system, the tangential components of the electric vector and the nor- 
mal component of the magnetic vector at the boundary of the conductors 
will be, respectively, equal to Eo and H,, so that the boundary conditions 
are of the form 


Eo = Hy=0 


[^] 
at the boundary of the waveguide. But we know from problem 3 of section 3 
that the product rE and YH, are harmonic functions in the annular region 
bounded by the conductors. Since they vanish on the boundary of the region, 
they are, by the theorem of section 4 of Chapter XVIII, identically equal to 
zero within the region. Thus, in a TEM wave, 


Eo =Ey=0. 
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From the equations given in problem 3 of section 3, we obtain 
9E, 0 ori, 
0g ^ ^"? ar 

These relationships show that the field of a TEM wave ina coaxial cable 

does not depend on q. The second and third give 


uA 
er’? 


RT 
=0, E, = 5n, . 


Ho =A/r, Ey = 


where A is a constant. Thus, on the basis of (34) the field of a TEM wave 
in a coaxial cable is determined, up to an arbitrary constant factor, by the 
expression 


eik(z-c1t) eif -e10 


9-7 —, " Cy =: (55) 


Let us turn now to TM and TE waves. Their longitudinal components 
satisfy Helmholtz' equations (44) and (51) and the boundary conditions 


aH, 


ar Y-Fi 
Y-Ya 


-0, -0, (56) 


where x; and vg are the radii of the inner and outer cylindrical surfaces. 
As in sections 4 and 5, particular solutions of these equations can be rep- 
resented in the form of the product 


Zn(Ónm?) (Anm cos ng + Bnm sin ng) , (57) 


where Zy is a cylindrical function of order n, n is an arbitrary positive in- 
teger, and 6,,,, is the eigenvalue of the corresponding problem. In contrast 
with the case of waveguides of circular cross sections, there is now no 
basis for discarding those solutions of the second of eqs. (46) that become 
infinite at y= 0, since the point r =0 does not belong to the field. There- 
fore, we must set 


Zy (6m) = annm?) + SnYnlnm7) 5 


which, because of the boundary conditions (56), yields the following equa- 
tions in a, and b, in the case of TM waves: 


Gy] n( nmi) + bnYnlnmri) 70,  In(Snmra) + n¥n(Snm7a) - 0. — (58) 
Non-zero solutions of this system exist only when its determinant vanishes, 
that is, when 


Jnlônmri) Yn(Snm%a) - Jn(Óg Ya) Ynlênmri) = 0 . (59) 


For given n, the eigenvalues 6,1,6452,..., giving the solution of the prob- 
lem, are determined by this equation. 

In the case of TE waves, it is not the functions Jy and Yp, but their 
derivatives with respect to » that appear in the system of equations for de- 
termining the coefficients a, and by. 
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Further investigation of the propagation of waves in a coaxial cable is 
left to the reader. The tables given ty Jahnke and Emde can be used for 
determining the roots of eq. (59) 4 


Problem 


Study the case in which vg approaches infinity (the case of a cylindrical 
wire). 


7. Waves in a dielectric vod 


In the preceding sections, we examined waveguides constructed by 
means of conducting surfaces. It is noteworthy that a waveguide can be 
formed by a rod made of a dielectric. 

Let us consider such a rod. Suppose that it has the form of a circular 
cylinder of radius vg and that it is located in a dielectric medium. In what 
follows, we shall denote quantities referring to the medium and the field in 
it by the subscript a and retain, for the field inside the rod, the same nota- 
tions as we used in the preceding sections for the field within waveguides 
having conducting walls. Let us examine the problem in terms of cylindri- 
cal coordinates v, o and z, where the z-axis is placed along the axis of the 
rod. 

The general procedure of solution remains the same as that explained 
in section 3 and applied in section 4. To solve the problem, it is thus suf- 
ficient to know only the longitudinal components of the electric vector; the 
remaining components can then be found by differentiation (see problem 2 
of section 3). However, in the present case, this component will satisfy 
two Helmholtz' equations of the form (44); one of them will have to do with 
the rod and the other with the medium. Specifically, for the field in the rod, 
we have the equations 


3E aE 
(rs 7) +75 1. 64n,=0, (60) 
2 n 2 
6% = 2 ZY 3 (61) 
[^ 


and for the field in the medium, we have the equations 
13 / Eza; 1 Eza 


7 ar ar )*. 3e +ô Eza =0, (62) 
we 2y 2 
a Ha 
642 = — va. (63) 
€ 


Here, in view of formula (26), we have written the expression (45) for the 
parameters 6 and 64. 
Let us show that it is possible for undamped TM waves, with amplitude 
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that rapidly decreases with increasing distance from the electric rod, to be 
propagated along the rod. 

When we examine TM waves on the boundary of the rod, the conjugacy 
conditions (42) of Chapter XXXIV (appearing in the equation for the tangen- 
tial components of the field inside and outside the rod) must be satisfied: 


E; = Eza > Eg = Ega > Ho 7 Hoa when Y -*g. 


Here, there is no condition on the components Hz and H;4, since in TM 
waves they are equal to zero. It follows from the equations given in prob- 
lem 2 of section 3 that these conditions are equivalent to the following ones: 


Eglr=r, = Ezalr=ro , (64) 
dE Yq 9E 
5 3e. su TR (65) 
6 r=r, ôa TYF o 
OE €, OF 
E Z = a za (66) 
62 87 lyr, 6342 9* [rro 


which contain only the components Ez and Eza. 
In addition to eqs. (60) and (62), the longitudinal component of the elec- 
tric vector must also satisfy equations of the form (21): 


9E, 4 32E za 
+y°E,=0, 
aze 822 


which determine its dependence on the coordinate z. As we saw in section3, 
we need to choose from among the solutions of these equations those for 
which the dependence on the coordinate z is given by factors of the form 
elY7 and elYaZ, Since the tangential components are then equal, it immedi- 
ately follows that 


+a Eza 70, (67) 


Ya? Y- (68) 


As we know (Chapter XXV, section 4) particular solutions of the sys- 
tem of eqs. (60), (62) and (67) that meet this requirement on the dependence 
on the coordinate z and that are of period 27 with respect to the angular 
coordinate g can be written in the form 


Ez = AnZy(57) el"? cos (no yn), (69) 


Eza = BrnZn(bar) ea? cos (ne * Vna) , (70) 


where An, Bn, Yn, and Yyg are constants and Z,(57) and Zy(5,7) are cylin- 
drical functions. 

For the component of the electric vector in the medium surrounding 
the rod, we shall seek a solution that decreases rapidly with increasing 7. 
It follows from the asymptotic formulae of Chapter XII that the solutions of 
Bessel's equation that decrease rapidly with increasing values of the argu- 
ment are the Hankel functions of the first kind H,(D (t) with imaginary val- 
ues of the argument. Therefore, let us set 
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Zy (Sar) = Hy) Gar) 3 
where f is a real number and 
ip = 64. (71) 


It is more convenient to change from Hankel's functions with imaginary ar- 
gument to Macdonald's functions (Chapter XII, section 7): 


Kalt) = 30 it y DG) , 
which have real values for all real values of €. Then, eq. (70) can be writ- 
ten in the form 
Eza = BpKn(8r) elY cos (nq +Wna) . (72) 
Since the field in the rod must be bounded, we need to set 
Zp(ô7) = Jn (67) , 
in expression (69), which yields 
Ez = AyJn(57) eÈ? cos (np Vg) . (73) 


When we substitute these expressions into the boundary condition (64), 
we obtain 


Apdy(57o) cos (nq cy) -ByK4 ro) cos (no Va) - 


Since the functions J4(£) and K,(¢) have no common roots, this equation can 
be satisfied for all values of o only when 


cos (ng yx) = cos (n9 * Va) , 
80 that 
V =Vna . (74) 
Let us turn to the boundary condition (65). For -0, that is, for TM 
waves with amplitude depending only on the coordinate v, it is satisfied 
identically. However, if » is not zero, it follows from eqs. (68) and (71) and 
from the expressions for Ez = Ez4 that the boundary condition (65) is equi- 
valent to 


1 1 
z2 725 B Pza. 


It then follows on the basis of the boundary condition (64) that 
p2=-62 when n+#0, (75) 
which, in view of the relations (61) and (63), can be written in the form 
€alg=€u When mn*0. (76) 


Consequently, in the general case, if €gug * €u, TM waves of the type in 
which we are interested, with n not equal to zero, cannot exist in a dielec- 
tric rod. 
Finally, let us turn to the boundary condition (66). From the recursion 
rmulae of Chapter XII, we find that 
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2 Jnlôr) =” In(67) - öJn+1(87) , 2. Knl6r) =” Kn6r) - BKn+1(87) . 


Therefore, when we substitute the expressions (72) and (73) into the boun- 
dary condition (66), we obtain 


€ : ] etre] __ fa T . BY Kn (Bro? (77) 
52 In(Oro) E Kuler) | 

To this equation, we add the following 

2 
6? 2E yi, (18) 

c 

2 
we u 
B? =y? -— 5. (19), 
c 


The three eqs. (77)-(79) relate the four quantities 8, 6, y and w. One of 
them, for example w, can therefore be given independently of the others. 
The values of 8, 6 and y are then determined from eqs. (77)-(79). As we 
have shown, the parameter 8 must be real for the field to decrease rapidly 
with increasing distance from the rod. The constant of propagation y must 
also be real, since otherwise the waves would be damped in the direction of 
propagation. Thus, the question arises as to whether eqs. (77) - (79) have 
real solutions for y and 8 (in some region of variation of w) that are com- 
patible with the boundary conditions. 

Let us first assume that condition (76) is satisfied. Then either the 
parameters 6 and B are both equal to zero or the parameter 5 is imaginary 
lor real values of 8. The reader will not find it difficult to show that if 
B=6 =0 waves of the type in which we are interested are not possible. 
Therefore, there remains only the second possibility, of which we shall 
speak below. 

Let us turn to the general case. If y is real, it follows from formula 
(18) that the parameter 6 has either a real or a purely imaginary value. 

Let us assume that 6 is imaginary. Then, ô= ix, where « 18 a real 
number. From the formula given in Chapter XII, 


Is(t) =i” Jn (8) . 
Let us transform eq. (73) to the form 
Ez = Ajln(r) ely cos (no +Wn) , (80) 


where Ay, is constant. Let us substitute this expression and also the expres- 
sion (72) for Ez4 into the boundary condition (64). We then find that 


Anln (Kro) = ByKs (Bro) - 


Since the functions I(kro) and Ky(A7 9) are non-negative, the constants A, 
and By, have the same sign. Let us now substitute the expressions (80) and 
(72) into the boundary condition (66). This gives us the equation 


t € t 
< AnIn(kro) = 5 BnKh(Bro) - 
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This equation is insoluble because its left and right sides are different 
from zero when Ay and By are non-zero and have different signs for all 
values of x, 8 and n. Specifically, the functions J,,(¢) increase monotonically 
with increasing € and the functions K4(t) decrease monotonically. There- 
fore, the derivatives In(kv) and Ky(kvo) are of opposite sign. Our asser- 
tion follows. 

Thus, when the parameter ó is imaginary, we cannot satisfy the boun- 
dary conditions and hence, solutions of the type that we are interested in do 
not exist. Therelore, they also cannot exist when (76) holds, so that 6 can- 
not be real when y and 8 are real. In accordance with the idea of condition 
(76), it then follows that TM waves of the kind that we are interested in are 
in general impossible when n is non-zero. 

Let us now assume that n = 0 and that the parameter 6 is real. Let us 
show that eqs. (17) -(79) have real solutions for B and y in some region of 
variation of w if 


Eu > Eaka . (81) 


The necessity $t the last condition is clear if we add eqs. (78) and (79) and 
note that 52.82 > 0. We now show the sufficiency. 

Let us assign some non-zero value to the quantity £. The right side of 
eq. (77) will then have a fixed value. Let us now vary 6. Since the functions 
Jo(€) and J1(Ẹ) have no common roots, the ratio 


v(67%9) = J1(6vo)/Jo(5vo) 


will, with increasing values of 6, take on values infinitely great and in- 
finitely small infinitely many times. Since the ratio v(579) is continuous 
when Jo(6v9) * 0, there are as infinite number of these values that satisfy 
eq. (77). Thus, to every fixed value of B there correspond an infinite num- 
ber of values 6 = 59,,(8), for m =0,1,2,..., that increase without bound 
with increasing m and that satisfy eq. (77). Since the right side of eq. (77) 
is continuous, the quantities 65,,(8) are continuous functions of £. 

If we set 5 = 65,,(8) in eg. (78) and add this equation to eq. (79), we ob- 
tain 


2 
22 (€u - €auta) = bom" (B) + 8? , (82) 


which determines the parameters B and 59m (B) as continuous real functions 
Bom(w) and 69,4,(w) of w in some region of variation of w when the condition 
(81) is satisfied. Finally, from eq. (79), we obtain 


2 
2 = Bom" (w) + 3 ala > 0. (83) 


Thus, for real values of 5, the system of eqs. (77)-(79) has real roots 
in some region of variation of w. This completes the proof of the existence 
of TM waves of the type referred to at the beginning of the section. 

Let us determine the region of frequencies for which TM waves are 
propagated in a dielectric rod without damping. 

Since, from what was said, to any real value of B there corresponds a 
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set of values 5om2(8) > 0, we conclude from eq. (82) that to any sufficiently 
high value of the frequency w there corresponds a real value of the param- 
eter B. It then follows from the relationship (83) that y? is positive. There- 
fore, the region of frequency for which TM waves are propagated in a rod 
without damping is unbounded above. 

On the other hand, it follows from eq. (82) that the frequency of the 
waves with given m is bounded below by the critical value 

Mi 
Wom = i (m) : 


c" 6^ faba 


[^ 


where M(m) is the smallest value of the expression /[5om?(8) +A]. 
Let us determine the lowest critical frequency wo. For - 0, eq. (77) 
is of the form 


59 (5r) _ BK (870) 
€J1(67Q) €ak1(579) ` 
It follows from expression (72) that the critical conditions under which the 


field outside the rod will cease to decrease exponentially with increasing * 
are attained when g = 0. For 8 - 0, eq. (84) takes the form 


&Jo(5v9) =0. 


On the basis of formulae (82) and (83), the root 6 = 0 corresponds to those 
values w =y=0 at which there is no travelling wave. The corresponding 
root is equal to 


(84) 


691201/7o » 
where o1 = 2.405 is the smallest root of the equation J9(¢) = 0. By means 
of formulae (82) and (79), we now find the desired smallest critical fre- 
quency: 
on = wot c LL 
0 01 Yol -caha 


and the corresponding value of the constant 


- 201 
Y To J (€ 7€4 Ha) -1. 


Problems 


1. Show that TE waves, with a positive value of », that are rapidly damped 
at increasing distances from a dielectric rod cannot be propagated along 
the rod. 


2. By using Hertz' vectors (Chapter XXXIV, section 3), show that waves 
representing a linear combination of TE and TM waves can be propa- 
gated along a dielectric rod that has the form of a circular cylinder. 
Method: The 2 components of the Hertz vectors should be put in the form 
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Iz = AnJn(57) eZ sin (np +n) , 


Y< Yo, 
TZ = Ady (57) eY? cos (np +n) , 
II; = ByKp(5a7) eY? sin (ng + Wy) , 

r> Tro- 


Il? = BnKnlôar) el"? cos (nq +n) , 


Chapter XXXVII 


ELECTROMAGNETIC HORNS AND RESONATORS 


1. Sectorial horns and resonators 


We use cylindrical coordinates v, 9, and z and consider the infinite 
region 0 <z <a, 0<@ <a, where a and o are positive constants. We 
Shall call this region a sectorial horn and its boundary the walls of the 
horn. We shall consider the walls of the horn to be ideal conductors and we 
shall assume that the horn is filled with an ideal dielectric with € = » = 1, 
o=0. 

Let us study the types of travelling electromagnetic waves that are 
possible in a sectorial horn. We use the representation of an electromag- 
netic field that was developed in section 4 of Chapter XXXIV (in terms of 
the scalar functions 4 and v). 

For example, let us consider those solutions of Maxwell's equations 
for a horn that are waves of the electric type, that is, waves for which the 
component H, of the magnetic vector is equal to zero. These waves are 
expressed in terms of the function u ‘by formulae (62) - (63) of Chapter 
XXXIV, which in the present case are of the form 


82u (1 3u _ 82u . 
Ev =oraz’ Ee =y 3 02° Ez = 9 thu | (1) 
ik ou au 
Hy--y ag? Ho ik, H,=0, (2) 
where 
k2 = w2/c2 , (3) 


The function 4 must satisfy eq. (60) of Chapter XXXIV, wnich in the 
present problem represents Helmholtz' equation 


128 / du) 1 3u Iu ə 
= Y * * —4 * k^u x0. (4) 
v or ar) 5 age az2 

On the walls of the horn, the tangential components of the electric vec- 
tor must vanish (Chapter XXXIV, section 3); that is, 


Ey=Eg=0 when z=Oandz=a, (5) 


Ey,-Ez2 -0 when q-0ando-a. (6) 

To satisfy these conditions, we must set 
9u/02 -0 when 2-0andz-a, (7) 
u-0 when g=Oandgy=a. (8) 
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Let us seek solutions of the problem (4) - (8) in the form 
u cui») uo(o) ua(z) . 


The general expression for the solutions of Helmholtz' equation of this form 
is given by formula (50) of Chapter XXV: 


u=AZ,(ur) cos (n9 * V4) cos (vz & Vy) , (9) 
where 
prsye 2g, 


A is an arbitrary constant, and Z4(uv) is a solution to Bessel's equation. 
When we substitute this expression into conditions (8) and (9), we find that 


Vari, n=tm/a, (10) 


Vy-0, -sl/a (m,l-0,1,2,...), | u2- & - d2i2/q2. 


For the functions Zy(uv), we take the Hankel functions of the first kind 
Hy (uv). As we know (Chapter XXV, section 5), with such a choice of 
functions Z«(uv) (and only with such a choice), our solution representsa 
system of travelling waves diverging to infinity. If r= 0, our solution will 
have an infinite discontinuity. The interpretation is as follows: The interval 
r=0, 0 <z<ais a linear source of waves. We could avoid introducing 
discontinuous solutions by eliminating the sector y< € from the region in 
question, and by giving the current on its boundary * = €, which would play 
the role of a source of the field. However, this would not change anything 
in the general expression for the solution. 

Thus, the general expression for the function v for a travelling wave of 
the electric type in a sectorial horn is 


Uml = Am HY, (ur) sin 7m$ cos m=, (11) 
we q2 9 
H c2 a2 t , (12) 
where, instead of k2, we have substituted its value as given by eq. (3). We 
note that, in contrast with the problems that we examined earlier, the solu- 
tion of this problem contains Bessel functions of, generally speaking, non- 
integral order. 

Let us consider some peculiarities of travelling waves of the electric 
type in a sectorial horn. We use the asymptotic expression (64) of Chapter 
XII for Hankel's functions of the first kind. For sufficiently large values of 
T, we find 


HD fun = y on exp [-27i(7m/a + 2)] exp [iu] . (13) 


Let us suppose that 
w > ncl/a. (14) 
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Then, the number u is real, and it follows from expression (13) that trav- 
elling waves in a sectorial horn are propagated with a phase velocity ¢ when 
v is large and that their amplitude decreases with increasing v as 7-2. 

However, if the direction of inequality (14) is reversed, travelling 
waves are generally impossible. For then, u = ik, where x is a real num- 
ber. Consequently, 


1 1 ; 2 
Bun - xD, jalir) Re y iw exp [-«v] exp [-37i(nm/a + 3)] . 
When we multiply this expression by e-iWt, we see that it corresponds to a 
system of standing waves with amplitude decreasing according to an expo- 
nentiallaw. Thus, a critical frequency 


Wo 776cl/a (170,1,2,...) (15) 


exists such that, for all smaller frequencies, travelling waves with given Z 
are impossible. Here, the value / - 0 corresponds to a wave that does not 
depend on the coordinate z. This wave may be a travelling wave for all fre- 
quencies. When Z> 1, waves along the coordinate z are periodic. 

We introduce the wavelength 


Àg; = 270/09] , 


corresponding to electromagnetic oscillations with angular frequency wg). 
From eq. (15), we obtain 


l2 2a/Agi ; 


that is, for a travelling wave with Z * 0 to be possible, its length must not 
exceed 2a/1. 

Let us turn now to the expressions (1) - (2) for the field vectors. It is 
easy to see that, in the general case, for large values of v, the components 
Ey, Ez, and Hg of the field vectors decrease with increasing r as v^? and 
that the components Ey and Hy decrease as *^2; thus, in comparison with 
the first three components, we may neglect them. If, in addition, Z= 0, 
then Ey = 0 and only the components Ez and Hy are significant; that is, the 
wave is an almost purely transverse wave. 

Let is now suppose that by means of an ideal conducting partition 
whose surface is situated at 7 = b, we isolate the finite portion of the horn 
O0<r<b, O0<z<a, 0o <a. We shall call the hollow that is then 
formed (with ideal conducting walls) a sectorial resonator. 

As we know (sections 2 and 3 of Chapter XXV), free oscillations are 
possible in the bounded region. Let us determine just what oscillations of 
the electric type are possible in a sectorial resonator. To do this, we need 
to find the eigenfunctions of the problem for Helmholtz' equation (4) in the 
region occupied by the resonator, under the boundary conditions corre- 
sponding to oscillations of the electric type. Each of the eigenfunctions de- 
termines one of the possible oscillations (an oscillation that cannot be rep- 
resented in the form of a superposition of oscillations corresponding to the 
other eigenfunctions). Conversely, since the system of eigenfunctions is 
complete, any possible oscillation of the electric type can be represented 
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in the form of a combination of the oscillations determined by the eigen- 
functions. 

In addition to the boundary conditions (5) and (6) for a sectorialresona- 
tor, there is the boundary condition 


Ez = Eg-0 when r-b. 
To satisfy this condition, we must set 
u=0 when r=b. (16) 


We also require that the field in the resonator be bounded, so that, in ex- 
pression (9), we need to set 


Zp(uv) = Jg(uv) . 
For the boundary condition (16) to be satisfied, the numbers u must satisfy 
the equation 
Jy(ub) 20. 


We denote by ums (for s = 1,2,3,...), the roots of this equation numbered 
in increasing order of magnitude, with the value of n deter mined by the re- 
lationship (10). 

The choice of the remaining quantities in expression (9) will be deter- 
mined by the same conditions as in the case of a sectorial horn. Therefore, 
the eigenfunctions of the problem inquestion can be represented in the form 


= 1 9 Z 
Umls =Amls JI m/alims?) sin 7m ^ cos "i a 


(m,s =1,2,3,...; 120,1,2,...). 


Oscillations of the electric type corresponding to these eigenfunctions can 
be characterized by the three numbers m, l, and s. 

We find the possible frequencies wmzs of the oscillations from eq. (12) 
(solving it for the frequency w). This gives 


It is clear from this expression that the lowest of the frequencies of free 
oscillations is equal to 


9101761]. 


Problems 
Show that the components of the field vectors for waves of the magnetic 
type in a sectorial horn can be calculated from the formulae 
av 
or ? 
Hy = a2y .i 32v _ ate 
Yar dz? Pr apaz’ Z az2 


xy = 354 Eg = -ik Ez;-0, 
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where v is the solution of eq. (4) satisfying the boundary conditions 
v-0 when z-Oandz-a, 
dv/dg -0 when ọ=0andọ =a. 


2. Spherical resonators 


A spherical hollow in a conducting material is called a spherical reso- 
nator. Let us find the type of electromagnetic oscillations that are possible 
in such a hollow. Here, we shall assume that the walls of the hollow are 
ideal conductors and that the medium inside the hollow is an ideal dielec- 
tric with € = u =1, 

As in the preceding section, from a mathematical point of view, this 
problem is reduced to the problem of finding the eigenfunctions for the 
spherical region. 

We introduce spherical coordinates v, 6, o with origin at the center of 
the hollow. We saw in section 4 of Chapter XXXIV that electromagnetic 
fields of the electric and magnetic type in spherical coordinates can be ex- 
pressed in terms of the Debye potentials Z and J satisfying Helmholtz' 
equation. Since the Debye potential Z =u/r, where u is the function intro- 
duced in section 4 of Chapter XXXIV, we find from the relationships (62)- 
(63) of Chapter XXXIV that the components of the field vectors for the elec- 
tric-type field can be expressed in terms of the Debye potential & by means 
of the formulae 


a2, ou ü 2 9 (ou T 1 209 (0u ü 
Ey = 377 OE fEhu, Eg=3(3rtr)> Ege sin $ 29 Nàór * 7)? 
ik ða ik o4 
Hy =0, Ho 7-539" Ho = 36° 


Analogously, by means of the formulae (64) - (65) of Chapter XXXIV, we see 
that the components of the field vectors for the magnetic-type field can be 
expressed in terms of the Debye potential 7 by means of the formulae 


E,-0, Eg=~ 2 Eg=-= Z, 


Hy = Zra? z) +0, Hm- 55 (erty py): HoF ans ô 55 it EE 
At the boundary 7 = a of the spherical resonator, the conditions 
Eg=Egy=0 when 7-a, 
must be satisfied. This leads us to the following boundary conditions for the 
Debye potentials 


sp tea when *-a, (17) 


v-0 when r=a. (18) 
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In section 4 of Chapter XXV, we examined the solutions of Helmholtz' 
equation of the form v1(x)u2(0)u3(*9) and found their general expression for 
0s5os27,0s0sm: 


1 
Jr dnm Pym(cos 8) cos (mq + Wy) , (19) 
where m and n are integers. The solution of the type that we are consider- 
ing is regular at r = 0 if 
Zn kn) = Jy Aer) . 
By using the notation 


Infkr) = ZUR Jy dn kn) , 


we transform expression (19) to the form 
jy (Er) Pry (cos 6) cos (mo * vy) . 


If we impose the boundary condition (17) on this expression, we obtain 
the eigenfunctions of the problem in question for Helmholtz' equation with 
the following boundary condition: 


Vmn] = jnlkır) Pnm{cos 0) cos (mo * Pm) , (20) 
where the k; (for l= 1,2,3,...) are the roots of the equation 
kajn(ka) + jn{ka) = 0 


In an analogous manner, we find the eigenfunctions for the boundary condi- 
tion (18): 


Umnl = in{k17”) Pum(cos 9) cos (m+ Wy) , (21) 
where the ky; (for / = 1,2,3,..) are the roots of the equation 
inl Pa) =0 


Formulae (20) and (21) determine all the possible types of free electromag- 
netic oscillations in a spherical resonator. 


Problems 


1. Show that to each characteristic frequency w = kyc of electromagnetic 
oscillations in a spherical resonator there correspond 2n+1 possible 
types of oscillations. 


2. Show that the spectrum of frequencies of natural oscillations in a spher- 
ical resonator is bounded below, and that, with increase in the radius of 
the resonator, the lowest of the possible frequencies of natural oscilla- 
tions decreases. 


Chapter XXXVIII* 


MOTION OF A VISCOUS FLUID 


1. Equations of motion of a viscous fluid 


In section 2 of Chapter VI, we gave the equations of motion of an ideal 
fluid (Euler's equations), namely 


au; au; 
DESDE EPI G = 1,2,3) (1) 


and pointed out that in order to satisfy the law of conservation of mass, the 
motion of the fluid must satisfy not only system (1) but also the continuity 
equation 


apa — 


8p, -0. (2) 


ðt oi 9Xg 
We recall that p is the density of the fluid, that the v; (for i = 1,2,3) are the 
components of the vector v (representing the velocity of the fluid), and that 
p is the pressure. 

With the intention of generalizing Euler's equations to the case of a 
viscous fluid, let us determine how the momentum pv of a unit volume of an 
ideal fluid changes. We have 

2 u av; ap 
3; PM =P -ay + UBF: 


Keeping formulae (1) and (2) in mind, we have, after some manipulations, 


a a a 
apti =~ =P. - 9x, Priva - 


We introduce the symbol 


bi = 


=] , 
0, i*j, 
and write the last equation in the form 
ae Pi = - 2, ay @ = 1,2,3), (3) 


where 


ij = pdij + pvit} . (4) 
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The system (3) represents the transformed system of Euler's equations. 

To clarify the physical meaning of the quantities Iż}, let us integrate 
the equations (3) over an arbitrary volume V, and let us apply the Ostro- 
gradskii-Gauss formula to the right side of these equations. This gives us 


3 
al [E onar e - S ICE, tiara d$ G-12,9, 


where FV is the surface bounding the volume V and the ng (for a = 1,2,3) 
are the direction cosines of the outward normal to FV. On the left sides of 
these equations are the rates of change in the 7-th components of the mo- 
mentum of the fluid contained in the volume V. Consequently, the quantities 


3 
-( p Tjano) dS 


represent the momentum flows of the corresponding components through 
the surface 7V per element dS of the surface per unit of time. If the normal 
to the surface FV is directed along the j-axis, then 


3 
- (2 Njaa) dS = - Hy ds. 


This implies that (-Tle) is the magnitude of the 7-th component of the mo- 
mentum transmitted in the direction of the j-axis (through a unit area nor- 
mal to that axis per unit of time). The vector H; with components I1;1, Hj, 
and II;3 will be referred to as the flow of the ¢-th component of the momen- 
tum. 

Expression (4) shows that the flow of momentum in an ideal fluid re- 
sults from the action of the forces of pressure and mechanical transfer of 
the fluid. Between adjacent parts of a viscous fluid there are (in addition to 
forces of pressure which are normal to the boundary between the parts) 
forces lying in the plane tangential to the boundary. These latter forces 
tend to decrease the relative velocity of adjacent portions of the fluid. This 
last phenomenon is known as viscosity. The presence of viscosity obviously 
causes terms characterizing the viscous transmission of momentum to ap- 
pear in the expression for the component of the vector Il;. We shall denote 
the set of these terms by (-oij). Similarly, we shall determine the vector 
II; of the flow of the ?-th component of the momentum in a viscous fluid by 
means of the equations 

Iljj = Pôij - Ojj + pvit} - (5) 

The dependence of the quantities oj; on the velocity of the fluid can be 
established from the following considerations. When there is no displace- 
ment of any part of the fluid with respect to the other parts, the term ojj 
must vanish. Consequently, the quantity oj depends not on the velocity of 
the fluid itself, but only on its derivatives dv;/ dx; with respect to the coor- 
dinates. As a first approximation, we shall consider this dependence to be 


linear. 
When the fluid as a whole rotates uniformly, there are no relative mo- 
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tions of the parts in the fluid. Consequently, the quantities oj; do not depend 
directly on the derivatives 004 /0%; but only on those combinations of the de- 
rivatives for which the equations 


1,2,3, 
Ug = Wart -W,Xg for a, 8,7 = |3,2,1, 
ms 


(where w1, w2, and w3 are the components of the vector representing the 
angular velocity of the fluid) imply that oj = 0. Linear combinations of the 
derivatives satisfying this requirement are 


av av 
oo a 29g 
az] 9Xg and xg * Ixy (a + A). 
The most general kind of vector that can be formed from these expressions 
has components 


9Ug 
oj = GE 21) * mig om, 
a 
where the quantities 7 and 74 do not depend on the velocity of the fluid. This 
expression is usually transformed me the form 


i dv; vj dva 
ij "Gg. 2-92 ii 35) + teg > kg 
Here, the sum of the terms with 7 = 7 does not depend on 7. The quantities 
ņ and € are called the coefficients of viscosity. For actual fluids, both 
these components are positive. 

Note that system (3) relates the derivatives of the 7-th component of 
the momentum of a unit of volume of a fluid to the flow of these compo- 
nents. Consequently, its form does not depend on the specific nature of the 
forces acting on the fluid. Therefore, when we seek the equations of motion 
of a viscous fluid, we substitute into system (3) the expressions (5), with 
the values just obtained for the terms ojj. We then obtain the most general 
system of qutm for the moton of a viscous fluid: 


ČE È a) =- ou a2 2 
az 


1 be œl ENS xy" x Bz1 9%, 


E 99g —, 
LOL (i = 1,2,3). (6) 


If the coefficients 7 and are constant throughout the fluid, this system 
takes the form 


dv ò ð 
aE m, S va Sze) =- an tvi (CHIT) a p» d (7) 


(G -1,2,3), 


656 MOTION OF A VISCOUS FLUID (Ch. XXXVII 


where A is the Laplacian operator. Finally, if the fluid is incompressible, 
we have 


3 avy 


—2 210 
a-1 9*a 


and we arrive at the system of Navier-Stokes' equations: 


3 
au; av 
<1, > T DEPT + vA 6 -1,2,3), (8) 


where v = n/p is the coefficient of kinematic viscosity. 

To the system of equations of motion of a viscous fluid we must add the 
continuity equation (2) when solving specific problems. The form of this 
equation is the same for an ideal and for a viscous fluid. 

The boundary conditions for a system of equations of motion of a vis- 
cous fluid can be established from physical considerations. 

As a result of the forces of molecular adhesion, the layer of the fluid 
directly adjacent to a solid wall moves (or remains at rest) with that wall. 
Therefore, on the boundary separating the solid and liquid media, we need 
to take 


Vi = Vic (i = 1,2,3) , (9) 


where the viç are the components of the displacement of the boundary (solid 
wall). 

From the same considerations, the velocities of adjacent fluids on the 
boundary separating the fluids must be equal. However, since the boundary 
between the fluids is deformable, we must add the condition that the forces 
with which the fluids act on each other at the boundary are equal in magni- 
tude and opposite in direction. For a mathematical formulation of this last 
condition, we note that, on the basis of Newton's second law, the compo- 
nents of the vector representing the force acting on an element of surface 
dS are equal to the flow of the corresponding components of the momentum 
through this element of surface. From this, we obtain the following expres- 
sion for the components P; of the force acting on a unit of area: 


3 3 3 
P= 2, ll;g? = pv; A Yana - 2, ong (= 1,2,3), 


where the zg (for œ = 1,2,3) are the direction cosines of the normal to the 
surface and 
1 
u^ = -böij + oj. 

We shall denote by a superscript a those quantities referring to one of the 
fluids and by a superscript b those referring to the other. Then, the condi- 
tion for equilibrium of the forces takes the form P;(@) = pb). Noting that 
nj(à) = -nj(b) and vja) = vj(D), we write the condition for equilibrium in the 
form 
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3 
2 Q9 ng = È o my (G-1,2,9, (10) 
a=1 a=1 
where, for the quantities ng, we may substitute either ng) or nob), 

We note that the force applied to a unit of area oriented in an arbitrary 
manner in the viscous fluid can be broken down into two components, 
namely a normal component 

3 3 3 3 
Py = p Py ty = p 2 vang - A p Ogananp 
and a tangential component, the expression for which we omit. The terms 
in the expressions for these components do not depend on the components 
of the velocity v;; they are called the normal and tangential (cleavage) 
stresses. Thus, boundary condition (10) implies that the stresses are the 
same in both fluids on the boundary separating them. 

Finally, let us turn to the boundary conditions of the free surface of a 
viscous fluid. The stress on the free surface is obviously equal to zero, so 
that 

3 


2. oigna =0 (i=1,2,3), 
a=1 
or 
3 
bni- >. hy ty =0, (11) 
a=1 


where the ng (fora = 1,2,3) are the direction cosines of the normal to the 
free surface. 


Problems 


1. Show that, on a solid immovable wall, the solutions of the system of 
Euler's equations (1) cannot, in the general case, satisfy a boundary 
condition of the form vj = 0 (for ¿ = 1,2,3), which is valid in the case of 
a viscous fluid. 


2. Show that the components of the vector representing the force acting on 
a unit of area of a rigid immovable plane surface placed in a viscous 
fluid in a position perpendicular to the x,-axis are equal to 

avy avg VI avg  8U1 
Pi-B-3 mara Pape) P3 5an (aag + Gag) - 

3. Show that if the coefficients 7 and Ẹ are constant throughout an entire 
viscous fluid, the tangential stresses in the fluid do not depend on the 
pressure, but only on the internal motion of the fluid. 
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4. Show that in cylindrical coordinates the system of Navier-Stokes' equa- 
tions and the equations of continuity are of the form 
au av Uy 0v av ug? 
—r T, @ _F Y 9. 
at * "ray * y 39 "2 2 Y 
ap (e 1 auy auy 13v, 2 dvp vy 


27? M 892 * 822 t7 ar re ag re 


1 ap aup 1 avg uvg lvy 2 dv, vo 
=- ( + + +- + - 
ar2 522392 322 rar ort ay r? 


1 ap ay, 1 a2n, a2y, 1 du, 
=r (2 +P ag? az Y ar) i 


av 1 ðv oU v 
2. —9.—2,.-*.9. 
av =r ap az r 


2. Motion of a viscous fluid in the space over a rotating disk of infinite 
radius 


In all cases in which the non-linear terms in the equations of motion of 
a viscous fluid are not equal to zero due to the given conditions of a prob- 
lem, the exact solution of these equations presents great difficulties and 
depends to a greater extent on intuition and guess than on any kind of widely 
applicable method. Examples of exact solutions of the equations of motion 
of a viscous fluid are given in this and the following sections. 

Let us consider the Karman problem. An infinite plane disk is rotating 
around its axis with a constant angular velocity w. Find the steady-state 
motion of a viscous fluid adjacent to the disk and filling the half-space 
above it. 

We use a cylindrical coordinate system (7,9,z) with the z-axis directed 
along the axis of the disk and with the plane z=0 coinciding with the surface 
of the disk. 

In each of the planes 2 = constant, we shall distinguish between two 
motions: the angular motion caused by viscous forces in the fluid dragged 
along by the disk, and a radial motion, directed along the radii away from 
the z-axis, caused by inertial forces. Furthermore, there must be a verti- 
cal motion filling the vacuum resulting from the flow of the fluid away from 
the z-axis in its radial motion. The velocity of the vertical motion, which 
is directed toward the disk, must increase with increasing distance from 
the disk (corresponding to the increasing net amount of the fluid that is 
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flowing away from the z-axis in that part of space between the disk and the 
plane under consideration). 

We shall require that the axial component of the velocity vz at infinity 
remain finite. This is possible only in the case in which the velocity vy of 
the radial flow of the fluid away from the z-axis decreases without bound 
with increase in 2. This, in turn, presupposes unbounded decrease in the 
inertial forces, which is possible only if the velocity v of the angular 
motion approaches zero as 2 approaches infinity. When z = 0, the velocity 
of the fluid coincides with the velocity of the surface of the disk. 

Thus, we have the following boundary conditions: 


v,lz-0 70,  vglz-o 7 ov, vzlz0 ^O , "m 


Vy| z-e 70, Vol z=% =0 , AIRTER 


Let us seek a solution, assuming that the velocities of the radial and 
angular motions are proportional to the distance from the axis of rotation 
of the disk and that the vertical velocity and the pressure are constant in 
each of the planes parallel to the plane of the disk. The compatibility of 
these assumptions with the given conditions will follow from the consist- 
ency of the results that we shall obtain. If a contradiction were to arise, we 
would need to advance some other hypothesis concerning the properties of 
the desired solution. That is, we would have to introduce additional physi- 
cal considerations and make a new attempt to obtain results that would not 
be contradictory. 

On the basis of these assumptions, let us seek a solution in the form 


vy = TWF(E), vg=rwGE), vz =/vw H(t), p= -pywP(t) . 
where 
Ü-2z/u/v. 


The coefficients of the functions F, G, H, and P are chosen so that these 
functions are dimensionless. Also, instead of z, we have the dimensionless 
argument C. 

Let us substitute the quantities (5) into the Navier-Stokes equations and 
the equations of continuity, both written in cylindrical coordinates (see 
problem 4 of section 1), and into the relations (12) for determining the 
functions F, G, H, and P. This leads us to the system of ordinary differ- 
ential equations: 


F2 - G2 + F'H = F" 2FG + G'H = G" 
5 3 


(13) 
HH'=P'+H", 2F+H'=0, 
and the boundary conditions 
Fle-9 =0, Glez9 =1, Hlp-9 =0, 
M M (14) 


Flez570, Glezs 70, | HI lez «m. 


Thus, we have reduced a problem involving a system of partial differ- 
ential equations to a problem involving a system of ordinary differential 
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equations. We drop the matter at this point, noting only that the solution of 
this problem belongs to the class of functions with continuous first and 
second derivatives. The functions F, G, and H have been calculated by 
means of numerical integration. The reader can find their graphs in the 
book by Landau and Lifshitz 25). 

If we can assume, on the basis of physical considerations, that solu- 
tions of steady-state problems involving the hydrodynamics of a viscous 
fluid are unique in the class of bounded functions with continuous first and 
second derivatives, the solution of the system (13) satisfying the boundary 
conditions (14) is the desired solution. 


3. Motion of a viscous fluid in a plane diffuser 


Consider a dihedral angle formed by plane walls. Suppose that a vis- 
cous incompressible fluid is flowing between the walls and along the line of 
their intersection. Let us find the steady-state motion of the fluid. 

We take the line of intersection of the walls as the z-axis of cylindrical 
coordinates. The coordinate y is measured from the plane bisecting the 
dihedral angle. 

From symmetry considerations, we shall consider the motion plane 
(purely radial). Therefore, we set 


Vg =0z,=0, vy =(7,9). 


Here, the Navier-Stokes equations and the equation of continuity (see prob- 
lem 4 of section 1) are of the form 


w i aw 1 a% 130 v 

vee op art” atari (15) 

1 ap 2v ðv 
-> P , 27 9" - 0 16 
wap iis (16) 

av) _ 
ap 70. (17) 
On the walls, the velocity of the fluid is equal to zero; that is 

v| gash =0, (18) 


where o is the angle between the walls. 
It is clear from eq. (17) that the product xv depends only on g. 
If we introduce the dimensionless function 


1 
u(y) = gr , 
we obtain from eq. (16) 
123p 12? dw 
pap „p dg’ 
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so that 


2 
22V. qo) ego). 


b 
p r 


If we substitute this expression into eq. (15), we obtain 

d2u 1 

ZH 4u + 6u? =—; 3 Pir) . 

dg? a S 
The left side of this equation depends only on o and the right side only on 7. 
Consequently, they are equal to a single constant, which we denote by 24. 
In view of this, we obtain 


d2u 


E + 4u + 6u2 = Quy, fF(n- 12942 5 . (19) 
p 
From the last equation, it follows that 
6u4v2 
K=- R^ * constant , 


as a result of which the pressure is deter mined by the expression 


2 
(ro) = PP Qu- uj) + Po» 


where fo is an arbitrary constant. 
If we multiply the first of eqs. (19) by du and integrate, we obtain 
1 /du V? 
3 o + 2u2 + 293 - 2u14 -2u9 - 0, (20) 
where 42 is a constant. If we separate the variables, we obtain 
1 du 


2 r th, (21) 
JB - u? + yes m 


so that 


u dt 


n 
29 = D 
» -E3 - E + Wye + ug 
where 41 is an arbitrary constant. 


We obtain the following three equations for determining the constants 
Hj, H2, and wj: 


(22) 


sa io 
pvr dg = vp | udp =Q, (23) 
L L 
-20 -20 
u(9)l ola =0, u(9)| o-- io 20. (24) 


Eq. (23) expresses the requirement that the same amount (Q `- 0) of fluid 
pass through each cross section 7 = constant. Eqs. (24) are a consequence 
of the boundary condition (18). 
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The dimensionless quantity 
R*Q/w, (25) 


which characterizes the ratio of the outflow of the liquid to its kinematic 
viscosity, is called the Reynolds number for the flow. 

Thus, we have reduced the original problem to a problem in which the 
unknown function 4 is determined by certain integral relationships. There- 
by, we are able to study a number of the properties of the solutions of the 
original problem. 

Let us find the conditions under which the motion of the fluid is sym- 
metric about the plane 9 = 0 and the velocity v of the fluids in the surfaces 
r = constant changes monotonically from zero (when ¢y = +30) to Ug = Tuo 
(when 9 - 0). 

At the maximum, dw/dg = 0. Therefore, it follows from eq. (20) that 
4g is a root of the equation 


-3 - £24 uj + u2 =0, 
and, therefore, the radical in eq. (22) can be written in the form 
-E3 - E? + Wak + We = (o E) [2 + (Leu9)6 + qo] , 


where 2 
do = Ug" + Ug - H1. 
Noting that 4 = 49 when 9 = 0, we write eq. (22) in the form 


H 
20 -[ ^ di (26) 


9 (uo - D [E2 + Qeug)E + qo] 
Here, instead of the constants 4, and ug, we have two new unknown 


constants 49 and go. By using the boundary condition (24), we obtain the 
following equation for these constants 


Mo d£ _ 
© Mug -£) [£2 + (1 *ug)E + qo] 


If we substitute expression (21) for dg into the boundary condition (23) and 
remember that the function “(¢) is symmetric about the plane 9 - 0, we 
obtain a second equation: 


a. (27) 


u 
e[^ £ di -R. (28) 


| (ug - £) [£2 + (L+up)E + qo] 


It is easy to see from eq. (27) that o is a monotonically increasing 
function with respect to both 4, and go. Consequently, this equation defines 
4g as a monotonic decreasing function of qo for a fixed value of o. Analysis 
of eq. (28) shows that R, being a function of uo and qo, decreases with in- 
creasing qo and increases with increasing to. 

Let us fix the value of v. The lowest possible value of go is zero since, 
if qo were negative, the integral on the left side of formula (27) would be 
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complex. For a given o, the largest possible value of « corresponds to the 
value qo. This value of xo determines the largest value of R, R = Rey, that 
is compatible with the given value of œ~ With increasing a, the quantity Rer 
obviously decreases. When R exceeds Rer, motion of the type that we are 
examining is impossible in a diffuser, since it is incompatible with eqs. (27) 
and (28). A more detailed analysis (see problem 1) shows that as a ap- 
proaches 7, the value of Rey approaches zero and that as o approaches 
zero, the value of Rer becomes infinite. 

Thus, with increasing R, where R = Roy, symmetrically divergent 
motion in the diffuser, (v > 0) for all p, becomes impossible and is changed 
to another kind of motion. Formal investigation of eqs. (22) - (24) shows that 
the function u(y) has several maxima and minima when R exceeds Rer. 
Also, with increasing R, the number of alternating maxima and minima in- 
creases and u(y) is negative at the minima. Consequently, there must be 
regions of flow out of the diffuser and regions of flow into the diffuser. 
However, in practice, such motions are not realized when R greatly ex- 
ceeds Rer, since they are unstable. Specifically, when R exceeds Rer, 
small external disturbances and also small deviations in the boundary con- 
ditions cause a sharp change in the motion, and this brings about a non- 
steady-state turbulent situation. The number R = Rer is called the critical 
Reynold's number. 


Problems 


1. Derive the formulae 


ig 


a 2244-2 2 f 


dt 
ð 6/1 - £2 gin?t f 


1 
1-k2 12 2" 
Roy = -6a + 1 - k2 gin?t at 
er 1-222 A - al | ' 


which relate (parametrically) the critical Reynold's number Re, and the 
angle a between the walls of the diffuser. Use these formulae to show 
(1) that k and Rey approach zero as œ approaches 7 and (2) that as œ ap- 
proaches zero, the parameter k approaches 277 and Rer approaches in- 
finity. 

Method: Start with formulae (27) and (28) with gg = 0 and make the sub- 
stitutions 

to 


z 2 2. 
C=ugcos*t, k "i$ 


2. Show that when there is nozzle-type flow, that is, when a drainage rather 
than an outflow of the viscous liquid (Q « 0) takes place along the line of 
intersection of the walls, there will be no return motion of the liquid. 
Specifically, show that when v is positive and a is less than 7, the mo- 
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tion will be symmetric about the plane ¢ = 0 and directed along the line 
of drainage, for all values of the Reynold's number 


Rep = |Ql/ov . 


Method: With nozzle-type flow, the function u(y) is a solution of the 
equation 


u 
2p =+ f d 
sto Jt +Ug) [-£2 - (1-«9)£ + ol 
where the quantities xo and qo are determined from the conditions 
o 


? 


a= f 2i 
Lug Jt +g) [-£2 - (1- ug)£ + qo] 


o 
R-6 £ ak 


“uo JE * ug) [-£2 - (1- 4g)£ + do] l 


j 


Chapter XXXIX* 


GENERALIZED FUNCTIONS ' 


1. Introduction 


The concept of a continuous medium or a continuous field, as used in 
the mathematical formulation of physical problems, ignores, in effect, the 
discrete structure of matter. Therefore, from a physical standpoint, the 
quantities that appear in the equations of mathematical physics do not have 
any direct physical meaning. A physical meaning can be ascribed to them 
only to the extent that they make possible a description of the state of the 
medium or field, not at a point, but in some region which, though it may be 
quite small, is still large enough so that the discrete structure of the sub- 
Stance can be ignored. 

A classic example of this is the concept of temperature, which is 
meaningful only in connection with a portion of a typical medium that con- 
tains a sufficiently large number of molecules. À physical meaning can be 
given to the mathematical concept of temperature at a geometric point only 
to the extent that the averaging of temperatures, regarded as point func- 
tions, over arbitrary (not too small) regions, leads to correct values of 
mean temperature in these regions. 

Thus, from a physical point of view, a description of the physical phe- 
nomena in terms of functions of the region rather than of the point, would 
be more adequate. This indicates a discrepancy between the content of the 
problems of mathematical physics and their classical analytical formu- 
lation, which requires the satisfaction of certain conditions at every point 
of the region in question. 

In particular, this discrepancy shows up in the fact that many problems 
of mathematical physics do not have solutions in the exact analytic sense, 
although exact solutions are known to exist in an implicit physical sense. 
We have already encountered an example of this kind in the simple problem 
of the oscillations of a string, when, in order to avoid a contradiction, we 
needed to introduce the concept of generalized solutions (Chapter III, sec- 
tion 6). 

In the last two decades, extensive progress has been made in analysis. 
These new developments (although they have not given any results that ex- 
tend the classical methods of solution of the problems of mathematical 
physics) have made it possible to perfect the analytical formulation of prob- 
lems and to study more thoroughly the problem of the existence of solu- 


t In the presentation of the material in this chapter, we are basically following the 
monograph of I. M. Gel'fand and G. E. Shilov 40), 
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tions. Without giving rigorous proofs, we shall present certain facts con- 
cerning these new developments. 


2. Generalized functions 


In this chapter, we shall study one-, two- and three-dimensional re- 
gions. We shall denote the points of these regions by the letters x, — and so 
on. We shall denote the coordinates of the corresponding points by the same 
letters, but with subscripts. For clarity, we shall use the notation for three 
dimensions, but everything that is said can, with obvious modifications, .be 
applied for any number of dimensions. 

Suppose that f(x) is a function of the point x describing some physical 
phenomenon. In accordance with the above, a physical meaning must be 
given not to the function f(x) itself but to some function of the region that is 
defined in terms of f(x). This can be the average value of f(x) in the region 
(as, for example, will be the case 1f f(x) is the temperature) or the integral 
of f(x) over the region (if, for example, f(x) is the density), and so forth. In 
both these examples, the transition from a function of the point x to a func- 
tion of the region is made by means of integration. A more detailed analy- 
sis shows that such a situation is typical in physics. Specifically, a mean- 
ing can be ascribed to point functions only to the extent that they determine 
the value of some integral having a direct physical meaning. 

This fact leads to the view that mathematical analysis can be more ap- 
propriate if we construct it as a system of concepts relating suitably 
chosen integrals and if we introduce point functions only at certain inter- 
mediate steps in the construction. It is very significant that this idea can be 
applied even more widely, encompassing those cases in which a function of 
the region which corresponds naturally to a physical phenomena cannot be 
represented by means of an integral of a point function. 

As an auxiliary means of building up this theory, we use real functions 
g(x) of the point x which are infinitely many times differentiable with re- 
spect to the coordinates of the point x and which are finite (that is, different 
from zero only in finite regions). We shall call these functions fundamental 
and we shall refer to the set of these functions as the fundamental function 
space or, more simply, as the fundamental space *. The sum of two or 


* By a "space" (or, more precisely, a topological space), we mean a set in which the 
topological structure is defined. The family N of subsets of the set E defines the 
topological structure in E, if thia family represents a set such that the intersec- 
tion of a finite number of these subsets and the union of an arbitrary number of 
these subsets are again members of the family. (The union of two or more subsets 
in the set of elements of the original set that belong to at least one of the subsets 
in the union. The intersection of two or more subsets is the set of elements of the 
original set that belong to all the subsets in the intersection.) The reader will have 
no difficulty in showing that the set of fundamental functions is a space. Various 
spaces have been defined, depending on the choice of elements of the space and the 
relationships between them (for example, linear, functional, and so on). The set of 
fundamental functions is a function space since its elements are funotions. The re- 
lations between the functions are defined by the usual operations of analysis. 
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more fundamental functions and the product of a fundamental function and a 
real number are fundamental functions. A space whose elements have these 
properties is called a linear space. Thus, the fundamental space is a linear 
space. A sequence $1(x),95(x),... 9, (xX),... of fundamental functions is 
said to converge in the fundamental space if all the functions 9,(x) vanish 
in a single finite region and if the difference 9,,,, - Pp (for k > v) and its 
first derivatives approach zero uniformly (for all x) as v increases. 

We shall assume that the function f(x), which describes some physical 
phenomenon, is locally integrable *. We put in correspondence with this 
function the set of integrals of the form 


f f [y o0 av, (1) 


where (x) is a fundamental function. The integration can be considered 
taken over all space **, though in practice it is taken over the finite region 
in which the corresponding fundamental function ¢(x) is not identically equal 
to zero. 

The integral (1) for the given function g(x) represents a number. If we 
choose a different fundamental function, we shall generally obtain a differ- 
ent number. A rule which assigns some number to each function of a given 
function space is called a functional. Thus, the integral (1) represents a 
functional defined in some space for the given locally integrable function 
f(x). For brevity, we use the notation 


0,9 =| | [f ew av. Q) 


It can be shown that the set of values that the functional (f, p) assumes 
in the fundamental space (that is, for any possible choice of the functions 
Q(x) uniquely determines the function f(x) at all points at which it is con- 
tinuous. In particular, two distinct continuous functions /;(x) and fo(x) cor- 
respond to two functionals (f1,x) and (f5,x) which assume different values at 
least for some of the fundamental functions. It can also be shown that the 
average values of a locally integrable function f(x) in an arbitrary finite re- 
gion are uniquely determined by the functional (f, x). (The reader is advised 
to carry out the proof of the last assertion.) Thus, the defining of a func- 
tional determines a point function with the desired degree of accuracy and, 
in that sense, is equivalent to defining the point function itself. 

The functional ( f, 9) determined by expression (2) is linear (that is, 


(f,019 1 +0972) = 01(f,91) + 02(/, 92) , (3) 


where o, and o are arbitrary constants) and continuous (that is, for any 
positive e a positive number vq exists such that 


* If the integral of the absolute value of a function over some finite region exists, 
this function ia said to be locally integrable. 
** Henceforth, when we use the word "space" without the adjective "fundamental", 
what ia meant is the "geometrical space" in which the physical phenomenon takes 
place. 
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I 5o) -O,oypl «€ if v» vg, k>0, (4) 


where 91,92,...,9y,-.. is a Sequence of fundamental functions that con- 
verges in the fundamental space. The properties of linearity and continuity 
are at the basis of the definition of a special class of functionals, known as 
generalized functions. 

If a rule of correspondence f assigns to each fundamental function 9(*) 
some number (f,¢) satisfying the relations (3) and (4), a linear continuous 
functional or a generalized function is said to be defined in the fundamental 
space. 

A generalized function is said to be regular if its values can be deter- 
mined by means of a locally integrable point function from the rule defined 
by expression (2). However, as we shall see below, not all generalized 
functions can be obtained from this rule. So-called singular generalized 
functions exist, and these, in general, cannot be put in correspondence with 
point functions. Nonetheless, these functions are necessary for describing 
certain physical phenomena. 

To denote generalized functions, we use the symbols f, f(x), (f, 9), or 
ff [ft (dV, where f, generally speaking, is the symbol for the rule that 
assigns to each fundamental function ~(x) some number. If a generalized 
function is singular, the symbols (f, 9) and f. f. ff. F(x) p(x)dV refer only to the 
number (and not to an integral, which would have no meaning). The use of 
the notation f(x), which formally coincides with the notation for a point 
function, is related to the fact that (as noted above) defining a regular gen- 
eralized function corresponding to some locally integrable point function is 
equivalent to defining the point function. (In this sense, it is often stated 
that a regular generalized function coincides with some point function.) 
Therefore, an extension of the meaning of the symbol f(x) is natural; it 
should be clear from the text whether one is speaking of an ordinary func- 
tion or a generalized function. This notation is also convenient in that it 
shows the argument x on which the fundamental functions depend. 

Our immediate purpose is to establish rules for operations on general- 
ized functions. The most important principle that we will use here is the 
requirement that, in the particular case in which the generalized functions 
are regular, the rules governing the operations on them will be a conse- 
quence of the rules of classical analysis and of definition (2) of a regular 
generalized function. This ensures that the theory of generalized functions 
will be consistent with classical analysis. 


Problems 


1. Suppose that g(x) is a fundamental function. Show which, if any, of the 
following sequences 


wiem, leon, (leu (-123,..), 


converge in the fundamental space. 
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Answer: The sequences (a) and (b) converge to zero in the fundamental 
Space. 


2. Show that the generalized function, called the "constant C" 
(C, 9) = c [ f [eto dV, 


where C is an arbitrary real number, is regular. 


3. Properties of fundamental and generalized functions. The most impor - 
tant operations on generalized functions 


We present without proof a number of properties of fundamental and 
generalized functions and we define the most important operations on the 
latter. 

1. The derivatives of fundamental functions are also fundamental func- 
tions. They vanish outside the same region as the function from which they 
were derived by differentiation. The product of a fundamental function and 
an arbitrary infinitely many times differentiable function (in particular, a 
constant or another fundamental function) is a fundamental function and the 
sum or difference of two fundamental functions is a fundamental function. 

2. Suppose that 7 (x), Po(x),...,@){x),... is a sequence of fundamen- 
tal functions that converges in the fundamental space (see section 2). Then, 
the sequence of linear aan expressions 


Mg fx) = PE pu st S by a egy, 


a-i me 
where the Gij, b;, and c are constant coefficients, also concerges in the 
fundamental space. 

3. For any bounded continuous function g(x) and any positive c, there 
exists a fundamental function (x) such that 


lex) -o(x)| <€  forallx. 


For any given region and any positive number 7, there exist fundamen- 
tal functions that (1) are equal to unity for points in the given region at a 
distance greater than or equal to 7 from its boundary, (2) are equal to zero 
at all points outside the given region at a distance greater than or equal to 
7 from its boundary, and (3) have values between zero and unity at all re- 
maining points. 

Examples of the construction of such fundamental functions are given 
in problems 4 and 5. 

It follows from the existence of fundamental functions with these prop- 
erties that, for a suitable choice of fundamental function g(x), the value of 
a regular generalized function corresponding to a given function f(x) of a 
point x can be made arbitrarily close to the mean value of f(x) in an arbi- 
trary finite region. 

4. Generalized functions can be defined on regions of a (geometric) 
Space. 
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A generalized function f is said to be equal to zero in a region 2 if the 
number (f,q) is equal to zero for any fundamental function that is equal to 
zero outside the region 2. In particular, a generalized function f is equal 
to zero in the neighbourhood Qy of a point x if (f, p) = 0 for all fundamental 
functions that vanish outside Qy. 

If a generalized function f is non-zero in some neighbourhood of a 
point, the point is called an essential point. The set of essential points is 
called the carrier of the function f. A generalized function is said to be 
finite if its carrier is bounded. 

It follows from these definitions that a regular generalized function f is 
equal to zero in any region in which the corresponding function f(x) of the 
point x is equal to zero. The carrier of the generalized function is the set 
of points such that in any neighbourhood of these points a set of points (of 
positive measure) exists at which f(x) + 0. 

5. The sum of two generalized functions and the product of a general- 
ized function and a number can be defined in a natural manner. The results 
of these operations are also generalized functions. We define 


+g, p) =p) -(,9), (af, p) =al, 9) = (,a9) , 


where f and g are generalized functions and a is a number. Obviously, these 
operations obey the usual rules of addition and multiplication. 
Two generalized functions f and g are said to be equal if 


59) = (g, 9) 


for all fundamental functions g(x). 

6. The product fj of a generalized function f and an infinitely many 
times differentiable function o(x) is defined so that, in the regular case, 
it will be the generalized function generated by the product f(x)o(x), that is, 
so that 


01,9 =f f [59 «9 eo av. (5) 


Jf f is a singular function, the right side of this equation is not defined 
(in the classical sense) and the product must be defined by means of a rule 
according to which a number (f, 9) is assigned to each fundamental function 
(x). Noting that o(x) o(x) is also a fundamental function, we define the pro- 
duct fa = fi by the formula 


(59) = (o9) . (6) 


The right side of eq. (6) can be calculated from the rule of formation of the 
functional (f, 9). In the regular case, formulae (5) and (6) are identical. 
The product of two generalized functions or the product of a general- 
ized function and an arbitrary point function is not defined. We note that the 
product of two generalized functions cannot be defined by the formula 


(fg, p) = 05,9) (6.9) , 


since its right member is not a generalized function. 
7. As we stated, the notation f(x), which formally coincides with the 
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notation for a function of the point x, is used for a generalized function de- 
fined according to the rule f. This notation is especially useful when making 
a change of variables. 

Let us first examine a classical function f(x) of a point x. Suppose that 
we have carried out a transformation x of variables, thus introducing new 
variables: 


yxj7uw(x G-1,2,3), (7) 


where the u;(x) are functions of the coordinates x, xo, X3 of the point x (the 
old variables x4, x9, x3). We know that the transformation (T) is one-to-one 
if the determinant of the transformation 


ull "12 3 
[U| = uoi u22 “23|, (8) 
u31 "32 33 


whose elements are the derivatives 
8uj/8xj = uj, 
does not vanish at any point of the region in question. We shall assume that 


this is the case. Thus, there exists an inverse transformation from the 
new variables to the old: 


xj-wrl()  G-1,2,3), 


where the uj l(3) are functions of the coordinates 51, y5, yg. We shall write 
the direct and inverse transformations in the form 


yzUx, x2Uly. 


We denote by fi(x) = Uf(x) the function of the new variables y; into 
which the transformation (7) maps the function f(x). In other words, 


Uftx) = f(U-15) . (9) 


As a simple example, let us take the one-dimensional case. Suppose that 
fd = sin x and that y = Ux = cos x. Then, x = U-1y = arc cos y and f1(5) = 
Uf (x) = sin (arc cos y). 

Let us turn to the general transformation. Suppose that 


(6,9) =f f [Ao o av (10) 


is the generalized function corresponding to a locally integrable function 
f(x). When the transformation U is performed, the function f(x) is mapped 
into the function Uf(x) = f(U-ly) and the generalized function (10) is mapped 
into the generalized function 


(719, e) =f | [f eo avy. 


To make this expression meaningful even when the generalized function 
(f, 9) is singular, we make a change of variables under the integral sign *, 


* See V.I.Smirnov 1), Vol. 2, p. 98. 
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returning to the variable x = U-ly. We then obtain 
dV,-|Uldv,, FOI) =f, e0)-e(U2, 
where |U| is the functional determinant (8). Then, 


[ [ [r9 eo avy =f [ [7 1v! ev av; . 


If the determinant |U| is infinitely many times differentiable and if the 
transformation U is such that a finite region is always mapped into a finite 
region, the product |U|g(Ux) is a fundamental function. This relationship 
can then be written in the form 


U-I), pE) = 002,1 Ul o(U2)) . (11) 


Here, we write x on both sides of the equation because the symbol used for 
denoting the variable of integration plays no role. 

Eq. (11) can be taken as the definition of the transformation of a gen- 
eralized function that occurs upon change of variable, since its right side 
can be calculated if we know the rule of formation of the functional (/,¢). 
As is easily shown, it is linear and continuous. 

As an example, let us examine the transformation 


Yi =X; + hi, 
called a translation of the vector k(h1, k2, ha). We have 
y=Ux=xth, |ul=1, x«=U-ly=y-h. 


When we apply formula (11), we obtain 
(Ax-h), o(9) = (Aa), oce R)) 


or 
ff 15-9 p(x) av - [ f [fto q(x«h) dV . 


8. (a) A sequence of generalized functions f, (for v = 1,2,3,...) is said 
to converge to the generalized function f if 


lim Gy 9) = GU, p) 
V-00 
for an arbitrary fundamental function g(x). 
(b) A series of generalized functions 
uy tugeuge... My... 


is said to converge to a generalized function f if the sequence of partial 
sums 


fy=mytugt... +uy (v=1,2,3,...) 


converges to a generalized function f. 
Let us note that the convergence of the sequence of functions “1,29, 
.,My,... to a locally integrable function f(x) in the mean implies con- 
vergence of the generalized function (up, y) to a generalized function (f, 9). 
To show this, suppose that 
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f(x) -uy(x) = Cy) . 
It follows from the identity 


[J f sve oe av) 


=f SS f f [262 0*6) - 516,69 oE) - eE oto]? T av; ave 
that 


(wy, < |f f fout av Lf f fo? av]. 
fff o av 
fJ f o-u? av 


by hypothesis approaches zero as v increases. Consequently, the left side 
of this inequality, being non-negative, also approaches zero as v increases. 
The assertion made above then follows. 

9. A generalized function can be a function of some parameter. If a 
generalized function (f,,«) depends on a parameter A and if the limit 


0 08,9) - 059 9) 
lim | ———— —— 
A-Ag-0 A- do 
exists at a point A = Ag, this limit is called the derivative of the general- 
ized function f} with respect to the parameter ^ and is denoted by 2f, /3A. 


The integral 


is bounded and the integral 


Problems 


1. Show that the fundamental function 9;(x) is the derivative 29/90xj with 
respect to the coordinate x; of another fundamental function ¢(x) if and 
only if 


eo 


Í pia) dx; = 0. 


-0 
Method: Necessity is shown by direct calculation of the integral 


eo 
39 ay. 
OX; 2» 
e 


sufficiency follows from the fact that 
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ži 
94(x) dx; 
=æ 
is a fundamental function. 
2. Use the preceding problem to show that every fundamental function q(x) 
can be represented in the form 


eo 


e() = eot) | ot) ax + pil) , (*) 


“oO 


where «;(x) is a fundamental function that can be represented as the de- 
rivative with respect to x; of another fundamental function and ¢o(x) is a 
fundamenta] function satisfying the condition 


eo 


f Po(x) dx; =1 


-00 


Method: Show that 9;(x) defined by the equation (*) satisfies the condition 
of the preceding problem. 


3. Show that the function 
exp[-u^/G? -]£]2)] for I£] «m, 

ellln = 
0 for |£| >n, 


where 7 is a constant and |£| is the distance between the point £ and the 
coordinate origin, is a fundamental function that vanishes outside the 
sphere of radius 7 with center at the coordinate origin. 


4. Suppose that g(x) is a continuous function of the point x and that (||, n) 
is the function defined in the preceding problem. Show that the function 


[JF a) tls -s1.n avg 
Pri) = les sm 


MEPTET. 
[£| «n 


is infinitely many times differentiable and that, as 7 approaches zero, it 
approaches g(x) uniformly in every finite region; that is, for any positive 
number « and for any fixed finite region, a sufficiently small number 7 
exists such that for all x belonging to this region, the inequality 


| a(x) - 9g)! «€ 


holds. If g(x) is a finite continuous function, show that 9 5 (x) is a funda- 
mental function. 

Method: Choose 7 so that the inequality |g(x)-g(t)| <€ holds for 
[x-£| <7 in the region in question and use the mean-value theorem. 
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5. Suppose that the function g(x) is equal to 1 insice a region V and that it 
is equ:1 to zero outside it. Show that the function Py (x), defined in prob- 
lem 4, is equal to 1 at all points of the region V that are at a distance 
greater than or equal to 7 from its boundary, is equal to zero at points 
outside the region V at a distance greater than or equal to 7 from its 
boundary, and has a value between zero and 1 at all other points. 


6. Show that under the similarity transformation Ux - ox, where o is a real 
number, generalized functions are transformed according to 


(flax), e(x)) = (F(x), pax) . 
7. A generalized function f(x) satisfying the equality 
flax) = èfa) (*) 


is said to be a homogeneous generalized function of degree A. Write the 
equation (*) in the form of a relationship between functionals. 


8. Show that if the locally integrable functions f,(x) (v 2 1,2,3,...) con- 
verge uniformly to a locally integrable function f(x), the generalized 
functions (f,,,~) converge to the generalized functions (f, 9) 


4. Differentiation of generalized functions. The concept of generalized so- 
lutions of differential equations 


Let us suppose that a locally integrable linear differential expression 
Mu can be formed from a function u(x) of the coordinates of the point x. In 
this case, the regular generalized function 


(rtu, o) = | [| Gt) e av (12) 


is naturally called a differential expression lu of the generalized func- 
tion v. 

To extend this definition to singular generalized functions, we trans- 
form the expression (12) by means of Green's formula (6) of Chapter XVII 
by keeping the region of integration sufficiently large that the function (x) 
vanishes on its boundary. Then, we obtain 


f f [enu @ av - [ f fumo av, 


or 
(Mu, p) = (u, Ng) . (13) 


The expression on the right side of this equation is defined in the gen- 
eral case only when Xg is a fundamental function, that is, one that vanishes 
outside some finite region and is infinitely many times differentiable. The 
first condition is satisfied since ọ is a fundamental function. The second 
condition, however, holds only when the coefficients of the expression Xo 
are also infinitely many times differentiable. Under this assumption, we 
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shall call the functional (u, Xp) the differential expression Wu of the gener- 
alized function v. Obviously, the functional on the right side of eq. (13) is 
linear. On the basis of the properties of fundamental functions that we 
listed in paragraph 2 of section 3, it is also continuous. This is true be- 
cause if the sequence ¢, (for v = 1,2,3,...) converges in the fundamental 
space, the sequence Xg, will also converge in it. Since the functional (4,9) 
is continuous by hypothesis, the inequalities (4) will also be satisfied in the 
particular case of a sequence of fundamental functions ^(9,; this is, the 
functional (v, Xg) will also be continuous. Thus, the differential expression 
Wu of a generalized function is also a generalized function. 
In the particular case in which 


Mau = 2u/0x; , 


we obtain 


axi P) = cas a9 


Using this formula, we can construct the derivatives of a generalized func- 
tion of arbitrary order; these derivatives will also be generalized functions. 
Consequently, a generalized function is infinitely many times differentiable. 
It is easy to show that the derivative of a sum of generalized functions is 
equal to the sum of their derivatives. 

Suppose that fy (for v = 1,2,3,...) is a sequence of generalized func- 
tions that converges to the generalized function f, that is, that 


lim (fy, 9) = (59) . (15) 
You 


Then, the sequence of derivatives 3fj/8x; converges to the derivative 
8f/0 xj. Specifically, 
(Ap e)- (». -3 im 


The expression on the right side converges to 


(^ f -32)- E 
because of eq. (15). 
A series of generalized functions 


uj tuo *... Up +t... 


that converges to a generalized function f can be termwise differentiated. 
Then, the series of derivatives 


1 1 t 
U1 +U +t... Uyt.. 


converges to the derivative f'. To show this, note that the sequence of par- 
tial sums 


Fy =z tug te... tM, 
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converges to f. Consequently, on the basis of the assertion that we just 
proved, the sequence of partial sums 
fy = Uy + Uy t. + ty 
converges to f', as was asserted. 
As an example, let us consider the series 


eo 
> ak cos ox ; (16) 
a=1 
where k is an arbitrary number and x is a point on a straight line. When Fk 
is positive, this series diverges. However, the series of the corresponding 
generalized functions is meaningful. This is true because the series 
eo 
cos ox 
œl a 
converges. But the series (16), understood as a sum of generalized func- 
tions, is obtained by termwise differentiation of this series and, conse- 
quently, converges to some generalized function. 

The solving of partial differential equations often leads to convergent 
series such that each term of the series satisfies the homogeneous equation 
in question; yet the series cannot be termwise differentiated because the 
convergence is destroyed thereby. This makes it impossible to be sure that 
the sum of the series also satisfies that equation. The theory of differentia- 
tion of series of generalized functions presented above makes it possible to 
assert that the sum of these series satisfies the equation in question at 
least in the generalized sense. For suppose that the series 


(r> 1) 


“= > ug (17) 
a-1 


converges and that each of its terms satisfies the homogeneous equation 
Mug - 0. The series of generalized functions corresponding to the series 
(17) can always be differentiated infinitely many times. Therefore, 


eo 
(tu, g) = 2. Mua 9) 
But each of the terms on the right side is equal to zero. Consequently, 
(Mu, gy) =0, 


as was asserted. 
A function “(x) of a point x satisfying the differential equation 


Mu =f (18) 
in the generalized sense 
(Mu -f, 9) =0 (19) 
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is called a generalized solution of this equation. If the function u(x) is a 
classical solution, it is also a generalized solution. 

Eq. (19) can also have singular generalized functions that are not re- 
presentable in terms of point functions as its solution. These functions can 
be called singular generalized solutions of eq. (19) (or of eq. (18), with the 
generalized sense understood). 

Later, we shall give a number of examples of generalized solutions. 

We note in conclusion that generalized functions were introduced into 
mathematics by S. L. Sobolev in connection with the problem of solving dif- 
ferential equations (1936). 


Problems 


1. Show that the mixed derivatives of generalized functions do not depend 
on the order of differentiation. 


2. Show that the definition of the derivative of a generalized function « in 
the direction of the vector h(4,52, 3) as the limit 


lim (u, 96-98) - pla) = 2%) ; 

6-0 

where 0 is some number and # the length of the vector h, is equivalent to 
the definition given in the text. 

Method: Use the definition of a translation given in paragraph 7 of the 
preceding section. 


3. Suppose that fundamental functions depend on a single independent vari- 
able x (the one-dimensional case). Suppose that u is a generalized func- 
tion and that du/dx = 0. Show that u is a constant. 

Solution: Let us represent an arbitrary fundamental function in the form 
(problem 2 of section 3): 


9 (x) = G(x) f p(x) dx + 94(x) , 
where 
f po ax = 1 


and 9(x) is the derivative of a fundamental function. By definition, 


$9) = (8). 


Consequently, it follows from the condition of the problem that 


(u, 91) -0 
and hence that 
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eo 


(4,9) = (eot) | eG) àx- f Coto ax, 


-00 


where C = (u, po) is a constant. Then, it follows by definition (see prob- 
lem 2 of section 2) that 4 = C. The constant C can be chosen arbitrarily, 
since 


dC d "d 
(Gee) = (Cae) =e J arro 
-0 
for arbitrary choices of C and ¢(x). 
4. Find (for the one-dimensional case) the solution of the equation 
du/dx =f , 


where f i8 a generalized function. 
Solution: By hypothesis, 


(u, -") = (v) . 


If we represent an arbitrary function ¢(x) in the same form as in the 
preceding problem and if we use the condition of the present problem, 
we obtain 


x 


(u, p) = (u, Po) f eG) àx - (f, |. P1 ax). 


Too 


The first term on the right side is a constant. By transforming the sec- 
ond term, we obtain 


(4,9) = (0,9) - (f, f [e - eot) f ow at] at) . 


It remains to show that the functional obtained is linear and continuous. 
Remark: The solution 4 is called the indefinite integral of the general- 
ized function f. 


5. The Dirac delta function 


An important example of a singular generalized function is the delta 
function defined by Dirac (long before the appearance of the concept of a 
generalized function as such). In present-day notation, the delta function 
6(x-&) can be defined by the equation 


(6(x-£), p(x) = pE) , (20) 


where £ is an arbitrary fixed point. In other words, to every fundamental 
function ọ (x) there corresponds a value y(é) at the point £. 
The carrier of the delta function, &(x- £), is obviously a point £. There- 
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fore, the value of the functional (5(x - £),9(x)) is the same for all fundamen- 
tal functions that have the same value at the point x = £. 
Let us rewrite eq. (20) in the form 


f | [96-2 ec av, = ec 


and let us regard it formally as an integral. By virtue of the remark about 
the carrier of the delta function, the parts of this integral that are obtained 
by integrating over regions not containing the point £ must be equal to zero. 
Therefore, for all fundamental functions that are equal to unity at the point 
x=, we may formally write 


_\)1 when£is inside V, 
J | he-o dv= | 0 when £ is outside V . (21) 


This relationship sometimes serves as the definition of the delta function in 
physics. This definition, however, is not altogether rigorous because there 
is no function in the classical sense that satisfies eq. (21) (see problem 1). 

Let us define a point source in terms of the delta function. If the 
sources are distributed continuously with density p, the amount of the sub- 
stance (a fluid, for example) formed in the region V will be equal to the in- 


tegral 
J [[oav. 
V 


However, if the source is a point source, this amount will be equal either 
to the output of the source, when the latter is placed inside the region V, or 
equal to zero, when the source is placed outside it. Thus, we are dealing 
with a situation of the same nature as in formula (21). Therefore, it is ob- 
vious that the point source must be identified with the delta function multi- 
plied by a constant equal to the output of the source. 


Problems 


1. Show that the delta function is singular. 
Method: It is necessary to show that the equation 


[ff ro ea av - et), (*) 


where ¢(x) is an arbitrary fundamental function, cannot be valid for any 
locally integrable function f(x). For the fundamental functions o(|£| , 7) 
(see problem 3 of section 3), we would have 


f ffo e(1£l,m av =} - constant. 


To solve the problem, it remains to show that no matter what the choice 
of f(x), the left side of this equation will depend on 7 whereas the right 
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side is constant. The contradiction shows that the equation (*) can not be 
valid for any integrable function. 


2. Derive a formula defining the derivative of the delta function. 
Answer: 


Ow- p) = CD" pe) . 
3. Show that in the one-dimensional case, the delta function is a derivative 
of the function 
.]0 for x«t, 
8(x-5) = | 1 for x»t. 


4. Suppose that f(x) is a piecewise continuous one-dimensional function of 
the point x with a piecewise continuous derivative. Find the derivative of 
the generalized function f. 

Solution: The function f(x) can be written in the form 


fto) - fxs) + +È Satt- x9, 


where fj(x) is a function with a continuous derivative, Ag is the discon- 
tinuity of the function f(x) at the point xy and 6(x-xg) is the function de- 
fined in the preceding problem. The summation should be carried out 
over all points of discontinuity. Therefore, 


HORACE 2 xo). 


6. Convolutions of generalized functions 
The integral 
[S [AÐ ote-e) avg , (22) 


which depends on the coordinates of the point x and on the parameters, is 
called the convolution f(x) * g(x) of the two (integrable) functions f(x) and 


a(x). 
Particular solutions of differential equations can be represented in the 
form of convolutions. For example, the Newtonian potential 


u(x) = BIES dV = p(x) * TA T ) (v(x) = /x42 + m * x32) (23) 
represents the solution of Poisson's equation 
Au = -ámp. (24) 


The convolution 
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ute, d =f f [rto Selle ELTE] ayy = pin ene IT AED qas 


(ár mht)? "m 
is the solution of the heat-flow equation 
1 ôu 
Em 


with the initial condition u(x,0) - f(x). In the one-dimensional case, the 
convolution 


utr, = [ey LG 97d ap a exem EDO que 


(2722) (ark?) 
represents the solution of the heat-flow equation 
32v . 1 ðu 
axe Re at 


for an infinitely long rod with the initial condition u(x, 0) = f(x). 
To the convolution (22) we can assign the generalized function 


Gta, 000) =f f ff f fre) e- ave] o av; 
-fff ff fre a(S) PE +6) AVe dVe =(f(E), EE 9 +6))), 27 


which we shall call the convolution of the generalized functions f and g. 

To give a general definition of a convolution, we need to give a rule 
mapping arbitrary generalized functions (f,q) and (g,¢) into their convolu- 
tion (f*g,y). In the general case, we cannot give such a rule because the 
function (+€) appearing on the right side of eq. (27) does not vanish out- 
side a bounded region of variation of — and Ẹ and hence is not fundamental. 
Therefore, knowing the functionals (f,9) and (g,9), does not make it 
possible for us to determine the functionals (g,o(£4t€)) and (f,(g, p(E+¢))). 
Nevertheless, a definition of the convolution of two singular generalized 
functions is possible within certain limits. 

Let us suppose that at least one of the generalized functions f and g 
vanishes outside some finite interval V*. Let us introduce the set of func- 
tions g(x, £) that are infinitely many times differentiable with respect to the 
coordinates of the points x and — (when both points x and £ lie outside some 
bounded region containing the region V*) and that are different from the 
functions ¢(x+&) when at least one of the points x and £ belong to the region 
V*. The functions (x, £) are fundamental with respect to the coordinates of 
each of the points x and £. Consequently, if we regard the point x, for ex- 
ample, as a paremeter and use the rule defining the functional (g, 9), we 
may calculate the functional (g, f(x, £)). This functional, being a function of 
the point x, vanishes outside some finite region and, as is easily shown, is 
infinitely many times differentiable with respect to the coordinates of the 
point x. Consequently, since it is a function of the point x, it is a funda- 
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mental function and, by virtue of the definition of the functional (f,q), we 
can evaluate the functional 


2,9) = Uf, G0 (5, E)) , (28) 


which we shall call the convolution of the generalized functions f and g. The 
consistency of our definition follows from the fact that, for regular gener- 
alized functions generated by the locally integrable functions f and g, this 
definition leads to the integral formula (27). 

The following properties of convolutions are easily established: 


f*g-gsf (commutativity) , (29) 
(*g*h-f*(g*h) (associativity) , (30) 
6(9 «f -f. (31) 


Let us prove formula (31). We have 


CAP) = (69, 0,9 (x, 5) = (4,900, £)) - 


In the present case, the region V* is reduced to the coordinate origin, 
since outside a neighbourhood of the coordinate origin the delta function 
§(x) is equal to zero. But when x belongs to V*, we have, by definition, 
p(x, E) =p(x+Ẹ). Therefore, 9(0,£) = 9(£), so that 


(6*f,9) = (f, (E)) = 659) ; 


as was asserted. 
Let us prove the lemma asserting the continuity of a convolution: 


LEMMA. Suppose that f, (for v = 1,2,3,...) is sequence of generalized 
functions that approaches the generalized function f with increasing v and 
that outside a bounded region V* either the generalized function g or the 
functions fy for all values of v approach zero. Then, as v increases, the 
convolution f, *g approaches the convolution f *g. 


Proof: By the definition of the convolution. 
(,*&,9) = E), (69, B(x, )) - 


But, as we have seen, the functional (etx), (x, £)), treated as a function of 
E is a fundamental function. The conclusion of the lemma then follows on 
the basis of the definition of convergence of generalized functions (section 
3, paragraph 8). 

Let us form the differential expression M(f* g) with constant coeffi- 
cients from the convolution f* g. By using the definitions of differentiation 
and convolution, we obtain 


(WF go) = (F* g, Co) = (f, (5, NP) = Cf, (Mg, q)) = CP Mg, p) 


Because of the commutativity of a convolution, the functions f and g can re- 
verse places so that 


(HE F* 8,9) = CYf» g, o) 
O(f*g) = OKf*g - fug. (32) 


or 
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Let us suppose that the generalized function f - f; depends on the parameter 
t and has a derivative 8f; /d¢. Suppose also that outside a bounded region V* 
either the function f; (for all values of the parameter /) or the function g 
vanishes. Then, the general definition of a convolution (28) is valid, and we 
have the following formula for differentiating the convolution with respect 
to a parameter: 


9 
3 pp = ag, (33) 


This is true because, under the assumptions that were made, we may again 
define a function B(x, £) and evaluate expression (28). Since the function 
yix) = (g, (x, E)) is fundamental, the general rule (see section 3, para- 
graph 9) for differentiating with respect to a parameter is applicable to the 
functional 


(4:48:09) 7 (o V). 


The validity of formula (33) follows. 

By using the definition and properties of a convolution, we may obtain 
a number of relationships encompassing the delta function and the general- 
izing formulae found by classical means. 

As a preliminary, we note that property (31) can be used to define the 
delta function. For, on the basis of formulae (28), (29), and (31), 


(5*f, 9) = E), (600, Ole, E) . 


But as we saw above, 


(6f, p) = (f, 9%) . 


Since these relations are valid for an arbitrary choice of the function f, it 
follows that 


(500, P(x, )) = gE) . 


For functions g(x, E), that are equal to g(x + £) in some neighbourhood of the 
point £, we then obtain 


(6(x),p(x + £)) = 9(£) . 
But according to section 3, paragraph ", the left side of this equation re- 


presents the translation (5(x - £),p(é)) of the generalized function 5(x) by the 
vector £. Therefore, we obtain 


(8(x - £), 9) = p(t) 3 


which coincides with the definition of the delta function (20). 

Let us turn now to the convolution (23). When considered as a convolu- 
tion of generalized functions, it represents a generalized function corre- 
sponding to the Newtonian potential. We shall call it the generalized New- 
tonian potential. 

As we note, if p(x) is a function with continuous first derivatives, the 
Newtonian potential u(x) satisfies Poisson's equation. If we apply the Lap- 
lacian operator to both sides of eq. (23), using the rules for differentiating 
a convolution, we obtain, on the basis of eq. (24), 
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1 1 
= p* (- — = 
p-p ( 47 ^ 7) . 
Since the function p is subject only tovery general requirements of smooth- 
ness and is basically arbitrary, we find, by virtue of eqs. (29) and (31), that 


ZIP IL (34) 


On the other hand, if we keep this equation in mind and recall that p is an 
arbitrary generalized function, we obtain on the basis of eq. (31), 


Au - pxa |= -Anps6 = -4mp; 


that is, the generalized Newtonian potential also satisfies Poisson's equa- 
tion. 
Turning to eq. (25) and noting that, from what was said above, 


im u(x, t) = f(x) ? 


we can, on the basis of the lemma on the continuity of a convolution, write 
exp [-1x| ?/4£?1] 
(40k22)2 


so that, by using the same reasoning as in deriving formula (34) we find 
that 


f(x) = f(x) + lim 
0 


END 
tim XP [- 1x] AE] _ gy, (35) 


3 
i40 (4nk2t) 2 


Problems 


1. Prove that convolutions are commutative. 
Method: Show that 


(e, (f, 9) T (f, (g, 9) = G-g5(0-20) T (f-g, (f-g,9) ` 
2. Derive the formula 
M6 a f = Mf, 


where ^(f is a differential expression, with constant coefficients, of the 
generalized function f. 


3. Show that the definition of a convolution (28) is meaningful even when 
f=Ofor |x| <a, and g = 0 for |x| < b, where a and b are finite positive 
numbers and |x| is the distance between the point x and the coordinate 
origin. 


686 GENERALIZED FUNCTIONS [Ch. XXXIX 


4. Show that, in the one-dimensional case, 


lim exp [52/4820] _ B(x) . 


(-0 — (azk2tyz 


7. The concept of fundamental solutions 


Let us consider the Cauchy problem for a differential equation of the 
parabolic type: 


Ou =au/at, t>0. (36) 
ul 1-9 = Uo, (37) 


where ‘Mu is a differential expression of the elliptic type with constant co- 
efficients, and 49 is a generalized function that vanishes outside a finite 
region. We shall call a solution G; of this Cauchy problem for a particular 
value xo = 5(x) the fundamental solution. The convolution 


u = Gp*ug 


then represents the solution of the Cauchy problem for an arbitrary initial 
condition (37). For if ¢ is positive, 


2G; 9G; 
Mu - = DIG uo) - 2 (Gruo) = MGp*g - ug = (9ItGt- 7) Uo. 
But 
x 9G, 
Gt -gg 70) 


since the fundamental solution G; satisfies eq. (36). Consequently, 


Wu - Sf = 0 


and eq. (36) is satisfied. Furthermore, 


lim u = (lim G4) *xug = 5(x) * to = u 
jim u = (im Go ruo ) fto = Mo 


and the initial condition (37) is also satisfied. 


The function 
2/452 
Gia exp [-|x| ^/4& o 


(4nk2)2 


which for positive values of ¢ satisfies the heat-flow equation 


and, according to eq. (35), tends to the delta function as ¢ tends to zero, 
serves as an example of a fundamental solution of the Cauchy problem. 
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Let us now consider the Cauchy problem for an equation of the hyper- 
bolic type: 


Wu = a2u/at2,  t»0, (38) 
au 
u| 1-0 =o > EDS n 9) 


where o and 4j are finite generalized functions. The solution G; of the 
Cauchy problem (38) - (39) satisfying the initial conditions 


aGt 


Glen =9, Zp = 6(x) 


1-0 
is called the fundamental solution. The convolution 


u = Gł*u 
is then the solution of the Cauchy problem with the initial conditions 


du 


uli-9 = 0, 3t uj- 


t=0 7 
The proof of this statement is left to the reader. 
Suppose that 4* is a solution of eq. (38) satisfying the initial conditions 


au* 
ult=0=0, ^r 


-ul. 
t0 10 


The function v = au*/at is then a solution of eq. (38) satisfying the initial 
conditions 


av 
vli: =u}, at 


t-0 342 |#=0 
From this it is clear that if we find two solutions wy and uyy of eq. (38) sat- 
isfying the initial conditions 


Oui 
wlt-0=9, 37 |, 9 7o» 
ug a2u 
“ml t-0= 0; EM =a Um t-0 ' 
we can construct the solution of the Cauchy problem (38) - (39): 
dur 2G, 32G; 
ua op +UI E apto + Grp - Grey NALE (40) 
As an example, let us examine the problem 
pw oe (41) 
ax! at 
ult-0 7 ug, a -u1 (42) 
t=0 


for the vibration of an infinitely long string under the action of an initial 
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disturbance characterized by eq. (42). We have already had occasion to 
deal with this problem in the first part of this book. However, now the sym- 
bols o and wj denote arbitrary generalized functions. 

Let us show that the finite function 


1/20 for Ix| «ct, 


Gt=) 9 tor |x| » ct, 


(43) 


can be chosen as a fundamental solution of the Cauchy problem (41)-(42). 
To prove this, let us evaluate the derivatives. By definition, 


t d 
5:59) -- (e L) - - f ert ax. 
Keeping eq. (43) in mind, let us transform this integral: 
t 
do 1 ao ed. 
-Í Gt ax dx = - 3c Ja dọ = 9c [9(-c2) - &(ct)] . 
But 


d; [ol-et) - e(c8] =£ fotei glx) dx - 3L f alx- ch ola) dx 


=È (Olx+et), 9) - + (6(x-e2), 9) . 


Thus, 
a 
359) = (a> 56(x«ct) - £ (eet), p) 

or 

Gt 1 1 

x 2c 6(x 4 ct) - 3c ê- cf) . 
If we again differentiate and multiply by c?, we obtain 

2 326, i i 

c = 3c6'(x+ct) - 2cb'(x- cf) . (44) 
ax? 


Furthermore, if we differentiate the functional 
1€ 
(Gt, 9) =| G9 dra] eds 


with respect » the parameter £, we obtain 


Gr ste) = &[e(ct) + e(-c8] = &([5(x- ct) «56 c0], 9) , 


or 


9G; , 1 
EI = z0(x * ci) + 35(x - ct) 3 (45) 
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so that 
32G; 
at2 
If we compare eqs. (44) and (46), we see that the function G; satisfies eq. 
(41). Also, it follows from eqs. (43) and (45) that 


9G 
Gele-o = 9, cw "mh 5(x) . 


= icb'(x &ct) - ic6'(x-ct). (46) 


Consequently, the function G; is indeed a fundamental solution of the prob- 
lem (41) - (42) and its general solution can be written in the form (40). 
If % and 4j are locally integrable functions, 


aGt 


ap *“o = $5(x +00) *uo + $5(x - ct) *uo = iug(x ct) + iug(x-ct) , 
eo ct x*ct 
G*u- f Gilt) u1(x - £) d£ = $ Í u(x- £) d£ =3 f u1(E) d£ . 
Los =ct x-ct 


On the basis of eq. (46) for the problem in question, 
226, 
—_* =0 
at? |t-0 


If we combine the expressions that we have obtained for the convolutions, 
we obtain the classical d'Alembert solutions: 


Ug(% + ct) + ug(x - ct) +ct 
u= 5 +3 u1(£) d£ . 
X-ct 


Finally, let us examine the non-homogeneous equation of the elliptic 
type 

Mu =f, (47) 

where f is a finite generalized function. We shall refer to the function L 


which satisfies this equation at the particular value f = 6(x) as its funda- 
mental solution. The convolution 


u-fx*L (48) 
is, in this case, a solution of eq. (47) for an arbitrary value of f. 
Let us consider, for example, the Helmholtz equation 
Au + k2u = -4np . (49) 
As we know (Chapter V, section 6), if a function p is sufficiently smooth, 
the oscillational potential 
>r elkr ikr 


u =f | fo av =p (r(x) = |x]) 


will satisfy Helmholtz’ equation; that is, 
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ikr 
p *(A^ +k) = -4np. 


From this, it is clear that 
that is, the function 


is a fundamental solution of Helmholtz' equation. Consequently, if p is a 
generalized finite function, the convolution 


u 2p 
B Y 


will be a generalized solution of the Helmholtz equation (49). 

In previous chapters, we have frequently encountered fundamental so- 
lutions of equations of the elliptic type. In particular, we saw (Chapter 
XXVII, section 4) that to every boundary-value problem it is possible to as- 
sign a fundamental solution — Green's function — satisfying properly chosen 
boundary conditions. Furthermore by means of this fundamental solution, 
the solution of the problem can immediately be written in integral form. 

For example, if G(E£,x) is the Green's function of the self-conjugate 
boundary -value problem 


Mu =f when xe V-FV; wu-wy when xe FV, (50) 


the solution of the problem can be given by means of the integral formwa 
(18) (Chapter XXVII) in the form 


«m =- J [wb ag oo as -| [o en am xeV-9V. (51) 


We denote by Vy an arbitrarily closed neighbourhood of the point x within 
the region V. In the region V - V4, the Green's function G(£,x) and its first 
two derivatives are continuous. Consequently, the order of differentiation 
and integration can be reversed in this region. If we differentiate formula 
(51) and remember that 0/(4G(£,x) = 0 when x e V-FV-£, we obtain 


Qtu(x) = -M H [RE 6,3 av; . 
x 


If we formally reverse the order of differentiation and integration on the 
right side of this equation and note that “Wu = f when x e V- FV, we obtain 
the formal identity 


- H [re MGE, x) AV, = f(x) . 
x 
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We can give this identity a meaning by considering the fact that the set 
of functions f(x) coincides with the set of fundamental functions g(x). Then, 
it is obvious that 


OKG(E,x) 2-5(x-E) when xeV-gv. (52) 


Thus, we arrive at the equation for Green's fun¢tion formulated in terms of 
the theory of generalized functions. It can be verified by a more rigorous 
method. 

As we saw in section 4 of Chapter XXVII, a Green's function that 
solves a given selfconjugate boundary-value problem satisfies the homoge- 
neous boundary condition with the same left member as in the boundary 
condition for the problem. Jf we combine this homogeneous boundary con- 
dition with eq. (52), we arrive at a formulation of the boundary-value prob- 
lem determining Green's function in terms of the theory of generalized 
functions. 

Like formula (50), eq. (52) is also valid in the case in which the coef- 
ficients in the expression Yiu are variable. However, here the concept of a 
convolution is not defined, and it is impossible to give the solution in the 
form (48) within the framework of the theory that we have expounded. 


Problem 


Construct Green's function of the one-dimensional boundary-value 
problem 


d da 
às PG) tmnt, u| xzQ = So » ulx-1751, 


where p(x) is a continuous function with continuous first derivatives that 
does not vanish when 0 < x < 1 and where s, and sq are constants. 

Solution: The Green's function G(£,x) is a solution of the boundary-value 
problem 


G 
(p32) +qG=-8(x-8),  Glyep = Gly 70. (*) 


Since the delta function 5(x- £) is an arbitrary function equal to zero when x 
is less than £ and equal to unity when x is is greater than £ (see problem 3 
of section 5), the equation (*) for x = £ is satisfied if 
dG aG 
-0) = = - au =- ek 
GE,E-0) - GUE, E+0), PSE] Gel pg tt: (9) 


x=E 
We set 


Uo(£)ug(x) for x«t, 


G(E, x) = -v4(E)uy(x) for x»t, 


where % (x) and u4(x) are linearly independent solutions of the homogeneous 
equation 
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d du 
Ao +qu=0, 


the first of which vanishes at x = 0 and the second at x - 1. Therefore, for 
all x +, the requirements of the problem (*) are satisfied and vo(Ẹ) and 
v1(E) are functions that we define in such a way that the relations (**) are 
satisfied. Substitution into (**) yields 


vo(E) uol) - v4(E) uE) - 0, — vo(E) volt) - vitt) vitt) = - 2b . 


This system has a. solution since its determinant 
uo(£) ul) 
A(£) -- | , : 
uo(£) ugl) 
is equal to the Wronskian determinant of the system of linearly independent 


solutions 4g(x) and wj(x) and, hence, is non-zero. For the desired func- 
tions, we obtain the expressions: 


ulk) uo(E) 


roll) "5g ag: "19 = - 5) aig 


But the Wronskian determinant can be written in the form * 


A() = A(0) exp |- f Pa], 
so that 
D'E) AlE) + pE) a't) =E ^(] = 0. 
Consequently, 
p(E) ^(E) = constant . 


If we multiply the solutions %)(x) and u1(x) by constant factors, it is easy 
to arrange for the constant on the right side to be equal to 1. Green's func- 
tion again takes the form 


wi(E)u() for x«t, 


6,2) = ug(Euq(xX) for x»t. 


8. The concept of a generalized Fourier transform 


Various generalized integral transforms can be constructed. We give 
only the generalized Fourier transform. 

To do this, we extend the concept of a linear continuous functional 
presented in section 2. Instead of real fundamental functions, we introduce 
complex fundamental functions g(x), that is, finite infinitely -many-times 


“See V. I. Smirnov D, vol. 2, p. 24. 
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differentiable point functions that can take complex values. To every com- 
plex locally integrable function f(x) we assign a linear continuous functional 
(a complex generalized function) 


v9) =f f [rto e av , (53) 
where the asterisk denotes the complex conjugate function. Obviously, 
0*,9) = (5 o** (54) 
and 
(a(x) f(x) , (x) = Qf), a *(x)o(x)) , (55) 


where a(x) is an infinitely many times differentiable function. We can ex- 
tend these relations to the case of an arbitrary complex generalized func- 
tion defined by a rule f. 

All the results of the preceding section are valid for complex general- 
ized functions with the obvious modifications of statements that follow from 
formulae (53) - (55). 

Let us set up the Fourier transform 


eo 


v) = [| ola) ecirr ax (56) 


-900 


of a one-dimensional fundamental function g(x). Since the function g(x) is 
finite, this integral is infinitely many times differentiable with respect to y 
for arbitrary complex values y = y' « iy". If we integrate by parts, we obtain 


BM (yy = | ow el ax =i" 96) (= 0,1,2,...), (8) 
from which we obtain the inequalities 


f p(x) ecYY'* eY"x ax 


-œ 


«C,elYlh (n=1,2,...), (58) 


eye 


| 9) = 


where the 


eo 


| 


=o 


onia e-iY'* a 


are finite numbers and b is the largest value of |x| in the region in which 
the fundamental function (x) is non-zero. It follows from these inequalities 
that the Fourier transforms ¢(y) of the fundamental functions (x) approach 
zero more rapidly than any power of 1/y as Re y approaches «. This is due 
to the presence, on the right side of these inequalities, of finite numbers 
that are independent of Re y = y'. Therefore, the left sides of the inequali- 
ties are also bounded as y =- æ, from which our assertion follows. 

Let us now show, conversely, that if any function y(y) of a complex 
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variable y is infinitely many times differentiable and satisfies the inequali- 
ties 
ly) «cu el^ (= 0,1,2,...), (59) 


where the Cy and b are finite positive numbers, it is the Fourier transform 
of some finite function 


v(x) =E | vo) ei ay. (60) 


To show this, let us note that the function ¢(*) defined by this equation 
is infinitely many times differentiable with respect to the parameter x 
since, for arbitrary z, the integrals 


a | Qvo) ei ay , 


obtained by formal differentiation under the integral sign of the right side 
of eq. (60), converge absolutely on the basis of inequalities (59) and, con- 
sequently, are the corresponding derivatives of g(x). Furthermore, on the 
basis of a Cauchy formula *, integration over the real axis can be replaced 
with integration over a straight line that is parallel to it; that is, 


eG) = f wo) e? aye gc f utei) ei ets ayt 


- i d f Wy" +iy") eiY'& dy , — (61) 
-oo 


where y" is an arbitrary real number. By means of the inequalities 
Co el v"| b 

EL 
obtained from inequalities (59) for n - 0 and z - 2, we may find a positive 
number C such that 


WO) s CgelY'l? and |y% < , (62) 


y" b y"|b 
worl 21€ el Lic el 


1«|yl? 14y'2 
and therefore 
ly"| b-y"x d ely'* 
E: —————— LU 
le(3] «Ce [ faa: 


-0 


Since the integral on the right side converges, there exists a positive num- 
ber C' such that 


lol « cr el orn 


* See V. I. Smirnov 1), Vol. 3, p. 7. 
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If |x| > b, the number y" can be chosen so that the right side of the in- 
equality will be less than an arbitrary given number. Since the left side 
does not depend on the number y" the function g(x) vanishes whenever 
|x| > b. Consequently, the function (x) is not only infinitely-many-times 
differentiable, but is also finite; that is, it is a fundamental function, as 
was asserted. 

Thus, the Fourier transform (y) of an arbitrary function 9(x) repre- 
sents a function that is infinitely many times differentiable and that satis- 
fies inequalities of the form (59). Conversely, an arbitrary function v(y) 
that satisfies these conditions is the Fourier transform of some function 
belonging to the set of functions g(x). On the basis of Fourter's integral 
theorem, this correspondence is then one-to-one *. Thus, the Fourier 
transform sets up a one-to-one correspondence between the sets (spaces) 
of the functions (x) and W(y). 

This ensures the existence of a correspondence or (as they are called) 
of dual relationships between the operations in both spaces (in particular, 
between operations involving limiting processes). 

It follows from formula (57) that multiplication of the functions y(y) by 
iy corresponds to differentiation of the functions g(x) with respect to x. If 
we differentiate formula (56) with respect to y, we easily see that, con- 
versely, multiplication of the functions g(x) by -ix corresponds to differen- 
tiation of the functions y(y) with respect to y. 

It follows from the relationship 


f e-iY* p(x -h) dx = f e-iy(E+h) p(£) ac 


-e-i f e-1Y6 y(t) at = e-iYt g(y) 


that the mapping Z(y) ^ e-1¥2 o(y) in the space of the functions y(y) corre- 
sponds to the translation g(x) - (x-k) in the space of the functions o(x). 
Conversely, the mapping Z(»)- (y+) corresponds to the mapping (y) - 
e-ith (x). The proof is analogous to the preceding proof. 
Dual relationships can also be set up for other linear operations. 
Let us consider the identity 


el yla) = g(x) > BP (any? 2» HP Cu" ec). 


By using the relationships given above, we find its dual formula: 
oo 


vorn = 2 By, (63) 


* Different continuous functions have different Fourier transforms and, conversely, 
if the Fourier transform of two continuous functions do not coincide, the functions 
are different. See, for example, Smirnov D, Vol. 2, p. 160. 
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which is simply Taylor's series. Consequently, the function y(y) can be 
expanded in a Taylor series about an arbitrary point y at an arbitrary com- 
plex value A. 

It is possible to construct linear continuous functionals, generalized 
functions, in the space of the functions y(y), just as it is in the space of 
functions ¢(x). In the space (y) a generalized function is called regular if 
jt can be represented by an expression of the form 


o0 


gw) = f g0) v6) dy (64) 


=% 


using some absolutely integrable function g(y) of a complex variable y. 

We denote the sets of generalized functions in the spaces of the func- 
tions g(x) and yy) by K' and Z', respectively. The symbols f€ K' and 
& * Z' then indicate which of the sets K' or Z' the generalized functions f 
and g belong to. 

A number of the results that we have obtained above for the functions 
f « K' can be carried over to the generalized functions g e Z'. In particular, 
the definitions of convergence and differentiation can be carried over. It 
follows from the last remark that the generalized functions g e Z' are in- 
finitely many times differentiable. Furthermore, they are also analytic ; 
that is, they can be expanded in a generalized Taylor series: 

eo 
a 
gie) = 2 ar gel), (65) 
where gly +h) represents the displacement of the generalized function g(y) 
by an amount 5. This is true because 


ES - (gp), X oe 
(2, ae ott) = (#0), 2G vn). 


The series in the functional on the right side converges to (y-k) because, 
as was shown above, the function y/(y) can be expanded in a Taylor series. 
Also, from the definition of a translation, (g(y),W(y-4%)) = (g(y - B) ,w(y)) , 
from which formula (65) follows. 

We are now able to define a Fourier transformation of generalized 
functions. As above, we must find a definition that (in the case of general- 
ized functions derived from formula (64) by using point functions having 
classical Fourier transforms), follows from the conventional definition and 
from the rules of classical integration. If a function f(x) has a Fourier 
transform f(y), we have 
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U9) = f oto e) dx = zy f ra| f gt) ei ay | ax 


-%0 


"ds f 7) [fre eim da dy =p f gt) [/() e ax]* dy 


-00 


a f FO) Po dy = LG. 


The relationship 
(9) = 21(f, 9) (66) 


is called Parseval's equation. Since it is a relationship between generalized 
functions, it relates the generalized function f e Z' to the generalized func- 
tion f e K'. It can also be taken as the general definition of a Fourier trans- 
form of the generalized function f. Specifically, we shall call the general- 
ized function f € Z' defined by eq. (66) the Fourier transform of the gener- 
alized function f e K'. We note that when the left side of eq. (66) is given, it 
defines the inverse Fourier transform for generalized functions. 

Let us take some examples. Let us find the Fourier transform ofthe 
generalized function 1. By definition 


eo E 
(1,9) = 21(1,9) = 27 f 9 (x) dx = 27 [f g(x) e Xv dx! 
Jao ao y=0 
= 229 (0) + 21(5600,9()); 
where 6(y) e Z' is the delta function of the set of functions (y). Therefore, 
I = 278(y) . (67) 
Let us find the Fourier transform 5(y) of the delta function 6(x) € K': 


6,9) -2:6,9) ro =| | 9 e*&| = f eere (1,0). 


Therefore, 
öy) -1. (68) 


Let us find the Fourier transform x” of the generalized function x” 
(where z is a non-negative integer): 
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(x2, @) = 22 f x” o(x) dx = 2| i x” p(x) eclv* ar| 


=00 =o y-0 

= Qn m| [ (-ix)” p(x) eciv* à 

zo y-0 
corn C -i 
= 2r i” H Í g(x) eciv* a] 

d'ig 
=n i%-—_| — 223 (3 (6) (y), p). 

dy" y-0 Ci)? (59? (y), g(y)) 

Therefore, 
7 = 2r (-i i ” 6ty) . (69) 


Finally, let us find the Fourier transform eX of the generalized ex- 
ponential function e5* (where ¢ is an arbitrary complex number): 


GP, e treo) en (2, TP e) -( 3, Tv) 


a a0 * 


y Cige 
nd (2, at ONG), p). 
The sum wo 
à CI 6()(y) 


represents the Taylor series for the delta function with h = -it. Since the 
generalized functions in the set Z' are analytic; the Taylor series con- 
verges to 5(y - 10). Consequently, 


eX = 256(y - it) . (70) 


Whereas the ordinary Fourier transform exists only for functions that 
approach zero sufficiently rapidly when their arguments increase without 
bound in absolute value, the generalized Fourier transform can be applied 
to functions of arbitrary rate of increase. This is clear from the fact that 
the integrals 


oo 


0,0) = [ ft) eto ax , 


=o 


are, because of the finiteness of the function p(x) meaningful independently 
of the nature of the increase of the function f(x) within infinite limits. 
Therefore, the generalized Fourier transform is a convenient base for the 
construction of an operational calculus, which up to now has usually been 
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developed on the basis of the classical Laplace and Fourier transforms. 
The use of the generalized Fourier transform does not essentially change 
the formal apparatus of the operational calculus. The basic change consists 
only in the introduction of the delta function and its derivative, which makes 
it possible to construct transformations of functions that increase without 
bound at infinity, We shall confine ourselves to these remarks on the sub- 
ject, since this development is beyond the scope of our book. 

We also emphasize the following fact. The generalized Fourier trans- 
form is applicable to all generalized functions without exception. There- 
fore, the results that are obtained using it are always valid and lead at 
least to generalized solutions. 

The theory of generalized Fourier transforms can easily be extended 
to the multi-dimensional case, though we shall not pursue the subject. 


Problems 


1. Show that the delta function defined by the equation 
(66v -h) WO) = (60), vi +h) = Yih) , 
is a generalized function belonging to the set Z'. 


2. Expand the delta function 5(y - h) in a series of powers of k. 
Answer: 


s.» = 2 CH vg). 


3. Find the Fourier transform of the generalized function P(d/dx)/(x), 
where P(d/dx) is a polynomial with constant coefficients in d/dx. 
Answer: 


P(d/dx) f(x) = Py) f») . 


4. Show that the Fourier transform of a periodic generalized function f(x) 
with period 27 is of the form 


eo 
A» = > Cg 5(y +a) , 
g=- 
where the Cy are the coefficients of the expansion of the function f(x) in 
a complex Fourier series 


fi) = 2. Cy clas, 


Q=-00 
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